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Abstract

We establish connections between optimal transport theory and the dynamic version of the ?
model of informed trading. We use the connections to extend the model to risk-averse market
makers and multiple assets with general distributions. Risk aversion generates excess volatility,
excess co-movement, short-term reversals, a variance risk premium, and a non-monotone pricing
kernel. We identify the separate effects of adverse selection and inventory risk on market illi-
quidity. We apply the model to show that option-implied volatility predicts stock returns when

there is informed trading in stocks and options and market makers are risk averse.
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1 Introduction

The ? model has been instrumental for understanding the role of asymmetric information and
liquidity in financial markets. The dynamic version of the model reflects the reality that, in most
markets, large investors split their orders into small pieces and trade dynamically to minimize price
impacts. In this paper, we make substantial extensions to the dynamic Kyle model by establishing
a connection with optimal transport theory. The existence of an equilibrium in the model is ensured
by the existence of an optimal transport map, which “transports” trades to prices. Using this result,
we characterize informed trading equilibria with multiple non-normal assets (including derivative
securities) and when market makers are averse to inventory risk. The use of optimal transport theory
and Monge-Kantorovich duality produces characterizations of the gains from informed trading that
are new even for the single-asset/risk-neutral model.

We model risk averse market makers (also called dealers) in the same way as, for example, ?,
? and ?. One interpretation is that market makers have access to an inter-dealer market that is
competitive in the Walrasian sense. Implicitly, this assumes that there are many market makers.
We discuss this further in Sections ?? and ??.

By including risk-averse market makers in the Kyle model, we merge the two main theories of
market liquidity: adverse selection and dealer aversion to inventory risk. We can separate the con-
tribution each makes to market illiquidity. With either risk-neutral or risk-averse market makers,
price changes are driven by orders, and the stochastic matrix (Kyle’s lambda) that relates orders to
price changes is always symmetric and positive semidefinite. We show that, when market makers are
more risk averse, market liquidity is lower (lambdas are larger in the partial order of positive defin-
iteness). This is consistent with models of the bid-ask spread based on dealer aversion to inventory
risk (?). Furthermore, risk aversion produces mean reversion in market makers’ inventories, whereas
they are a random walk in the risk-neutral model. The mean reversion in inventories correspond to
expected price changes (risk premia) via the lambda matrix.

Our model exhibits excess volatility and short-term reversals, as in other models of inventory
risk (??). When the informed trader and noise traders have been selling in aggregate, prices fall
due to both the informational component of orders and due to the rising risk premia that result
from rising dealer inventories. The reverse is true when the informed trader and noise traders
have been buying. Thus, price changes exceed the changes that are induced by information alone.
The ‘excess’ price changes are reversed on average as risk diminishes over time and risk premia
are realized. The precise expression of the excess volatility phenomenon that we derive is that
the quadratic variation (cumulative minute-to-minute variation) of the price process exceeds the
unconditional variance (long-run variation) of terminal prices. The quadratic variation is higher
because it equals the risk-neutral variance. The risk-neutral variance is higher than the variance
under the real probability measure of the economy, because the risk-neutral distribution puts high
weights on ‘bad’ states. For market makers, ‘bad’ states are states in which the informed trader has
extreme information, so the tails get more weight under the risk-neutral distribution.

As an application, we examine informed trading in an underlying asset and its corresponding



options. The early evidence of a trade-off for informed traders between the spot and its related
option market goes back to ? and ?. Since then, many studies use quantities measured in the
option market to predict returns and other quantities in the underlying market.! Surprisingly, as
empirical evidence has accumulated, theoretical guidance has remained scarce. Our extension of
the Kyle model to multiple non-normal assets allows inclusion of optionality in the payoffs, so we
can explore theoretical relationships between the options and underlying markets. Our extension
also permits more realistic underlying asset distributions, e.g., restricting prices to be non-negative
and featuring skewness.

In our theoretical model, we show that option-implied volatility predicts the return of the
underlying asset — high implied volatilities predict high returns. This is consistent with empirical
evidence presented by ?. This type of predictability cannot arise with risk-neutral market makers,
because expected returns always equal the risk-free rate when market makers are risk neutral. We
also show that, regardless of whether uninformed trades in an option and underlying asset are
positively or negatively correlated, risk-averse market makers usually end up with hedged positions
— for example, long the underlying asset if they are short a call. This is again contrary to the
risk-neutral model, and it is consistent with known empirical strategies of market makers.

The rest of the paper is organized as follows. Section ?? reviews the existing literature. Sec-
tion ?? applies optimal transport theory to extend the Kyle model to multiple non-normal assets
when market makers are risk neutral. Section ?? extends the model to risk-averse market makers;
Section ?? studies option markets, and Section ?? concludes. Appendices contain proofs of the res-
ults stated in the main text, as well as a self-contained description of the numerical method used

in Section ?7.

2 Literature Review

Optimal transport theory is our main tool. Optimal transport theory has been applied in economics
(?), but its applications to asymmetric information in financial markets have been limited. We are
aware of only two existing papers that apply optimal transport theory to informed trading in
financial markets, both of which are in single-period models. ? study a version of the ? model,
which is a single-period variant of the Kyle model in which the informed trader can condition her
order on realized noise trades. ? contains as special cases both ? and ?. They show that optimal
policies for the single-period persuasion problem are necessarily derived from optimal transport
maps. After the first draft of this manuscript was circulated, two papers closely related to our work
were made available: 7 and ?. ? finds an equilibrium in the continuous-time Kyle model in which
the market maker is risk-averse and one normally distributed risky asset is traded. They recover
our Theorem ??. They also compute an equilibrium with a different assumption regarding market-
maker behavior and compare the two. Those assumptions are discussed further below. 7 studies

a version of the Kyle model in which the informed trader faces quadratic temporary transaction

1For recent studies as well as a thorough perspective on this literature see ?, 27, 2, ?, ?, ? and ?.



costs in addition to adverse selection. In this context, an equilibrium can be constructed from an
entropy-regularized optimal transport problem.

The continuous-time Kyle model with risk-neutral market makers has been applied and extended
many times. A short list would include 7, 2,2, 2, 2. 7. 2.2 ? 7 and ?. Especially relevant to our
work are the papers that study multiple assets. ? analyzes multiple assets in what is essentially a
Gaussian model. He assumes that the vector of asset values is homeomorphic to a Gaussian vector,
so market makers can filter for the Gaussian vector and then compute the conditional distribution of
the asset values via the homeomorphism. This is a special case of our model. The homeomorphism
assumption excludes options on an underlying asset, which we study. ? and ? also study multi-asset
versions of the continuous-time Kyle model. The first of these studies a normally distributed asset
value and a call option on the asset and makes a special parametric assumption to establish the
existence of an equilibrium. The second studies informed trading in a stock and bond but assumes
that the informed trader’s signal has only two possible values. Our results nest both of those papers
as special cases.

Risk aversion is crucial to generate time-varying equilibrium risk premia and hence predictab-
ility, and intermediary asset pricing theory (??) explains why it should be included at the level of
market makers. We envision an inter-dealer market in which dealers are price takers and in which
there is a representative investor (dealer). The representative dealer’s marginal utility evaluated at
aggregate dealer wealth serves as a stochastic discount factor in the inter-dealer market. Compet-
ition between dealers ensures that the marginal-utility-based price at which they can trade in the
inter-dealer market is also the price that they offer to non-dealer traders. Empirical investigations
by, among others, ?, 7 and ?, provide supportive evidence relating intermediaries’ marginal utility
(intermediary factors) to asset returns through intermediaries’ Euler equations. ? document a direct
empirical connection between intermediaries’ risk-bearing capacity and risk premia.

? and ? introduce risk-averse market makers into the dynamic Kyle model. Cetin and Danilova
assume that a representative market maker always fulfills the net demand of the informed and noise
traders at a price such that the market maker is indifferent about trading. On the other hand, we
assume that the market maker fulfills the demand at a price such that, after fulfilling it, the market
maker is indifferent at the margin about making any further trades at that price. As stated above,
our assumption can be motivated by the idea that market makers are price takers in an inter-dealer
market and is the same assumption made by ?, 7, and ? and in the intermediary asset pricing
literature (?). A competitive inter-dealer market is modeled explicitly by ? and ?. We remark that
the terms ‘dealer’ and ‘market maker’ seem to be used interchangeably in this literature. We follow
? and use the term ‘market maker.” We discuss the assumptions further and give a small example
in Section ?7.

? takes a standard representative investor approach to pricing. His representative investor con-
sumes the aggregate dividend of the economy. Apparently, gains and losses from trading with
informed and noise traders are shared broadly across investors and have only a negligible effect on

the market’s pricing kernel. Instead of evaluating the representative dealer’s marginal utility at the



economy’s aggregate dividend as Ying does, we evaluate the representative dealer’s marginal utility
at aggregate dealer profits/wealth. Again, our approach is consistent with the intermediary asset
pricing literature, in that it is dealer wealth, rather than the aggregate dividend, that determines
asset prices.

The concepts we tackle have been analyzed to some extent in single-period models. ? combine
inventory risk and adverse selection in a model of bid-ask spreads, treating inventory cost as the
price of an option on an asset valued based on whether the dealer trades with an informed or
uninformed trader. 7 analyzes risk aversion on the part of the informed trader and market makers
in a single-period Kyle model with a normally distributed asset. Gaussian risk-neutral multi-asset
single-period Kyle models are studied by ?, ? and ?. Single-period models of informed trading in
options include ? and ?. The first of these considers an underlying asset that can take only three
possible values and assumes, as in the Kyle model, that competitive market makers set prices after
seeing an order from either an informed or uninformed trader. The second considers an underlying
asset that can take only two possible values and assumes competitive market makers quote bid and

ask prices at which informed and uninformed traders can trade.

3 Risk-Neutral Market Makers

In this section, we describe the dynamic Kyle model with risk-neutral market makers and establish
the connection to optimal transport theory. In case any reader might be unfamiliar with the model,
we provide here a brief informal description. There is a single trader with private information. Other
market participants are aware that some trades come from a better informed investor. They attempt
to discern the investor’s information from the flow of orders. However, there are other trades made
for other reasons, and they provide camouflage for the informed trader. Orders are anonymous, and
prices react to all orders, because they could potentially have come from the informed trader. The
liquidity of the market depends on how much prices are moved by trades, and the informational
efficiency of the market depends on the degree to which uninformed market participants can discern

the information in orders.

3.1 Model

The formal model is as follows. There is a risk-free asset with risk-free rate normalized to zero.
There are n risky assets. The assets are traded on the time horizon [0,1].2 The values of the risky
assets at date 1 is an exogenous random vector 0. Each element of ¥ has a finite variance. At date 1,
the vector v is publicly revealed.

There is a single trader who observes ¥ at date 0 and is risk neutral. The trades that provide

camouflage for the informed trader are called noise or liquidity trades. Rather than modeling the

We do not specify the unit in which time is measured, so [0,1] could be 1 year, 3 months, or whatever the
appropriate horizon is in any given application. In other words, there is no loss of generality in calling the end of the
model “date 1.”



motivations for the trades, it is simply assumed that the cumulative trades form a vector Brownian
motion Z. Assume Z has zero drift and a constant instantaneous covariance matrix X,.3 Let X,
denote the vector of share holdings of the informed trader in the risky assets at date t. While we
could allow X to be a quite general stochastic process, we show in the appendix that it is without
loss of generality to assume that X is absolutely continuous and satisfies dX; = 6;dt for some
stochastic process 6. The differential d X; is the market order submitted by the informed trader at
date ¢, and 0; is the rate of informed orders at date ¢t. Set Y = X + Z. The differential dY; is the
net market order of the informed trader and noise traders at date ¢.

The rational market participants who trade with the informed and noise traders are called
market makers (or dealers). In this section, we assume they are risk neutral. They observe the net
order process Y and compete to fill the orders. Competition and risk neutrality force prices to equal

expected values conditional on the information in orders, which we write as
P, =E[s| FY]. (3.1)

We look for an equilibrium in which Y; is a sufficient statistic for P, and denote the pricing rule by
P, =H(t,Y;), forte0,1).

We assume the informed trader observes Z. There is little if any loss of generality in making this
assumption rather than assuming the informed trader observes the price P.* Thus, her information
is v and the history of Z. In addition to (??), the other equilibrium condition is that the informed

trader’s strategy is optimal, given the pricing rule H. The informed trader’s realized profit is

/0 1(@ — P)6,dt. (3.2)

The equilibrium condition is that the informed trader maximizes the expected value of (??), con-
ditional on ¢ and recognizing that P, = H(¢,Y;) with Y = X + Z. Thus, the informed trader is
aware that her trades move prices and takes this into account when deciding how much and when to
trade. Hence, the model involves both filtering (by the market makers) and control (by the informed
trader) and each depends on the other.

3.2 The Role of Optimal Transport Theory

Let F' denote the distribution function of v, and let G denote the distribution function of Z;, which
is normal (0,X,). It can be intuited from ? that a key to constructing an equilibrium is to find a map
® from R” to the support of F' that transports G' to F', meaning that ®(Z;) has distribution F'. In

3We can extend our results to noise trades satisfying dZ, = o(t) dW; where W is a vector of independent Brownian
motions and o is a continuous bounded matrix-valued function of time that is nonsingular for all ¢ and is such that
o1 is also a bounded function of t. However, to economize on notation, we take o to be constant. This produces the
constant instantaneous covariance matrix ¥, = oo’.

“In the examples below, this assumption is not necessary, as Kyle’s Lambda in Theorem ?? is invertible and the
informed trader can infer the increments of Y from the increments of P. Theorem ?? shows that Kyle’s Lambda is
the expectation of the Hessian of a convex function, which gives simple criteria for its invertibility.



the univariate case studied in ?, this is simply constructed as F~! o G, assuming F is invertible. In
the multivariate case, assuming F' is absolutely continuous with respect to Lebesgue measure, the
map that is needed is provided by Brenier’s theorem in optimal transport theory (?, Proposition
3.1)-(?, Main Theorem).

Theorem 3.1 (Brenier’s Theorem). For any probability distribution F, there exists a convex function
I': R" — R such that VI'(Z1) has distribution function F. The function T' is unique up to an
additive constant. If F' is absolutely continuous, then VT is invertible (on the support of F) and
¢ := (VD)"Y(®) has distribution G.

The function I" in this result is called a Brenier potential. The gradient VI is called a transport
map. Since I' is finite and convex, the set Dr of points at which it is differentiable is a Borel set
of full Lebesgue measure, VI' is Borel measurable and continuous on Dr (?, Theorems 25.2 and
25.5), and we set VI' := 0 on R™ \ Dr. This convention does not impact our analysis. Indeed,
VT is only integrated against Gaussian densities or evaluated at random variables with absolutely
continuous distributions, which lie in Dr almost surely. VI' transports the source distribution G
to the target distribution F. The transport map VI is an optimizer for the Monge problem with
quadratic objective (?, Theorem 6.5) i.e., maximizing the total expected liquidation value Y{% among
all couplings of Y7 with distribution G and v with distribution F. Although we rely only on the
existence of the Brenier potential when G is Gaussian, this map exists under very mild conditions
on F' and G. For example, (?, Main Theorem) states the existence of the Brenier potential when G
is absolutely continuous without any additional assumption on F'.

The equilibrium of the Kyle model can be characterized in terms of ¢ from Brenier’s theorem,
as we will show, when F' is absolutely continuous. Specifically, the informed trader controls the
net order process Y such that Y; = ¢, so that the unconditional distribution function of Y; is G,
the same as for Z;. When F' is not absolutely continuous, then VI' may not be invertible. In other
words, the map v + (VI')~!(v) will be a correspondence instead of a function. This will be the case,
for example, when some of the securities are options written on others, because then the support
of F'is a lower dimensional subset of R". We address this situation by allowing the informed trader
to play a mixed strategy, randomly choosing a point in (VI')~!(v) for each realization v of 9. We
model the randomization by allowing the informed trader to generate a random variable @ € R™
at date 0 with distribution G (in fact any absolutely continuous distribution would work here),
which is independent of ¥ and Z, and to base her trades on @ as well as on ¥ and the history of Z.
The following shows that, even when F' is not absolutely continuous, there is a random variable f
depending on @ and @ such that (i) ¢ € (VI')~'(¢) with probability one and (ii) ¢ has distribution
function G. This allows construction of a mixed strategy equilibrium such that it is again true that
the informed trader controls Y to satisfy Y1 = Q: as in the case of an absolutely continuous F.° The

proof of the following Lemma is in Section ?7.

5We focus on the mixed strategy equilibrium for simplicity. It may also be possible to derive a pure strategy
equilibrium using h-transforms. An example of such a construction is in ?. See ? for a general discussion of the
h-transform method.



Lemma 3.1. In the context of Brenier’s theorem, even if F' is not absolutely continuous, there exists
an R"-valued random variable Q: depending on (1, ) which has joint distribution G & F such that 5

has distribution G and VI'() = 0.

The reason that the informed trader controls Y so that Y3 = (VI')~1(%) in the case of absolutely
continuous F' and so that Y7 = C~ in general is that, given the equilibrium pricing rule, her profit

(??) turns out to equal

1
WH—F@D—KNﬁ—BYMQ- (3.3)

This is shown in the proof of Theorem ?? (for even more general trading strategies than we have
defined here). The last term in (??) has a zero mean due to a mild admissibility restriction that
we impose on X in Theorem ??. Therefore, the informed trader maximizes her expected profit by
controlling Y to maximize 9'Y; — I'(Y1). Because of the convexity of T', a sufficient condition for
optimality of an admissible continuous finite-variation strategy is that Y3 € Dr and VI'(Y1) = ©
almost surely. This gives us ¥; = (VI')~!(%) or in general Y; = (.

To preview Theorem ?? a bit more, note that , for Y7 € Dr, the first-order condition VI'(Y1) = ¢
is equivalent to 9'Y1 —T'(Y1) = I'*(0), where I'* is the convex conjugate (Legendre-Fenchel transform)
of the convex function T', defined as I'*(v) = sup {v'y — I'(y) | ¥y € R"}. Thus, Brenier’s theorem
allows us to characterize expected informed trading profits in terms of the convex conjugate of the
Brenier potential (Part (D) of Theorem ?7).

3.3 Equilibrium

We can now prove the existence of equilibrium, largely by following the reasoning in ? and the
subsequent developments summarized in ?. The mild restriction on trading strategies in the theorem
below is described as ‘no doubling strategies’ in ?. Even though most of the proof of the following
is similar to that in ?, the characterization of the equilibrium in terms of T, ¢, and I'* is new even

in the univariate case.

Theorem 3.2. Recall that F is the distribution of © which has finite variance. Let I' denote the
Brenier potential such that VI' transports G to F' and select the additive constant in Brenier’s
theorem so that E[I'(Z1)] = 0.5 Let k(t,y,-) denote the normal (y, (1 —t)%,) density function, and

set

K(ty) = / T(k(ty,2) dz. (3.4)

Assume informed trading strategies are constrained to satisfy
1
E/HH@&+&HP&<@. (3.5)
0

where H := VK. There is an equilibrium with the following properties.

SWe show in Lemma ?? that T'(Z;) is integrable. Therefore, we can choose the additive constant to ensure
E[F(Z1)] =0.



A. The equilibrium price is P, = V,K(t,Y;) fort € [0,1) and satisfies

where A = VZK.

B. The market is eventually informationally efficient in the sense that lim;_q P, = U with prob-

ability one.

C. The equilibrium informed trading strategy is

0, = T (3.7)
where 5 1s defined in Brenier’s theorem or Lemma ?7.
D. The informed trader’s value function is
1
J(t,v,y) = Sl;pE [/t (v—H(s,Ys))0sds |0 =0,Y;, =y
= I'()+ K(t,y) —y'v, (3.8)

and the informed trader’s expected profit at time 0 conditional on © = v is J(0,v,0) = I'*(v).

E. The cumulative order process Y is a (0,%,) Brownian motion on FY and satisfies Y1 = ¢

with probability one.

In the univariate Gaussian model studied by ?, the price evolves as dP = AdY for a constant A
that is universally known as Kyle’s lambda. Theorem ?? shows that price changes are also linearly
related to orders in multivariate non-Gaussian models, via a possibly time-varying matrix A. Notice
that A must be everywhere symmetric and positive semidefinite, because it is the Hessian of y —

K(t,y), which inherits the convexity of the Brenier potential I'.

3.4 Informed Trading Profits

The connection to optimal transport theory provides additional characterizations of informed trad-

ing profits beyond those in Part (D) of the theorem. Monge-Kantorovich duality implies

sup [/ ®(dv, dy) = EIT*(5)) = int ELf(@)] + Elg(¥1)]. (3.9)

PEI(F,G) f.g
where II(F, G) is the set of probability measures ® on R™ x R™ for which the marginal distributions
are the exogenously given F' and G, where the infimum is taken over all functions f and g with
the property that f(z) 4+ g(y) > 2’y for all (z,y), and where the expectations are taken over the
distributions F' for ¥ and G for Yi. For this result, see Sections 2.3 and 6.2 of ?. The first equality



in (??) provides the interpretation that it is as if the informed trader earns v’y and can choose
any joint distribution for v and y with the given marginals. Such a joint distribution is called
a coupling. A map v — y in concert with the distribution of ¥ determines a coupling, provided
the induced distribution of y is G. Thus, it is as if the informed trader chooses Y7 as a function
of ¥ to maximize E[0'Y7] subject to the constraint that Y7 has the same distribution as Z;. The
distributional constraint on Y stems from the classical Lagrange multiplier interpretations of f, g

in the dual problem (?7). Indeed, (??), can also be written as

supint [ (v~ f(0) - 9(v)) 2(do,dy) (3.10)
where the supremum is taken over the set of all probability measures ® on R™ x R™ (without the

distributional constraints on the marginals) and f, g satisfies

/f(v)F(dv) =0 and /g(y)G(dy) =0.

In (??), g(Y1) = fol P/ dY; ensures that the distribution of y is G. Accordingly, the market maker
observes Y and chooses the price to control the law of Y7 to match G. Thus, the equilibrium forces
the informed trader to optimize his expected liquidation value E[¢'X;] = E[0'Y7] while keeping Y}
Gaussian.

The second equality in (??) provides another characterization of the informed trader’s expected
profit. The equality shows that the expected profit is what the informed trader would achieve if her
profit were additively separable as f(v) 4+ g(y) with the given distributions F' and G for v and y,
and if market makers could choose f and g to minimize the expected profits, with the proviso that
the profit f(v) + g(y) could never be smaller than v'y. It turns out that the functions f and g that
achieve this minimum are I'*(v) and I'(y) (?, Proposition 6.4).

Furthermore, the expected profit of the informed trader is related to the Wasserstein-2 distance

between F' and G. Indeed, the unconditional expected profit (??) can also be written as

19]1 + 1 Z:]* — W3(F, G)
2 )

(3.11)

where || - || denotes the £2 norm and where

W3(F,G):= inf — y|?®(dv, d
HPG) = ot [ 10— yPatdo.d)

is the square of the Wasserstein-2 distance between F' and G. Thus, the expected profit depends on
the amount of noise trading as measured by ||Z1||? and, given the distribution G' of noise trading,
depends on the amount of private information as measured by ||9||*> — W2(F, G).

In summary, we see that five important financial quantities in Kyle’s model are obtained via

important quantities from optimal transport theory. First, by (A), the optimal transport map gives

10



the pricing rule of the market maker. Second, by (C), the optimal transport map from F to G (or
its generalization ¢ ) determines the terminal target of the informed trader’s strategy, whose drift
is that of a Brownian bridge toward this target. Third, by (D), the expected profit of the informed
trader is given by the convex conjugate of the Brenier potential. Fourth, by (A), Kyle’s lambda
matrix is given by the Hessian of the Brenier potential. Finally, by (?7), the unconditional expected

profit of the informed trader can be computed via the Wasserstein-2 distance between F and G.

3.5 Market Maker Profits

To set the stage for the next section, we compute the aggregate equilibrium market maker profits.
Aggregate market maker profits equal the negative of the sum of the informed and noise traders’

profits. The profits of noise traders are

/1(’5 —PR) dZ; — (P, Z)1, (3.12)
0

where (-,-) denotes the sharp bracket process of the continuous vector semimartingales P and X
(heuristically, (P, Z), = fol (dP;) (dZ;) — see below for more). This formulation of the noise traders’
profits follows from the intertemporal budget constraint of ? via integration by parts, as shown by ?
in the univariate case. The analogous formula applies to the informed trader, but taking dX = 6dt
implies (P, X) = 0; hence, we arrive at (??). The formulas (??) and (??) imply that realized market

maker profits are
1
PY) - [ (- RYav, (3.13)
0

Extending our earlier discussion of expected informed trader profits in terms of the Brenier potential

I" and its conjugate, we obtain the following.

Corollary 3.1. Given the pricing rule H = VK, market maker profits (??) equal
(P,Y); + (V1) — 'V (3.14)

for any informed trading strateqy dX = 0; dt. When the informed trader follows the optimal strategy
(??), market maker profits are

(P,Y); — T*(9). (3.15)

3.6 Transaction Costs

The sharp bracket quantity in (??) and in Corollary ?? equals

(P,Y); = tr (22/01 VZK(t,Y;)dt) : (3.16)

11



where tr denotes the trace of a square matrix. This can be calculated as”

no .1
=3 /O (dP,)(aY})
n 1 n
-y / S Ayt Vi) dZ; | (d2)
=170 \j=1
n n 1

i=1 j=1

This implies (??) after substituting A = V2 K. The term (dF;)(dY;) is the continuous time version
of (Piy1 — P;)(Yis1 — Y2). In this expression, the factor Y11 — Y; is the net order and P4 — P is
the price change induced by the order. Thus, the product of differentials captures the higher cost
paid on buy orders and lower revenue received on sell orders due to the price impacts of trades.
The transaction cost is zero for the informed trader in continuous time, because her orders are very
small (of order dt) but nonzero for noise traders (and for market makers) because noise trades are
relatively large (of order v/dt). ? show that the different transactions costs of informed and noise
traders can alternatively be interpreted as the limit of a discrete-trade model in which orders of
informed and noise traders are the same size but informed trades are optimally made at a much
lower frequency than noise trades.

It is noteworthy that market maker profits in (??) depend on the path of noise trading only via
the transaction costs. If noise traders make bad trades, then the informed trader will make more
money by subsequently reversing them, but there is no net gain or loss to market makers. Noise
traders are as likely to make good trades as bad trades, so on average this is also a wash for the

informed trader, whose unconditional expected profit is simply E[I'*(?)], as shown in Theorem ?7?.

4 Risk Averse Market Makers

In the previous section, we assumed that competition among market makers drives prices to their
expected values. In this section, market makers remain competitive, but we now allow them to
be risk-averse. To clarify our equilibrium concept and to explain how it relates to the concept
employed by ?, consider the following simple example. The example is chosen for simplicity and is
not based on either our model or Cetin and Danilova’s, each of which is set in continuous time with
1t6 demand processes. Naturally, our assumption of a Walrasian inter-dealer market as described
in this example requires in practice that there be more than two market makers. Implicitly, we are

assuming that there is a ‘large’ number of market makers.

Ezxample. Suppose there are two market makers who each have utility for shares x and cash y equal

to u(x) + y for a continuously differentiable, increasing, concave function u. Suppose each market

"The notation (dP;)(dY;) represents the differential of the joint variation process, also written as d(P;, ;). Likewise,
(dZ;)(dZ:) := d(Z;, Zs).

12



maker currently owns n shares. Suppose a market order to buy two shares arrives. In a model like ?,
without an inter-dealer market, each market maker sells one share at a price of p! := u(n) —u(n—1),
because that is the price at which the utility gain for each is zero. In this paper, we assume the
presence of an inter-dealer market. The inter-dealer market clears at a price such that neither
trader wants to make further trades, given her current position. When the market order arrives,
each market maker rationally anticipates that the equilibrium price in the inter-dealer market will
be p* := /(n — 1). In both our model and the Cetin-Danilova model, dealers get zero utility gain
from trading with the market orders, due to price competition between the dealers. In both cases,
the utility gain should be measured relative to the next-best opportunity. In Cetin and Danilova,
the next-best opportunity is to hold the initial position of n shares. Our model differs in that the
next-best opportunity is to trade in the inter-dealer market. Because dealers assume they can sell
all they want in the inter-dealer market at price p*, they get zero utility gain from selling to the
market orders at price p*. Notice that the dealers do not have an incentive to undercut p*, because
if they wished to sell more then they assume they can do so at p* in the inter-dealer market, which
is better than selling at a discounted price to the market orders. However, they do have an incentive
to undercut any price p > p*, because they would profit from buying at p* in the inter-dealer market
and selling at p — ¢ > p* to the market orders. This is the standard Bertrand result of competing
price down to marginal cost, here the cost of buying in the inter-dealer market. In our model, each
of the two market makers gets a positive utility gain (p* > p' due to decreasing marginal utility),
but the utility gain comes from the ability to trade in the inter-dealer market, which is a normal

consequence of competitive markets (see Theorem 1, known as The First Welfare Theorem, in ?).

Assume the market makers have constant absolute risk aversion (CARA) utility. It is well known
that a group of competitive CARA agents can be aggregated into a single representative agent with
CARA preferences. Asset prices are determined by the marginal utility of the representative market
maker, evaluated at the aggregate wealth of all market makers.

More formally, the stochastic discount factor (SDF) in the economy is proportional to the
representative market maker’s marginal utility. Because we have normalized the risk-free rate to
zero, the SDF is

N e

m = Efoor] (4.1)
where « denotes the absolute risk aversion of the representative market maker, and w denotes
aggregate market maker wealth at date 1. The random variable @ depends on the informed trader’s
strategy and the pricing rule via the Merton intertemporal budget constraint. Specifically, market
maker wealth is the sum of market maker gains from trade (??) plus the value of any initial
inventories. Let § denote the aggregate position of market makers in the asset at date 0. Then,

aggregate market maker wealth at date 1 is

1
w =B+ (P,Y) — /O (0 — P)' dY;. (4.2)
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Instead of pricing directly via the SDF, we can as usual equivalently price via the risk-neutral
probability determined by the SDF. Denote the risk-neutral probability by @Q and the physical
(actual) probability of the economy by P. The risk-neutral probability is given by the change of

measure

dQ
We replace the equilibrium condition (??) with
P, =E%s | FY]. (4.4)

The model is otherwise unchanged. In particular, we continue to assume that the informed trader
is risk-neutral (maximizing expected profits under P). We continue to set Y = X + Z, where X is
the number of shares purchased by the informed trader and Z is the number of shares purchased
by noise traders. This implies that the number of shares held by market makers at any date ¢ is
8 — Y;. We assume that noise trades are a Brownian motion with zero drift and covariance matrix
Y., under the physical distribution P. As is well known, a change of measure such as (??) does not
change the instantaneous covariance matrix of a Brownian motion, so ¥, is also the instantaneous
covariance matrix of Z under the risk-neutral probability Q.

There are now three (information set, probability measure) pairs in play. For the informed trader,
u, U, and Z are observable, and the relevant probability measure is the physical probability P. The
rest of the market only observes Y (until the announcement at date 1) so the relevant filtration
is F¥. On this filtration, we have both the physical probability and the risk-neutral probability.
We will do various calculations under the physical probability, but pricing is under the risk-neutral
probability as described in (?7).

For clarity, assume, without loss of generality, that the underlying probability space is a product
space  := R" x R"™ x C]0,1]", with generic element (u,v,z), where u € R™ denotes the variable
used for mixing, v € R™ denotes the vector of asset values, and z € C[0,1]" denotes the path of
cumulative noise trades. We continue to let G denote the normal (0, X) distribution. Let v denote
the (0, X,)-Wiener measure on C|0, 1]"—i.e., the distribution of a Brownian motion with zero drift
and instantaneous covariance matrix 3.,. We take the physical probability measure on €2 to be the
product of three measures: the distribution G for the mixing variable @, the distribution F of ©, and
the Wiener measure v on C[0, 1]". The random vectors @ and ¢ and the vector Brownian motion
Z are defined on this product space as the projection maps: @(u,v,z) = u, 0(u,v,z) = v, and
Z(u,v,z) = z. Thus, they are all independent under the physical probability. We will indicate the
measures under which expectations are taken with superscripts; for example, E” denotes expectation
with respect to the Wiener measure v. In the case of normal distributions (Sections ?? and ?7?),
mixing plays no role, and we can equivalently take the probability space to be R™ x C10,1]", with

generic element (v, z).
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4.1 A Single Normally Distributed Asset

We are generalizing the previous literature on the continuous-time Kyle model in two directions: by
considering multiple possibly non-normally distributed assets and by allowing market makers to be
risk-averse. The previous section describes the former extension in isolation. To clearly demonstrate
the effects of the latter extension, we consider here a single normally distributed asset, which is the
case studied by ? under risk neutrality. The implications of risk aversion are especially transparent
in this case, so we describe it first.

In the next subsection, we address the n-asset model with normal distributions. Both the single-
asset model and the n-asset model with normal distributions are special cases of the general model
discussed in Section ??. Optimal transport theory does not directly appear in this subsection or
the next, because we have substituted an analytic formula for the Brenier potential; however, the

results are derived as corollaries of the general result in Section ??, which builds on Theorem ?7.

Theorem 4.1. Assume that v is a scalar and is normally distributed with mean @ and variance
o2 under the physical probability. Let o, denote the instantaneous standard deviation of the noise

trades. Assume the informed trader is constrained to choose a strategy such that
1
EP/ X2dt < oo (4.5)
0

There is an equilibrium in which the risk-neutral distribution of U is also normal. Furthermore, the
following hold:

A. The unconditional risk-neutral mean of v is
* 2
W= p—afoy, .
B. The equilibrium price satisfies Py = p* and dP; = AdY;, where

2 254 2
ooy acoy, O
— 4.6
5 + 1 + 2 (4.6)

A=

C. The risk-neutral variance of v is A\>02 > o2.

D. The market is eventually informationally efficient in the sense that P, — U with probability
one (under both P and Q).

E. The equilibrium trading strategy s
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F. Under P, the expected profit of the informed trader conditional on v is

z 4.8
2 + 2\ (48)
The unconditional expected profit of the informed trader is
ao20?  o2B20%
Y 2 zZv v 4.
and the unconditional expected loss of noise traders is \o>.
G. The SDF is
. a(@—u*)?_ 35 a1 _ g5
m=e  2x Ele  2x . (410)
H. The cumulative order process Y is a (0,02) Brownian motion on (F¥,Q) and satisfies
dY;g = (5t(ﬁ—Y2)dt+0’ZdBt, (411)
where B is a standard F¥ Brownian motion under P and
A 2
§p=— % (4.12)

14 (1 —t)aro?

All aspects of the equilibrium are the same under the risk-neutral probability as in the risk-
neutral model of ?. For example, Part (C) shows that Kyle’s lambda equals the ratio of the risk-
neutral standard deviation of ¥ to the standard deviation of Z. It is unsurprising that we recover
Kyle’s results under the risk-neutral probability. What is important in the theorem is how the
parameters of the physical distribution determine the equilibrium processes.

We see in Part (H) that market maker inventories are mean reverting under the physical prob-
ability. This is a natural consequence of market maker aversion to inventory risk. Via Part (B), the
mean reversion in market maker inventories corresponds to mean reversion in the equilibrium price
— indeed, as we discuss further below, it is by adjusting the price that market makers induce mean
reversion in their inventories. Because the price is mean reverting under the physical probability
but not under the risk-neutral probability, the variance of P is higher under Q than under P. From
Part (D), we see that this means that the variance of o must be higher under Q than under P. This
is shown explicitly in the formula in Part (C). The higher risk-neutral variance means that there
is a variance risk premium, as has been documented empirically. The mean reversion of prices also
implies that there is excess volatility, in the sense that cumulative squared price changes exceed the

physical variance of the asset on average. This follows from the fact that
(dP)? = (Ao, dB*)? = Mo2dt > o2 dt.
Part (B) of the theorem shows that the illiquidity parameter A depends on two ingredients:
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adverse selection (0,/0,) and inventory costs (ac?). In the absence of inventory costs (o = 0), the
price impact parameter A coincides with the adverse selection component, o, /0, as in the standard

Kyle (1985) model. In the absence of adverse selection (0, = 00), A coincides with the inventory
2

2, as in a CARA /normal competitive equilibrium with CARA investors and

cost component, oo
noise traders. Notice that A is not a simple sum of the two ingredients. In terms of z := ac? and
Y :=0y/0,, it equals /2 + \/m This is an increasing convex function of x and y with both
partial derivatives being less than 1. Thus, the contribution of each component to A is smaller than
it would be if the other were not present.

Part (H) of the theorem shows that Y reverts towards  under the physical probability, which
means that market maker inventories 5 — Y revert towards zero. Combining this with Part (B), we
obtain

When market makers have positive inventories, they quote lower prices in order to shed the invent-
ories, with the consequence that prices are expected to be higher in the future; hence, the expected
return (= risk premium) is positive. The positive risk premium is compensation for bearing the
inventory risk. The reverse is true when market makers have short positions. This is shown ex-
plicitly for Py in Parts (A) and (B). Notice, however, that illiquidity (\) is invariant with respect
to market maker inventories. Market makers manage inventories by incentivizing the trades of the
informed trader through their choice of price levels, rather than through their choice of spreads.
This generalizes the result of ? to a dynamic model with adverse selection.
By substituting P, = p* + AY; from Part (B) in (??), we obtain

dPt = (st(/,b*+)\ﬁfpt)dt+)\0'det (414)

Thus, given the information of market makers, the price tends to revert to p* + A5 (implying in
particular that it is expected to rise starting at date 0 when inventories are positive). The mean
reversion implies short-term reversals. The reversion to p* 4+ A8 from the market makers’ point of
view contrasts with the expected price change given the information of the informed trader. Part

(E) implies that the informed trader sees the evolution of the price as

1
dP, = — (3= P) dt +AdZ. (4.15)

Thus, she sees the price as reverting to ¢ (as a result of her own trades). Of course, the drift and
the stochastic part of (??) are not separately observable to market makers.

In the risk-neutral model, competition between market makers forces expected market maker
profits to zero. However, in the current model, market makers must be compensated for bearing

inventory risk. It follows from Part (F) that expected market maker profits are

ao?o? B a?plol (4.16)
2 2\ '
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This shows that market makers expect to earn positive profits when 8 = 0. The magnitude of
expected profits depends on inventory costs ac? and the volatility of inventories o,. However, when
B # 0, market makers will accept losses to shed the initial inventory risk. Their willingness to accept
losses in this circumstance contributes positively to informed trading profits, as shown in (??). In

fact, expected informed trading profits are

aoy 2 aoy 2 2
(1— 2/\>)\UZ+(2)\>04,8 o, (4.17)

which is a weighted average of the expected losses o2 of noise traders and the quantity af%02,

which can be interpreted as the required risk premium per unit risk (afo2) and the quantity of
risk 3 initially held by market makers.

Part (G) shows that the SDF is the exponential of a quadratic in the asset value ¥ and hence is
non-monotone in ¢. In fact, it is high when ¢ is either very low or very large. This is because market
makers lose money whenever the informed trader has extreme information. Thus, “bad states of
the world” for the representative investor (representative market maker in this model) are states in
which v takes extreme values, either high or low, rather than states in which v takes low values,
which is normally the case in consumption-based asset pricing models. This implies that deep out-
of-the-money call options will be expensive, so expected call returns may be non-monotone in the
strike price. This is in contrast to the Black-Scholes model, in which call options with higher strikes

have higher expected returns because they are more highly levered and the SDF is log-linear.

4.2 Multiple Normally Distributed Assets

Before considering the general model with possibly non-normally distributed assets, we first explain
how Theorem ?? extends to multiple normally distributed assets. Assume there are n assets and o is
normally distributed under the physical probability with mean vector y and nonsingular covariance
matrix Y,. Diagonalize the symmetric positive-definite matrix Ei/ 221,2;/ % as VEV' , where V is
the orthogonal matrix whose columns are the eigenvectors of Zi/ QZUZy 2and E = diag(ey,...,en)

is the diagonal matrix of eigenvalues. For each i, define
1 2,2
d; =e; + Jaei | ae; +y/afe; +4e; | . (4.18)

on/d;
1+ (1 —t)an/d;
Set D = diag(dy,...,d,) and C; = diag(ci¢, ..., cnt).

For each t and each i, define

Cit

Theorem 4.2. Assume that ¥ is normally distributed under the physical probability with mean vector

u and nonsingular covariance matriz X,. Assume the informed trader is constrained to choose a
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strateqy such that
1
EP/ | Xy ||? dt < co. (4.19)
0

There is an equilibrium in which the risk-neutral distribution of ¥ is also normal. Furthermore, the
following hold:

A. The risk-neutral mean of ¥ is
W= p—aX,p. (4.20)

B. The equilibrium price satisfies Py = p* and dP, = AdY;, where

A= x7V2y D2yIss 12 (4.21)

C. The risk-neutral covariance matrixz of v and the covariance matrix of the price changes dP is
=072y pyin /2 (4.22)

and

%, = 27V2v(D - E)V'S]Y?, (4.23)

v

which is positive definite.

D. The market is eventually informationally efficient in the sense that P, — ¥ with probability
one (under both P and Q).

E. The equilibrium trading strategy is
= ——[A' (G —p*) - Y. (4.24)
F. Under P, the expected profit of the informed trader conditional on v is
1 1 ~ *\/ A —1/~ *
5 tr(X.A) + 5(1} — ) ATH (0 —p). (4.25)
The unconditional expected profit of the informed trader is
« a?
tr(S:A) — 5 tr(2:30) + 75/21,/\—121,5 (4.26)

and the unconditional expected loss of liquidity traders is tr (X,A).

G. The SDF is
i = o3V ATH @-pt)—af' / E [e%(ﬁ—u*)’/\*l(f)—u*)—aﬁ’i} ‘ (4.27)
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H. The cumulative order process Y is a (0,%,) Brownian motion on (F¥,Q) and satisfies
dY; = A(B—Y,)dt+2/?dB, (4.28)
where B is a standard n-dimensional F¥ Brownian motion under P and

A =32y vissl2, (4.29)

The implications we saw in the single asset case hold for multiple assets as well: there is mean
reversion in market maker inventories and prices, there is a variance risk premium, there is excess
volatility, market makers make money on average as compensation for bearing inventory risk but
may accept losses to shed initial inventories, illiquidity depends on adverse selection and inventory
costs, and the log of the SDF is quadratic in 9. Note that (??7) implies that the elements of the

diagonal matrix D'/2 in the formula for A are equal to

oe; a?e?
@_7+ L tei (4.30)

From this, it is easy to see that the formula for A in Part (B) simplifies to the formula for A in Part
(B) of Theorem ?? when n = 1.
To see the excess volatility in the multivariate model, observe that Equations (??) and (?7)
imply that
ASA =X, (4.31)

This is the multivariate analogue of Part (C) of Theorem ??. In conjunction with dP = AdY,
Equation (??) implies that the instantaneous covariance matrix of the price changes is the risk-
neutral covariance matrix of ¥, which exceeds the physical covariance matrix of © by a positive
definite matrix, as shown in Part (C) of Theorem ?7?.

In addition to excess volatility, there is also excess co-movement, in the sense that correlations
of price changes exceed correlations of asset values. For a simple example, suppose n = 2 and the
two assets are uncorrelated and have common variance o2 under the physical probability. Suppose
the noise trades have common variance o2 and correlation p > 0. Using (??), we can calculate that

the correlation of the price changes is

(1—p)da — (14 p)dy
(1—p)ds+ (1 + p)dy’

(4.32)

where d; depends on a and the eigenvalue e; as in (??) and in this example e; = 0202(1 — p) and
es = 0202(1 + p). From these facts, we can calculate that the correlation of the price changes is
increasing in « and lies in the interval (0, p). Thus, the price changes inherit some but not all of
the correlation of the noise trades when market makers are risk averse, even when the asset values

are independent under the physical measure. Like excess volatility, excess co-movement stems from
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the fact that trades move prices both because of informational effects and because of risk premia

associated with inventory concerns. The risk premia comove when inventories comove.

4.3 The General Model

We now consider the n asset model without the normality assumption. The risk-neutral probability
is defined on the sigma-field F} . It will again be true that the market is eventually information-
ally efficient, so © will be measurable in equilibrium with respect to F} . Thus, the risk-neutral
probability will determine a distribution for ¥. Denote it by F*. We will implicitly define a class
of physical distributions F' for ¢ by imposing joint conditions on (F, F*). This class includes all

normal distributions, but it is much larger than just the normal distributions.

Definition 4.1. Consider any pair (F, F™*) of distribution functions on R™. Let T' denote the Brenier
potential such that VT transports G to F* and ES[T'(Z1)] = 0. Define K as in Theorem ??. Define

X = exp {—a(Zl — B)'VI(Z1) + ol (Z1) + atr <2Z /01 V2K (t, Z;) dt> } . (4.33)

Define (F, F*) to be admissible if X has a finite v-mean and F is the v distribution of VI'(Z1),
where dv/dv = x/E¥[X].

Definition ?? provides a recipe for starting with an arbitrary distribution F* on R"™ and then
computing F' such that (F, F*) is admissible (provided x has a finite v-mean). This is analogous
to the standard practice in derivative security pricing, which is to start by specifying the risk-
neutral distribution of the underlying assets. The change of measure d/dv in the definition is
the equilibrium change of measure from the risk-neutral distribution of Y on FY to the physical
distribution. We show in the appendix that if one starts with a normal F*, then one obtains a normal
F. Moreover, every normal F' can be obtained in this way. This produces Theorems ?? and ??7. We
also show in the appendix how one can numerically compute F' starting from an arbitrary F*
(satisfying the mild regularity condition that y has a finite v-mean).

We need a few other minor sufficient conditions to construct an equilibrium such that F* is
the risk-neutral distribution corresponding to the physical distribution F. Here, we give easily

interpretable such conditions for F*.

Theorem 4.3. Let F* be a distribution function on R™. Assume that either (i) F* has bounded
support or (i) F* is absolutely continuous with respect to Lebesque measure and its density is
e~ YW for some U satisfying V2U > kI for some k > 0 and I the identity matriz of dimension
n. Then, x defined in (??) has a finite mean, and the pair (F, F*) is admissible, where F is the
v distribution of VI'(Z1) as in Definition ??. Define P to be the product measure G @ F @ v over
(u,v,Z) € R* x R™ x C[0,1]". Then, EF[0] is finite. Define T' as in Definition ??, and define K
and H from I' as in Theorem ??. Assume the informed trader is constrained to choose a trading

strategy X satisfying (??) under P. There is an equilibrium where the risk-neutral distribution Q is
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given by (?7) and in which F* is the risk-neutral distribution of 0. Furthermore, the following hold

for this equilibrium.:

A. The equilibrium price is P, = V,K(t,Y;) fort € [0,1) and satisfies, on this interval,
dP; = A(t,Y:) dY; (4.34)

where A = VZK.

B. The market is eventually informationally efficient, in the sense that P, — v with probability
one (under both P and Q).

C. The equilibrium trading strategy is

= o (C )+ (1, Y3, 0) (4.35)

where ¢ = f(@i,0) is constructed in Lemma ??(1), so that VI'({) = © almost surely and the

P-distribution ofg: is the D-distribution of Z1 and for b € Dr,
P(t, 2,b) := —a(b — B)'VI(b) + al'(b)
1
+ log E” [exp {atr <Zz/ V2K (u, Zy,) du)} ‘ Zy=2,21 = b} . (4.36)
t

D. Under the physical probability, the expected profit of the informed trader conditional on v is

I'*(v).
E. The cumulative order process Y is a (0,%.) Brownian motion on (FY,Q) and satisfies

dY; = 2.V,é(t, V;) dt + /2 dB; (4.37)

where B is a standard n-dimensional F¥ Brownian motion under the physical probability and
o(t, z) = logE” [exp { —a(Zy — B)'VI(Zy) + ol'(Zy)
1
+atr <2/ V2K (u, Zy,) du) } ’ Zy = z} . (4.38)
t

Also, Y1 = C with probability one (under both P and Q).

The term 3.V ¢(t,Y;)dt in (??) is the Girsanov drift term in the change of measure from PP
to Q. It takes the form A.(S — Y;)dt in the case of a normally distributed v, where A; is the
deterministic matrix (??). The second term in the informed trading strategy (??) is related to this
Girsanov drift. That term disappears when o is normally distributed, because the Brenier potential
is quadratic in that case, which makes the Hessian of K a constant matrix and causes 1 (t, z,b) to

be independent of z.
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The formula I'*(?) for the conditional expected profit of the informed trader in Part (D) is valid
in all of our models — with and without risk aversion and with and without normality. It implies a
dependence of the conditional expected profit on risk aversion and initial market maker inventories
when market makers are risk averse, as discussed earlier. The dependence is seen more explicitly in

Theorems 7?7 and ??.

5 Informed Trading in Options

We now apply Theorem ?? to study informed trading in options. In particular, we investigate the
extent to which information from the options market can be used to predict the return of the
underlying asset. We consider an asset and a European call option on the asset that matures at
the announcement date 1. This is the model studied by ?, except that we allow market makers to
be risk averse—and hence for the return of the underlying asset to be predictable—and we do not
need to make special parametric assumptions to solve the model. By put-call parity, the model is
equivalent to one in which an underlying asset and a put option are traded or to one in which an
underlying asset and a straddle are traded. For the sake of brevity, we call the underlying asset a
stock. We use subscripts s and o to denote ‘stock’ and ‘option.’

We take the initial endowment of the market makers to be 8 = 0, and we set absolute risk
aversion to be av = 0.2.8 We assume the stock is truncated lognormally distributed: log s = 4+ 0@,
where Z is a standard normal conditioned on |Z| < 3.3 under the risk-neutral distribution. We set
o = 0.2 and p = log(100) — 02 /2. The truncation is the hypothesis that makes Theorem ?? applic-
able. It removes less than 0.1% of the lognormal mass, and the grid p + 3.30 used in Appendix ??
is the support of the truncated distribution. The risk-neutral mean of ¥4 is approximately 100, and
we set the strike of the option to be 100. We consider four different X, matrices—varying the sign
of the correlation between stock and option uninformed order imbalances and varying the relative
standard deviations of stock and option orders—and solve the model for each. We then simulate
10,000 sample paths for each choice of 3,. Figures ??7 and ?? present aspects of the solution for one
choice of X,; Figures ??7 and ?? present the solution for two values of X,; and Table ?? presents
results for all four values of ¥,. The qualitative features shown in the Figures are very similar for
the other values of X,.

Figure ?7? illustrates the solution of the model at ¢ = 0.5. The state vector is Y;, which is the
vector of stock and option order imbalances. The option is in the money (the stock price is above
100) in the top-right part of each panel in Figure ??. Panels (a) and (b) show that, when the option
is in the money, the stock and option prices are approximately functions of the sum of stock and
option imbalances. This reflects the fact that the assets are informationally equivalent when the

option is certain to finish in the money. On the other hand, in the bottom left part of the panels,

8The qualitative results do not depend on the magnitude of risk aversion. Our choice of o = 0.2 is prompted by
the following reasoning. We have not specified the units of wealth, but since we will take the standard deviation of
stock noise trading to be 2 in all examples in this section, a reasonable unit would be $100 million. An investor with
an absolute risk aversion of 0.2 when wealth is measured in units of $100 million would pay $1,000 to avoid a coin
toss for $1,000,000. This seems like a not unreasonable level of risk aversion.
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Figure 1: Solution of the Model at t = 0.5
The figure presents properties of the model at the midpoint ¢ = 0.5 as a function of the state
variables Yy = Stock Imbalance and Y, = Option Imbalance. The plots are for ¥, = [[4, —2], [-2, 4]].

the option is out of the money. When the option is deeply out of the money, the stock price is
virtually independent of the option imbalance, reflecting the fact that option orders are almost
certainly pure noise in that circumstance. These features become more prominent as ¢ — 1, and at
t = 1, the stock price depends solely on ys + 1y, when the option is in the money, depends solely on
ys when the option is out of the money, and is discontinuous in (ys, y,) at the locus of points such
that the option is exactly at the money.

Information flow in the market is affected in a qualitative way by the presence of option trading,
which introduces a strong nonlinearity. For example, conditional variances can rise over time in
nonlinear models, unlike linear Gaussian models. In this model, the conditional variance of
increases at many state/dates. Uncertainty can also shrink very fast, depending on stock and option
orders. This phenomenon influences many of the variables plotted in Figure ??. When the call has
been purchased and the stock sold, market makers become very uncertain about the value of the
stock. It is quite likely that the trades in one of the assets are noise trades, but market makers do

not know which is which. On the other hand, when the call has been sold and the stock purchased,
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it is quite likely that the call will finish out of the money, but the stock value is not too low. This
narrows the range of possibilities considerably. These two alternatives correspond to the top left
and bottom right parts of the panels. This phenomenon also becomes more prominent as ¢t — 1
and mirrors the discontinuity of the stock price in (ys,y,) at ¢ = 1, which occurs roughly along the
off-diagonal and is larger in the top left than in the bottom right in the (ys,y,) plane.

The stock and option lambdas in Panels (¢) and (d) of Figure ?? are the diagonal elements of
the A matrix, each divided by its respective price, so they are in relative terms. The option lambda
is considerably larger than the stock lambda, consistent with the empirical fact that liquidity is
generally lower in options markets than in markets for the underlying assets?. The option lambda
is decreasing in moneyness. The stock lambda is influenced by the phenomenon discussed in the
previous paragraph. It is high in the top left where market makers are very uncertain about the
stock value, and it is low in the bottom right where uncertainty is much lower. Moreover, it is
generally increasing in the option order imbalance.

Panel (e) in Figure ?? plots the price-impact revenue received by market makers from noise
traders per unit time. This is tr(X. V2K (t,y)). Panel (f) plots the Black-Scholes implied volatility
of the option. Both plots have a similar pattern to the stock lambda: they are generally increasing
in the option imbalance and in particular are high in the upper left and low in the bottom right.

Panels (g) and (h) in Figure ?? plot the risk premia of the stock and option. These are the
elements of A(t,y)X,V(t,y), each divided by its respective price, so they are the expected rates of
return per unit time. Both are generally inversely related to the stock price, though the patterns are
complex. An interesting feature of the stock premium is that it is especially high in the upper left,
where the implied volatility is also high. This induces a positive correlation between the implied
volatility and subsequent stock returns, as we will see.

Figure ?? presents some data from a simulation of the model, using the same ¥, as in Figure ?7.
We simulate the path of Y and dP; = A(t,Y;)dY;, using the physical dynamics of Y given in
Theorem ??. The terminal value of P is P = (¥s,7,), where 9, = (05 — K)T. Panel (a) presents
the realized values of the SDF e~/ E[e*aﬁ’], replacing the expectation with the mean across
simulations, plotted against the realized values of vs. We expect the SDF to be high for extreme
values of ¥4, because the informed trader makes more money and market makers typically lose
money when the informed trader has unexpected information. This same phenomenon appears in
Theorem ??. It is somewhat surprising that the SDF is also often high for values of ¥5 near the option
strike. This occurs when there are large buy orders and option sell orders early during the trading
period. These push the market to the bottom right in the panels in Figure ??, where uncertainty
is low. Competition between market makers is then much like risk-neutral competition, pushing
down the lambdas and transaction cost revenue from noise traders. Consequently, the revenue is
insufficient to cover the losses to the informed trader from the initially overvalued option.

Panel (b) of Figure ?? shows the assumed lognormal risk-neutral density and a kernel estimate

of the physical density of 75, based on the simulated values of P;. The risk-neutral density is

9Unlike (?, Theorem 3) where lambda’s are in absolute terms, lambda’s considered here are in relative terms.
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Figure 2: Risk Neutral and Physical Densities

Panel (a) is a scatter plot of the SDF versus realized values of 05. Panel (b) presents a kernel estimate
of the physical density based on realized values of 75 and also presents the assumed lognormal
risk-neutral density. The scatter plot and kernel estimate are based on 10,000 simulations with
X, =[[4,-2], [-2,4]].

the physical density multiplied by the SDF, so high values of the SDF produce high risk-neutral
probabilities. Because the SDF is high for extreme values of ¥, the risk-neutral distribution has
extra weight in the tails and a larger variance than the physical distribution, as in Theorem ??. The
high SDF near the option strike also adds weight to that part of the distribution. If the physical
distribution were unimodal, this would produce a spike in the risk-neutral distribution. However, we
start with a truncated lognormal risk-neutral distribution, so the added weight in the risk-neutral
distribution is possible only if the physical density is small near the option strike. Consequently, the
physical density that is consistent with the given risk-neutral density is bimodal. This particular
feature of the model seems to be an artifact of assuming there is only a single option traded. Trading
multiple strikes should smooth out the spikes in the risk-neutral density or equivalently the troughs
in the physical density.

Figure 7?7 shows the physical distribution of Y7 for two choices of ¥,. Panel (a) uses the same
value of 3, as in Figures ?? and ??. Panel (b) uses the same ¥, except that the correlation of Z; and
Z, is switched from negative to positive. The figure shows that the correlation of net imbalances Y
and Y, from date 0 to date 1 is negative, regardless of the correlation of noise trades. This means
that market makers usually end up with hedged positions—long the stock if they are short calls
and long calls if they are short the stock. This is an intuitive consequence of risk aversion. One can
see from the figure that market makers are short the call and long the stock at the modes of the
distributions. The same is true for the means of the distributions, so on average market makers
in this model sell options and use the stock to hedge, consistent with what actual option market
makers usually do (for example, ? show that option market makers on average hold portfolios with
negative gammas, meaning that they are net short options).

Figure 77 plots market maker profits as a function of Y7 for the same two values of 3, as in
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Figure 3: Physical Density of Order Imbalances at date t = 1

The plots are kernel estimates of the bivariate density of Ys = Stock Imbalance and Y, =
Option Imbalance at the terminal date ¢ = 1. Panel (a) is based on 10,000 simulations with
Y. =[[4,-2],[—2,4]], and Panel (b) is based on 10,000 simulations with ¥, = [[4, 2], [2, 4]].
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Figure 4: Market Maker Profits

Realized market maker profits are averaged within bins in a 100 x 100 grid. Panel (a) is based on
10,000 simulations with ¥, = [[4, —2], [-2,4]], and Panel (b) is based on 10,000 simulations with
Y, =[4,2],[2,4]].

Figure ??. Market maker profits depend on the path of Y, not just on Yj, so the figure shows
an estimate of expected market maker profits conditional on Y;. The region in which profits are
highest is the upper left, which, as discussed in connection with Figure ??, is the area in which
market makers are most uncertain about the value of the stock. The combination of stock sells
and option buys amplifies uncertainty for market makers. To compensate for this extra risk, price
impacts are higher, as shown in Figure ??, and market maker profits are higher on average.

We can use the simulated model to estimate moments and conditional moments for which we
do not have analytic expressions. As an illustration, we look at the correlation between the implied
volatility and future stock returns. ? document empirically that higher implied volatilities predict
higher future stock returns. We find the same correlation in our model: the conditional risk premium
is higher when the implied volatility is higher. This is a robust finding across all values of 3, that
we examine. It is driven by the fact that implied volatilities are highest in the upper left corners

of the panels in Figure ??, where the stock has been sold and the option purchased. The stock risk
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Table 1: Regression of Stock Risk Premium on Implied Volatility at ¢ = 0.5

The stock risk premium (defined as the stock-element of the vector A(t,y)X.V¢(t,y) divided by the stock price) is
regressed at the midpoint ¢ = 0.5 on the change in the implied volatility from ¢ = 0 to ¢ = 0.5. The data points
are independent simulations of the model. Regressions (2), (4), (6), and (8) include a control for the continuously
compounded stock return from ¢ = 0 to ¢ = 0.5. Under each coefficient is the 95% confidence interval (between square
brackets) and standard error.

3. =[4,-2;-2,4] Y. =1[4,-1;-1,1]

(1) (2) 3) (4)
Intercept -0.003 0.075 0.007 0.037
[-0.011, 0.005] [0.072, 0.078] [0.002, 0.012] [0.036, 0.038]
s.e. = 0.004 s.e. = 0.001 s.e. = 0.003 s.e. = 0.001
A Implied vol 0.444 0.491 0.354 0.547
[0.384, 0.503] [0.472, 0.511] [0.277, 0.430] [0.527, 0.568]
s.e. = 0.030 s.e. = 0.010 s.e. = 0.039 s.e. = 0.010
Stock return -2.187 -1.774
[-2.202, -2.172] [-1.783, -1.764]
s.e. = 0.008 s.e. = 0.005
Obs. 10000 10000 10000 10000
R? 0.021 0.894 0.008 0.932

Y. =[4,2;2,4] Y. =[4,1;1,4]

(5) (6) (7) (8)
Intercept 0.041 0.346 0.037 0.183
[0.035, 0.048] [0.343, 0.348] [0.032, 0.041] [0.182, 0.184]
s.e. = 0.003 s.e. = 0.001 s.e. = 0.002 s.e. = 0.001
A Implied vol 0.381 -0.603 0.253 -0.188
[0.280, 0.482] [-0.630, -0.575] [0.135, 0.372] [-0.217, -0.160]
s.e. = 0.052 s.e. = 0.014 s.e. = 0.060 s.e. = 0.014
Stock return -2.360 -1.830
[-2.373, -2.347] [-1.839, -1.821]
s.e. = 0.007 s.e. = 0.004
Obs. 10000 10000 10000 10000
R? 0.005 0.928 0.002 0.943

premium is a decreasing function of stock orders, and is also especially high in the upper left corner
in Figure ??; hence, the implied volatility and risk premium are positively correlated. Table ??
reports regressions of the risk premium on the implied volatility at ¢ = 0.5 for all four values of
¥..10 The coefficient is positive and significant in all of the univariate regressions.

Table ?? also reports regressions of the risk premium on the implied volatility and the prior
stock return. This is a partial replication of Table VI of ?, which controls for prior returns (‘short
term reversal’) and other stock return predictors studied in the literature. The coefficient on the
prior return is consistently negative in Table ??, as it is in An et al.’s Table VI. This is a consequence

of excess volatility and mean reversion as discussed previously. The sign of the coefficient on the

'"We look only at options with time remaining to maturity equal to 0.5 to mirror An et al.’s study of options with
a fixed time to maturity (30 days). The implied volatility is initially 20% for all observations, so regressing on the
change is equivalent to regressing on the level.
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implied volatility, unlike the univariate coefficient, is sensitive to the model parameters. It is positive
(as in the data) when the correlation between stock and option noise trades is negative (Columns 2
and 4) but negative when the correlation between stock and option noise trades is positive (Columns
6 and 8). The reason that the sign varies across these cases in the multivariate regressions is that
the correlation between the regressors changes sign across the cases. The prior return and implied
volatility are positively correlated in Columns 2 and 4 (thus, the multivariate regression coefficient
is larger than the univariate coefficient) but negatively correlated in Columns 6 and 8 (thus, the
multivariate regression coefficient is smaller than the univariate coefficient and in fact is negative).

Additional empirical investigation of this phenomenon would be useful.

6 Conclusion

The solution of the Kyle model is much simpler when described in terms of optimal transport theory.
By recognizing this fact, we are able to extend the solution to a much broader class of models. The
extension to risk-averse market makers combines two important literatures that have heretofore
developed primarily in parallel: the adverse selection and the inventory risk explanations of market
illiquidity. We are able to identify the contribution each makes to illiquidity. As one example of
the applicability of this new approach, we derived a novel result regarding the predictive power of
implied volatilities for stock returns.

We anticipate that many additional applications will be made in the future. The multiasset
setting provides guidance for understanding spillover effects of informed trading. For example, ?
provide evidence that private information can potentially benefit rival firms. General equilibrium
extensions of our setting can provide guidance for further empirical work on such topic. Price
manipulation is also worth investigation as per the recent findings in ? and ?. Manipulators may
naturally leverage the derivatives market to increase their gains. Our setting can also be adapted
to this kind of problem.

? consider a multi-period model of a market maker with significant market power collecting
profits from bid-ask spreads. Market power can generate an equilibrium featuring simultaneously
high liquidity and large bid-ask spread at market opening and closing as observed in the markets.
Although challenging, our setting could also be extended to include market makers with market

power.
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Appendix

Appendix A Theorem ?? and Corollary ??

A.1 Lemmas

Lemma A.1. Let T be a Brenier potential as described in Theorem 7?7, where ||9]|? is integrable. The
random variables |T'(Z1)|? and |VI'(Z1)||? are integrable. Furthermore, for each y € R™ and each
t €[0,1), the random variables |T(y + Zy — Z;)|P/* and | VT (y + Zy — Z;)||3/? are integrable.

Proof. By the definition of T', VI'(Z;) has the distribution of 9. Hence, ||[VI'(Z1)||? is integrable.
By the convexity of I', we have

F(O) + 9621 < F(Zl) < F(O) + VF(Z1)1Z1 (Al)

where go is an element of the subdifferential of I' at 0. Because all moments of Z; exist and
|VIL(Z1)||? is integrable, Young’s inequality implies that |VT'(Z;)'Z;|*/? < 3||VF5121)||2 + ”Ziws is
integrable. Thus, |T'(Z1)|*/? is bounded above and below by integrable random variables and hence
is itself integrable. Fix ¢, and recall that k(t,y, -) denotes the normal (y, (1 —¢)3,) density function.
For fixed ¢ € [0,1), we now want to show that |VI'(y + Z; — Z;)||*/? and [T'(y + Z1 — Z;)|?/* are
integrable for all y, meaning

/ IVT(2)||>2 k(t,y, z) dz < oo (A.2a)

and

/ ID(2)P/ k(2 y, 2) dz < oo (A.2b)
for all y. For every t € [0,1) and y, 2 € R", since (1 —t)"! > 1,
k(t,y,2) < (1 =) exp (y’Ezlz - %y’Ezly) k(0,0, ).

Since G has exponential moments of all orders, Holder’s inequality with exponents (4/3,4) and the
G-integrability of | VI'(Z1)||? = (||VF(Z1)||3/2)4/3 give (?7?), and Holder’s inequality with exponents

(6/5,6) and the G-integrability of |T'(Z;)[3/? = (\F(Zl)\5/4)6/5 give (??),forallt € [0,1) and y € R™.
O

Lemma A.2. Let L, F' be two distribution functions on R™, set u = GRF where G is the multivariate
normal (0,%,) distribution and assume that there exists a map g : R™ — R"™ that transports L to
F. Then, there erists a function f : R*® — R"™ such that p({(u,v) | g(f(u,v)) = v}) = 1, and
w({(u,v) | f(u,v) <a}) = L(a) for all a € R™.

Proof. Denote ® € II(L, F) the joint distribution of (Y, g(Y)) where Y has distribution L. There
exists a disintegration of the measure $ on g(Y), meaning there exists a family of probability
measures ¢ such that Ci)(dy,dv) = gZA)(dy,v)dF(v), and v € R" — gZS(A,v) is measurable for any
Borel measurable subset A of R™.

$ is supported on {(y,9(y)) : y € R"}. Thus, we also have that for F almost every v € R”, the
measure ¢(dy, v) is supported on (¢) "' (v) := {y € R" : g(y) = v}. For each v € R", we use Brenier’s
theorem for the transport of the absolutely continuous distribution G to the probability measure
Qg(dy, v) to obtain the existence of a function f, : R™ — R™ so that f,(@) has distribution gg(dy, v)
where @ has distribution G. Set f(u,v) = f,(u) which is jointly measurable thanks to (?, Theorem
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1.1). Since ¢(dy, v) is supported in (g) ! (v) we have that u (g(f(u,v)) = v) = 1. Moreover, for each
Borel A,

G® F({(u,v) | f(u,v) € A}) /va )€ A)dF (v /(Z)AvdF()

:/tf)(A,dv):/AdL.

The last equality follows from the fact that the first marginal of @ is L. O

Note that the Lemma ?? allows us to claim that K(t,y) in (??) is well-defined for (¢,y) €
[0,1] x R™.

Lemma A.3. K(t,y) is continuously differentiable in t and twice continuously differentiable iny on
[0,1) x R™, with the derivative in t at t = 0 understood from the right, and

2 (z —y)s;!
VyK(t,y) = VF(Z)k(t’y’ Z) dZ, vyK(tvy) = VF(Z) 17
R™ R™ -

forte]0,1) and y € R".

k(t,y,z)dz (A.3)

Proof. Let z +— k(t y,z) be the normal (y, (1 — ¢)X,) density function. The definition of K(t,y)
is K(t,y) = [T(2)k(t,y,2)dz. For all t € [0,1) and y, let y1,...,yn be the vertices of a simplex
containing a neighborhood of y. Since log (k(t,, 2)/k(t,y;,z)) is affine in 2 with slope X7 (g —
yi)/(1 —t), choosing for each z the index i that maximizes z’¥; y; gives a constant C' such that
kE(t,g,z) < Cmax{k(t,yi,z) | i = 1,...,N} for all z and g in this neighborhood of y. Since
the derivatives of k are polynomials in z and [ |T'(2)[>/*k(t, i, 2) dz < oo for all i by Lemma ??,
we can differentiate under the integral by Holder’s inequality and dominated convergence to have
that derivatives of K(-,-) of all order exist and are equal to integrals of I'(z) multiplied by the
corresponding derivatives of k. The domination can be chosen uniformly for (¢,y) in compact
subsets of [0, 1) x R™: the Gaussian kernel estimate in Lemma ??, together with Holder’s inequality,
also controls the polynomial factors in 0;k and its spatial derivatives. Differentiation under the
integral therefore gives a continuous time derivative on [0, 1), including the right derivative at ¢t = 0,
and O, K = —% tr(EZVZK ). Thus, K(t,y) has the smoothness claimed. An equivalent definition of
K(t,y) is

K(t,y) :/F(y+z)k:(t,0, z)dz.

We wish to show that we can pass differentiation with respect to y through the integral in this
formulation, producing

VK(t,y) = /VF(y + 2)k(t,0,2)dz = E[VI'(y + Z1 — Z4)] .
This holds if, for each y, there exists € > 0 such that the family of functions

{z— VI(y +2)k(t,0,2) | |y —y| <€}

is uniformly integrable. Noting that k(¢,0,2) = k(t,y’,3’ + z) and making the change of variables
u =19+ z, we see that this is equivalent to the family of functions

{u— VI(k(t, ¥, u) [y — ¥l <€}
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being uniformly integrable. By the bound above and (??), this family is dominated by the integrable
function C||VI'(u)| max;—1, . n k(t, v, w), which gives the uniform integrability.
To prove the expression of the Hessian, we differentiate (??) under the integral sign in y. The

integrand is VI'(2)k(t,y, z), in which only k depends on y, with V k(t,y,2) = Wk(t,y, z).
For ¢ in the neighborhood of y considered above, the bound k(t,y,2) < Cmax; k(t,y;, z) gives
VL ()| |Vgk(t, 7, 2)|| < C'||VT(2)||(1+]z|) max; k(t, ys, z), which is integrable by (??) and Hélder’s
inequality with exponents (3/2,3). Dominated convergence therefore justifies the differentiation and

yields the expression for the Hessian. O
We need the following lemma for the proof of Theorem ?7.

Lemma A.4. Let H and v be as in Theorem ??, and let Y be the total order process associated with
an admissible strategy satisfying (??). Then

t
o [ meryas, e
0

is a square-integrable martingale in the informed trader’s filtration and satisfies E[M; | 0] = 0.

Proof. Since (@, ) is independent of Z, the process Z remains Brownian in the informed trader’s
filtration. Moreover,

1 1
E/0 (0—H(s,Y5))2,(0— H(s,Ys))ds < 2], ]| <E[|U|2] + E/o |H(S,Ys)|2d8> < 0.

Thus M is a square-integrable martingale starting at zero. Since ¥ is measurable at time zero,
E[M; | 9] = 0. O

A.2 Proof of Lemma ?7?

This follows directly from Lemmas A.1 and A.2 by choosing L = G.

A.3 Proof of Theorem ?7?

As promised in Section ??, we prove here a more general version of Theorem ?? in which the
informed trading strategy is allowed to be a continuous semimartingale satisfying (??). In other
words, we do not impose that dX; = 0; dt for some 6. In this more general setting, the profit of the
informed trader is, in analogy with (?7),

/1(17—Pt)ldXt—(P,X>1- (A.4)
0

As remarked before, this follows from the Merton intertemporal budget constraint after integrating
by parts, but here we can regard it simply as a definition.

As stated in Section ??, our chief contribution is to identify the gradient of the Brenier potential
as the map ® such that there is a random variable 5 with distribution G that identifies ¢ in the
sense that @(f ) = 0. From this map, the proof of the theorem follows familiar lines, as first laid out
by ? and then further developed by other authors, notably L. Campi, U. Cetin, and A. Danilova in

a series of papers culminating in ?.
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We will show that the pricing rule defined in Part (A) and the trading strategy defined in Part
(C) constitute an equilibrium. Then, we will derive the other statements in the theorem. First, we
will show that the trading strategy is optimal given the pricing rule.

Assume the pricing rule is H = V,K and consider any trading strategy X of the informed
trader. Because X is a continuous semimartingale, we have X = A + L where A is an finite-
variation and continuous process, and L is a continuous local martingale. Moreover, dL; = C; dZ;
for some matrix-valued process C. Thus, dY; = dA; + (C; + I) dZ;. By 1t6’s formula, substituting
H = V,K, we have

OK(t,Yy)

AR (1Y) = ==

1
dt + H(t,Y;)' dY; + = 5 T ((Ce+ DL (Cr+ I)' VLK (t,Yy)) dt .

Because K is defined via the expectation (??) and is smooth thanks to Lemma ??, it solves the
heat equation

0K 1 )
5 Tt (E.V,K) =0. (A.5)

Furthermore, a direct computation yields
dZ XL H(LY))e = t0(Cr8:(I + C)' VoK (£,Yy)) dt .
Hence,
% tr (C+1)S(C+ 1) VoK) dt = tr (CE. VLK) dt + % tr (CE.C'VLK) dt
+ %tr (.VoK) dt

_dZXZ H(- t——tr(cz C'VIK )dt—%—[t(dt

Making this substitution, we obtain

n o 1
AK (1Y) = (£ Y1) dYi+d Y (X HI(, Y)) = 5 tr (CS.CIVEK (£, 7)) dt

=1

Since K is C*2? on [0,1) x R by Lemma ??, we may integrate over [0,1 — €] for € € (0,1). Letting
e — 0, using that K(1 —¢€,Y1_¢) — I'(Y1) by the continuity of K on [0,1] x R" with K(1,:) =T,
rearranging, and using the facts that K(0,0) =0 and H (¢, Y;) = P; yields

1 1
/ (5 — B dY, — (P,X)1 =&Yy — D(Y1) — %tr ( / CiS.CIV2K (1, Ys) dt> . (A.6)
0 0

i -0

By Lemma ?? and (?7),

: [ / o B Y)Y dZ
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Therefore, taking conditional expectations given o in (??) yields

l

1 1
—E [6’}/1 ~T(V) — 5 tr (/0 CE.CV2K(t,Yy) dt>

E [Al(ﬁ_Pt)'dXt_w,Xh

17] . (AT

The left-hand side is the definition of the informed trader’s expected profit. On the right-hand side,
the trace is nonnegative due to the convexity of I". Therefore, the expected profit of the informed
trader is bounded above by E[¢'Y; — I'(Y1)|?] and the bound is achieved by any finite-variation
and continuous strategy such that, almost surely, Y1 € argmax,cgn 9"y — I'(y), in particular by any
such strategy with Y7 € Dr and VI'(Y7) = v almost surely. The strategy (??) implies

(Y
1—-1¢

ay; = dt + dZ

which implies that Y is a Brownian bridge ending at ¥; = ¢; hence VI'(Y1) = 0. The strategy
achieves the maximum expected profit of

Efsup {o'y —T'(y) | y € R"}] = E[T"(7)] . (A.8)

To show that the strategy is optimal, it remains only to show that the restriction (??) is satisfied.
First, we turn to the other equilibrium condition (??), taking the trading strategy (??) as given.
The strategy (??) implies that Y is a (0, X,)-Brownian bridge conditional on 5 . Because 5 has
the normal (0,3,) distribution, Y is a (0, 3,)-Brownian motion on its own filtration (?, 5.6.B).
Thus, conditionally on FY, ¢ = Y} has the normal (Y, (1 — ¢)X,) distribution. Using this fact and
(?77), we obtain
H(t,Y;) = E[VT(V1)|F)] = E[0|F].

This establishes the equilibrium condition (?7).

The equilibrium condition (??) and the fact that the elements of ¢ have finite variances implies
that H(t,Y;) is a square-integrable martingale on FY. Therefore, the trading strategy (??) and
pricing rule H satisfy (?7?). This completes the proof of optimality of the strategy (??) and completes
the proof that both equilibrium conditions hold.

Equation (??) implies that the heat equation holds for each element H; on [0, 1) x R™. Combining
this with It6’s formula and the fact that H(t,y) = V,K(t,y), we obtain dP, = A, dY; for t € [0, 1),
where A; = VZQJK (t,Y;). This verifies the last statement of Part (A). As noted above, Y is a
Brownian bridge ending at ¢ given the informed trader’s information and is a Brownian motion on
FY . This verifies Part (E). Part (B) follows from the equilibrium condition (??) and the martingale
convergence theorem: since Y is continuous, 7} = \/,_; F} up to null sets, so P, = E[§ | F}] —
E[¢0| FY'] = © almost surely as t — 1. To verify Part (D), note that, by following the same reasoning
as before but starting the integration of dK at ¢, we obtain

1 1 n ) )
[ G-ty avi— [ ay ),
t b=l

1 1
= K(6¥) + 00 - ) - 1) -y [ amamirear)
t
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Taking expectations as before, we see that the conditional expected profit is bounded above by
K(t.Y) - Y, +E[0'Yi —T() | 7] .

Substituting sup {0’y — I'(y) | y € R"} = T'*(v) yields (??). The rest of Part (D) is shown in (?7?).

A.4 Proof of Corollary ??

When X has finite variation, (??) implies
1
/ (5 — B dY; = 7'Y; — D(Y3).
0

Substituting this into (??) yields the first formula for dealer profits. Optimization by the informed
trader and the definition of the convex conjugate then yields the second formula.

Appendix B Theorem ??

We will prove the theorems in Section ?? in reverse order, beginning with Theorem ??. Throughout
this appendix, we take F™* to be a distribution function on R” satisfying (i) or (ii) of Theorem ?7?.
Since both assumptions imply the finiteness of the second (in fact any polynomial) moments of F™*,
we take I' as the Brenier potential to transport G' to F* such that EY[I'(Z1)] = 0, and we define
K by (??) where k(t,y,-) denotes the normal density function with mean y and covariance matrix
(1 —1¢)X,. We define x by (??) and ¢, by (?7)-(??) and denote

h(t, z,b) = k(t, z, b)e ?t2)Tv(Ezb) (B.1)

We split the proof of Theorem ?? in two parts. In the first part, we prove the following lemmas
that contain preliminary results.

Lemma B.1. Under the assumptions of Theorem 17 the following results hold.

(1) X? has finite v-mean, and ¢ and (-, -,b), for b € Dr, are finite and locally C*? on [0,1) x R™,
with time derivatives at t = 0 understood from the right. Moreover, 1 satisfies

sup sup sup (]Vzw(s,z,b)\ ++v1—s HVZzp(s,z,b)H) <C (B.2)

beDr 2z 0<s<l1
for some constant C.

(2) dv/dv = x/E”[X] defines a probability measure U equivalent to v so that dZ; — X,V ¢(t, Z;) dt
is a U-Brownian motion and

E” [exp <—a6'VF(Zl) +al*(VI(Z})) — a /01 tr (X, V2K (s, Z)) ds> |.7-"tZ}

— o 9(tZ)—a I tr(2: VZK (u,Zu) )du_ (B.3)

(8) For all't < 1, h is differentiable in z, sup|,j<gSuDo<s<t fgn |V2R(s,2,0)[db < oo for every
R < o0, and

dh(t, Zy,b) = V,h(t, Z,b) (dZy — 2.V (t, Zy) dt) . (B.4)
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Proof. We first prove the statement under assumption (i). Because the support of F™* is bounded and
VTI'(Z1) has distribution F*, VI' € supp F* Lebesgue-almost everywhere; since VI is continuous
on the full-measure set Dr and supp F™* is closed, VI' is bounded on Dr, hence on R™ by our
convention. Using (??) and the convexity of K(¢,-) we have

(y —=2)
. 11—t

0<tr (EZVQK(t, z)) = / VI (y)k(t, z,y)dy

Z1 — 7y
= EV |:(11_tt)v1_‘(2: -+ Zl - Zt)

—_

Thus,

C
1-t¢

|Z1 — Zy]
1—t¢

0<tr (S, V2K(t2)) <E” [ |VI'(z + Z1 — Zt)|] < (B.5)

for some constant C' depending only on the bound of the price. Thus, for every path of Z,

1 1
C
tr (X.V2K(t, Z, dt</ dt =: Cy.
/0 1"( z ( t)) =/ T—¢ 0

Additionally, the right hand side of (??) implies that x, defined in (?7?), satisfies

1
X = exp {a (B'VINZ1) + T(Z1) — Z{VT(Z1)) + atr (Ez/o ViK(t,Zy) dt) }
< exp{a(Bf'VI(Z1) +T(0)) + aCo }

which is uniformly bounded since VI'(Z;) has distribution F* which is assumed to have bounded
support. Thus, x is bounded.
For fixed t, z, b, using the distribution of the conditioned Brownian motion, we can write

1
E” [exp {atr (Zz/ V2K (u, Zy,) du)} ‘ Zy=2z,71 = b]
t
1 1— _
=FE" [exp {atr <ZZ/ ViK (u, P tb—i—Zg’t’l) du> H
¢ 1—t 1—t

where (Zg’t’l)ue[tyl] is the Brownian motion that is conditioned to be 0 at times ¢ and 1 and does
not depend on z.

Since VT is bounded dominated convergence allows us to differentiate (??) under the integral
sign in z, which yields

VIK(u,z) = VI(y) @ VI k(u, 2, y) dy, j=3,4.
Rn

and

¢
(1 —u)3/2

for all (u,z) € [0,1) x R", where C depends only on n, X, and sup,cgn ||V (y)]|-

C
I V2K (u,2) ||< T ViK(u,2) ||< (B.6)

36



Set c(u,z) == atr (. V2K (u,z)) and, for fixed b,

1— —t !
PR AL A(t,z) == / c(u, u(t, 2)) du,
¢

bult2) =352+ 9

so that
W(t, 2,b) = —a(b — B)'VI(b) + al'(b) + log EV [eA(t,z)L

and, by (2?), 0 < A(t, 2) < aCy. Let JO (u, z) := 0y, c(u, ) and JOI) (u, z) == 6§ﬂjc(u,x). By (?7),
after enlarging C,

C

1—u

C

(4,5) -
and w2 <

7O (u,2)] <

Since 0,,4y(t, z) = 11 -7 €i, dominated convergence allows us to differentiate A under the du-integral,

and we obtain, for every path of Z041,

1w

VO (t,2) = 0, Alt, 2) = / ° tJ@(u,eu(t,z))du,
A

WO (8, 2) = WO (¢, 2) B0 (¢, 2) —i—/l (1—w? J(@) (u, £y(t, 2)) du
I T ’ I (1 —t)2 A ANS] I

t

so that 0,,e4(t?) = A2 WO (¢, 2) and 92 e 2,€ Alt2) = A2 g d) (¢, 2). These functions are continu-
ous in z and satisfy the bounds

du
p— B.
1—t1—u C, (B.7)

(1 —wu)?
(1 —)2(1 —u)3/2

Ot 2)

(W) (¢, 2)| <02+0/ du:02+%(1—t)_1/27 (B.8)

which are uniform in z and in the path of Z%%!. For each fixed t € [0,1) and every path of Z0%!
the random variables e2(:2) and eAt2) W) (¢, 2) are continuously differentiable in z, with derivatives
AW (1, 2) and eAEAWEI (1, 2), which are bounded by the deterministic constants e*“°C’ and
e (C? + %(1 - t)_1/2) thanks to 0 < A(t,2z) < aCp, (??7) and (??). Both random variables
are therefore Lipschitz continuous in z, uniformly in the path, so that their difference quotients are
bounded and bounded convergence allows us to differentiate E [eA(%)] twice under the expectation.
Hence 9 is twice continuously differentiable in z with

Oy _ B[00, 2)]
6721'(25’27b) - [eAtZ)] ;
&y B )] oy o
m(taz7 b) - EV [eA(t7z)] 8ZZ (t Z b)az] (t VA b)

Since the first terms on the right-hand sides are averages of W) (¢, z) and W(4)(¢, z) under the
probability measure with density e4(2) /E¥[eA(:2)] with respect to v, (2?) and (2?) give

oY 0%
0z; 02;0z;

(tzb)‘ c,

2
(t,z,b)‘ <207 + §(1 —4)~12,
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In particular, after enlarging C, (??) holds, and V.1 and V23 are bounded on [0,1 —¢] x R" x Dr
for all € € (0,1). Note that convexity gives

L(b)+ (8 —0b)VI(b) <T(B) forallbe Dr.
Together with the deterministic bound on the integrated trace term, this implies
e?B28) < ¢ for all (t,2,b) € [0,1) x R™ x Dr. (B.9)

The identity
e?t2) = / k(t, z,b)e? =) db,

the uniform bound (??), which suffices since R™ \ Dr is Lebesgue-null, the bounds on V. and
V24 established above, and the Gaussian bounds on the derivatives of k allow us to differentiate
twice under the integral in z. Since e® > 0, this gives the local C? regularity of ¢ in z. The
corresponding backward equation gives its time regularity. The time regularity of ¢ follows similarly,
which concludes the proof of (1).

By definition of ¢ and the Markov property of Z, for t € [0, 1),

My = P20 +a [f (2 ViKW z))du _ (g | 7]

is a positive, uniformly integrable v-martingale, closed by ¥. Since ¢ is C12 on [0,1) x R", It&’s
formula gives, for ¢t € [0, 1),

dM; = M, (quﬁ(t, Z) dZ+D(t, Z,) dt), D = 00+ L tr (S.V26) +1V. ¢/, V. ptatr (5. V2K).

As M is a martingale, the uniqueness of the decomposition of a continuous semimartingale implies
fg M, D(u, Z,)du = 0 for all t € [0,1) almost surely; since M > 0 and D is continuous, D(u, Z,) =0
for all w € [0,1) almost surely. Because Z, has a positive density on R" for v € (0,1) and D is
continuous on [0,1) x R™, ¢ solves the PDE

Ohp+ $tr (2.V20) + V.S V.0 +atr (8. VZK) =0  on[0,1) x R™ (B.10)
In particular, dM; = M;V.¢(t, Z;)' dZ;, and since My = ?(%9) = E¥[], we obtain for t € [0,1)

Pt Z0)+a 5 tr(22 V2K (u.Zu))du _ (0,004 [3 Vad(uZu) dZu—3 [§ Ved(u,Zu) T2V (u,Zu) du_ (B.11)

Consequently, dv/dv = x/E”[X] defines a probability measure equivalent to v whose density on
FZ is My/My, which by (??) is the stochastic exponential of [, V.¢(u, Z,)'dZ,. This stochastic
exponential is a true martingale on [0, T'] for every T' < 1, so no integrability condition on V,¢(u, Z,,)
(such as Novikov’s) is needed, and Girsanov’s theorem shows that dZ; — X, V¢(t, Z;) dt is a 0-
Brownian motion on [0, 1).

Given that a Brownian motion has finite second moments, its time marginals are uniformly
integrable. Thus, by martingale convergence theorem, this Brownian motion admits an almost sure
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and L' limit which allows us to extend it to [0, 1]. To prove (??), we use (??) to have

E” [exp <—aﬁ'VF(Zl) + al™*(VI(Z))) — « /0 1 tr (2. V2K (s, Zs)) ds) |}"tZ]

v [do/dv
. [1’}_Z] AN 1
= Ve | = u[d,;/d,,,ftz] _e¢(t,zt)+afgtr(zzng(u,Zu))du

which concludes the proof of (2).
Let f be a continuous bounded function, for ¢ < 1, we have

[ FB)K(t, 2, b)e?®=b) db
/f h(t,z,b)db = i)

Ev [f(Z1) o~ UZ1=B)' VD (Z1)+al (Z1)+atr(Ss [} V2K (u,Z,) du)

Zt:z}

Ev |:efa(Z1fﬁ)’VF(Z1)+aF(Z1)+oztr(Ez [} V2K (u,2,) du)

Zt = Z:|
—E° (%) | Z =7

Thus, b — h(t, z,b) is the © conditional density of Z;. To prove the integrability of V,h, we use
(7?) and (??) to obtain

/ IV.h(t, z,b)|db < Ce™t2) (/ IV.k(t, z,b)| db + 1) +|V.o(t, 2)|
R™ R
< Cem?h2) ((1 — )72 4 1) + |V.o(t, 2)|.

This bound is uniform on compact subsets of [0, 1) x R™. The same estimates provide an integrable
Gaussian domination locally in (¢, z), justifying differentiation under the integral in b.

Since b — h(t, Z;,b) is a conditional density under o, h(t, Z;,b) is a v-local-martingale. Thus,
(??) is a consequence of smoothness of h for ¢ < 1, Ito’s formula, and the martingality of dZ; —
Y.Vo(t, Zy) dt.

We now prove the results under assumption (ii). The inequality V2U(v) > kI, implies that
there exists a constant C' > 0 so that

_ sl
4

Thus, F* has finite second moments. The version of Caffarelli’s contraction theorem in ?, Corollary
6.1 implies that VI is Lipschitz continuous with some constant L; in particular, Dr = R"™. Since
V.K(t,z) = [gn VI(y)k(t, z,y) dy is then Lipschitz in z with the same constant, ||V2K (t,z)|| < L
on [0,1) xR™, so that (??) holds with C'/+/1 — ¢ replaced by C, and fol tr(2, V2K (¢, Z;)) dt < Cy for
a deterministic constant Cp. The bound on ¥ is no longer uniform, but ||[VI'(2)| < [[VI(0)||+ L||z]],
so that ¥ < exp{a(8'VI'(Z1) +T'(0)) + aCp} has finite polynomial moments under v because || Z1 ||
has exponential moments of all orders; this gives the first claim of (1). In the derivation of (?7?),
the boundedness of VI is replaced by its Lipschitz continuity: the linear growth of VI suffices to
differentiate (??) under the integral sign, and since [g, V2 k(u, z,y) dy = 0 for j > 2, we have

VLK (u,2) = /n (VE(y) = VI(2)) ® Vi k(u, z,9)dy - and  [[VI(y) = VI(2)]| < Llly — 2],

39



which again yields (??). The rest of the proof of (1) and the proofs of (2) and (3) are unchanged. [

Lemma B.2. (1) Assume X has a finite v-mean and let F' denote the v distribution of VI'(Z1), where
do/dv = Y/E¥[X]. Then, there exists a function f : R™ x R" — R" such that, setting ¢ = f(i,7),
where the distribution of (ii,7) is G® F, we have (i) ( € Dr and VI(() = almost surely, and (ii)
the distribution ofgt 1s the D—distribution of Z.

(2) The stochastic differential equation

dY; = X, V.o(t, V) dt + 3.V, log h(t, Y:, () dt + dZ; , Yy =0, (B.12)
admits a unique strong solution on [0, 1], and this strong solution satisfies Y1 = f

Proof. (1) follows directly from Lemma ?? by taking L to be the o—distribution of Z; and g = VT,
which transports L to F' by definition of F'. The function f constructed in Lemma ??7 satisfies
conditions (i) and (ii) by Lemma ??, the first part of (i) following from (ii) since & ~ v and R™\ Dr
is Lebesgue-null.

For (2), by (??), the dynamics (??) is equivalent to

]_ - ~
dYy = 7= (C = Vo) dt + BV (t, Yy, () di + d 2.

For each fixed a € Dr and T' < 1, the drift (a —y)/(1 1)+ 2. V,9(t,y, a) is globally Lipschitz in y
and has linear growth, uniformly on [0, 7, by (??). Thus, conditional on { = a, (??) admits a unique
nonexplosive strong solution on [0, T']. Since T' < 1 is arbitrary, this gives a unique strong solution on
[0,1). To extend it to [0, 1], we show that ¥; — ¢ as ¢ 1 1. We have dcl__};t = _Eszfb_(?Yt,C) dt — %,
and thanks to (??) and Yy =0, for all ¢t € [0, 1),

(-Y - /tdzs
1—t C+ 0 1—8

t
1
< = — _— .
_C’/Ol_sds Cln(1l —t)

Since t +— (1 —1t) fot f?; is a Brownian bridge and converges to 0 as ¢ — 1, and (1 —¢)In(1—¢) =0

as t — 1, the solution of (??) satisfies Y7 := limy_,; Y; = (. d
We are now ready to prove our main result.

Proof of Theorem ??. Let F' denote the p—distribution of VI'(Z;) given in Lemma ?? and define
on the probability space €2 := R™ x R" x C'[0, 1] the physical distribution P as the product measure

G® F ®v for (a,0, 7). Assume the informed trader is constrained to choose a strategy satisfying
(??7) where H(t,y) := V,K(t,y).

Step 1: The physical second moment of v. From the definitions, we have

EY[XIVI(Z1) ]
Bx]
which is finite because x is v—square integrable by Lemma ??, and because VI transports G to F™*
which has finite polynomial moments by assumption.
Step 2: Optimality of (?7). Take the pricing rule to be H = VK. Because K solves the heat

equation with final condition I', proceeding similarly as in the proof of Theorem ??, we obtain (?7?)
and (?7?). The second moment established in Step 1 and (??) allow us to apply the argument of

EX[|5]°] = E7[|[VI(Z1)]*] =
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Lemma ?? under P, which yields (??), so the maximum expected profit conditional on o is I'*(7)
and a sufficient condition for optimality of a continuous finite-variation strategy is that Y; € Dr
and VI'(Y7) = © a.s. The informational efficiency of the equilibrium price, Part (B), is established
in Step 5 below.

In the remainder of the proof, we assume that the informed trader uses the strategy (??) and
market makers use the pricing rule VK (t,y). A combination of (1)-(2) in Lemma ?? leads to
Y; = ¢ € Dr and VI'(Y1) = 0 a.s. and as in Corollary ??, the condition VI'(Y1) = o implies that
market maker wealth is

1
W= B0 —T*@) + (P,Y); = BVL(Y;) — T*(VI(Y7)) +/O tr (2. VIK(s,Y;))ds.  (B.13)

Thus, to establish the optimality of (??), we need only establish that the restriction (??) holds. We
return to this condition below.

Step 3: Filtering problem. If the informed trader uses the strategy (?7?), then

dY; = 8. V.¢(t, Y;) dt + 3.V, log h(t, ¥;, () dt + dZ,

which is equivalent to

dY; = ——(C = Vi) dt + 2.V (t, Y, Q) dt + d 2.

1—1t
By (??), for each fixed a € Dr, the combined drift is globally Lipschitz in y on [0,1 — €], with a
Lipschitz constant independent of a, and satisfies

< Ce(1+ af + [yl)-

a —
’1?; + Ezvyw(ta y7 CL)

We now consider the problem of filtering the P-conditional distribution of ¢ conditional on Y on
[0,1). The Kushner-Stratonovich equation for this filtering problem is

dp(t, a)
p(t,a)

/
~ (V- toghieYioo) = [ V. tog (e via)pte.a)aa)
x (dYt —SLVL( V)t — 5. / V. log h(t, Y, a)p(t, d)dddt)

for t € [0,1). Thus, thanks to (?, Theorem 3.3 and Corollary 2.5), the distribution of ¢ conditional
on Y on [0,1) admits a unique solution in the set of probability measure valued process satisfying

/16
0

Note that [, |V, log h(t, Yi,a)h(t, Yy, a)da|” dt = [~ |[ V,h(t,Y;,a)da|?dt < oo thanks to
Lemma ??. Due to the choice of ¢, the initial condition of this equation is p(0,a) = (0,0, a). Note
that (??) holds for any Ito process whose quadratic variation is ., which is the case for Y. Thus,
we have

2

/Vy log h(t,Y:,a)p(t,a)da| dt < oo for all € € (0,1).

dh(t,Y;, a) = V.h(t, Yz, a) [dY: — 2. V.6(t, ;) di] .
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Additionally, by the integrability of V,h established in (3) of Lemma ??, we have

0=V.1= Vz/h(t,z,a) da = /Vzh(t,z,a) da = /Vz(log h)(t,z,a)h(t, z,a) da.

Injecting these identities to the Kushner-Stratonovich equation, we can now conclude that h(t,Y:, a)
is the unique solution to this equation on [0, 1) and is therefore the density of ¢ conditional on F}".
Finally, integrating against this density, we conclude that on its own filtration, Y satisfies

dy; = </ 2. [V.(logh)(t, Vi, a) + V.¢(t, Y1) h(t, Yy, a) da) dt + dY;
= 2.V.6(t,Y;) dt + dY; (B.14)
where Y; is a (0,%.) Brownian motion on (P, FY). The drift 3.V, ¢ is locally Lipschitz in space.
Uniqueness in law follows by localization, and the equality Y7 = ( established in Lemma ?? supplies

a solution on [0, 1]. Consequently, the (P, FY)-distribution of Y is #, which proves (7).

Step 4: Defining the risk neutral probability measure. Set
1 ! / ! ! 1V
M; = exp 5 Vad(s,Ys)' BV 0(s,Ys)ds — | V.¢(s,Y5) dYs
0 0

where Y is the (P, F¥) Brownian motion with covariance matrix 3, defined by the equality (??).
M is clearly a (P, FY)-local martingale. Applying Ito’s formula to the C? function ¢ along Y,
whose quadratic variation is ¥, d¢ by (??), and using the PDE (??), we obtain

1 t t R
M; = exp (—2 | Veots ve.o v ds - [ vqu(s?n)’dys)
0 0
1 t t
— exp (2 [ Vet vy m ot v ds - [ vz¢<s,n>’dys>
0 0
t
= exp <¢(0, 0) — o(t,Yz) — a/ tr (£, V2K (s,Y;)) ds> .
0
Recall that VI is continuous on Dr. Fix y € Dr and write € := z + Z; — Z;, so that
é(t, ) = log E” [efa(gfﬁ)’VF(§)+aF(£)+atr(Ez N VgK(u,z+Zuth)du)i| _

As (t,z) = (1,y), £ — yv-as., and £ € Dr v-a.s. because its law is Gaussian; hence VI'(§) — VI'(y)
and I'(§) — I'(y) v-a.s., while the trace term is bounded by aCv/1 —t — 0 by (??). By convexity,
L(€) + (B — €)VI(€) < T(B), so the integrand is bounded by the constant e®T®)+2C a5 in (27).
Dominated convergence therefore gives

o(t,2) = —aly—pB)VI(y)+al(y) = af'VI(y) —al*(VI(y)),

the last equality being the Fenchel identity at the differentiability point y. Finally, Y; = ¢ has an
absolutely continuous distribution by Lemma ??(1), so Y7 € Dr almost surely, and Y; — Y; by
Lemma ??(2). Hence ¢(t,Y;) = af'VI(Y1) — aIl*(VI(Y7)) almost surely, and we can extend M by
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continuity to

My = exp <¢(0, 0) — aBf' VI (Y1) + al"*(VI(Y1)) — « /01 tr (X, V2K (s,Ys)) ds)
= exp (¢(0,0) — aw) .

where we used (??) to obtain the last equality. The pricing rule is V,K(t,Y;). We want to show
that M is a martingale and

e—onI}
E[efmb] :

Since the (P, FY) distribution of Y is #, (??) implies that

M, = (B.15)

E[M|F)] = e*O0E [exp <—aB’VF(Y1) + al™*(VI(Y1)) — a/l tr (L.V2K(s,Ys)) ds) |f3’]
0

— 8(0,0) ,—o(t,Yi)—a fg tr(2:VEK (w,Ya))du _ M,.

Thus, M is a martingale and we can define Q by dQ/dP = M; as in (??). Thanks to the martingality
of M, (??) and Girsanov’s theorem the (Q, F")-distribution of Y is a (0, %,)-Brownian motion,
which is the v-distribution of Z.

Step 5: Q dynamics of the price process and equilibrium. We have (i) VI' transports the normal
(0,%,) distribution to F*, (ii) Y is a (0,%,) Brownian motion on (Q,FY), (iii) VI(Y1) = 7,
and (iv) V,K(t,y) solves the heat equation. Facts (i)—(iii) imply that the Q-distribution of ¥ is
F*, as claimed. Facts (ii)—(iv) imply that the pricing rule H = V,K and trading strategy (??)
satisfy the equilibrium condition (?7?), as in the proof of Theorem ??. By martingale convergence,
P, =EQ0 | F)] — o Q-a.s. as t — 1, hence P-a.s. since P ~ Q; this proves Part (B). It remains only
to complete the proof that (??) is an optimal strategy. Thanks to Step 2, Y7 € Dr and VI'(Y;) = 0,
we only need to show that the strategy satisfies the restriction (??). Since (Q, F) distribution of
Y is the v distribution of Z, we have

1 1 1
£? [/0 HH(s,YLNIst]:EQ [M;l / HH(S,K)H?ds]=e‘¢(O’O)E” [x / ||H<s,zs>u2ds]

(f G zs>u2ds)2] "

and the factor E¥ [)22] is finite by Lemma ??. We also have

» [(/01 \|H(s,Zs)||2dS)2] _ Q@ [(/01 ||H(5,1@)||2ds)2] —E© [(/01 IIE@[ﬁlff]llzdsf]

1
< [ R IS 1] ds < ¥l < oo
0

< o—9(00)p¥ [922] 1/2 EV

where we successively used the Cauchy-Schwartz inequality, Jensen inequality, and the fact that F™*
has finite polynomial moments with both assumptions (i) and (ii) to obtain the finiteness. O
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Appendix C Theorems ?? and ?7?

Since 77 is a special case of 77, we prove ?7? first.

C.1 Proof of Theorem ??

Take F' to be the normal (u, 3,) distribution for ¢ and take F™* to be the normal (u*, ¥%) distribution,
where p* is defined in Part (A) and X7 is defined in Part (C). We will show that (F, F"*) is admissible
in the sense of Definition ??.

A direct calculation confirms that the map y — p* + Ay transports G to F*, where A =

2 2V D2y st as in Part (B). The vector pu* + Ay is the gradient of the convex function
I'(y) :==a+ (1/2)y’ Ay + y'u*, which is the Brenier potential. The constant a is determined by the
condition that E[I'(Z;)] = 0. To compute a, observe that

1 1 1
EC |22/ Az 4 Zp*| = = tr(2.A) = = tr(DV?).

2 2 2

Thus,
1 , 1

I(y) = 5y Ay +y'n* — o te(DYV?). (C.1)
The definition (??) of K now gives us

K _ 1 /A sk E D1/2

(t.y) = Sy Ay +y'u" — 5 (D)

Set o
7(b) = aB'Ab — ib’Ab

Then, x in Definition 77 is

T = G (DY) 4m(Z)

Furthermore, ¢ defined in (??) is

P(t,z,b) = af 'y + « <; — t) tr(DY2) + 7(b),

which is independent of z, and ¢ defined in (??) satisfies

o$(t2) — ga(3-t) tr(DV?)+ap u* v [ew(zl)

Zt:Z] .

It follows that
v eTr(Zl)

EV[)Z] - Eu[ew(Zl)]

and

vigE Ey[eﬂ-(Zﬂ’Zt] —a(l—t) tr(DY/2)—af u*+¢(t,Z;) vim(Z1)
ft'—E[ﬂZt]—W—e 2 /E[e ]

Using this fact, It6’s formula, and the fact that £ is a v-martingale, we have

dé

— qub(ta Zt), dZt
&
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for the (0,%.) Brownian motion Z under v. By Girsanov’s theorem, Z defined by
dZ; = $.V.6(t, Z;) dt + dZ, (C.2)

is a (0, X,) Brownian motion under ©, where do/dv = x/E”[x] as in Definition ??. We will use (??)
to verify that F' is the & distribution of VI'(Z).
It is convenient to make the change of variables Uy = V' E;l/ QZt, so U is a vector of independent

standard Brownian motions under v. Also, set Uu=v 22—1/ 2Zt so U is a vector of independent
standard Brownian motions under . From (??), we have

AU, = V'SY2V,6(t, Z;) dt + dU; . (C.3)
We will show in a moment that
V'SVt Z) = —CV'STY2(Z, — B) = —Cy(U, — V'S7128) . (C.4)

Because Cy is diagonal, this implies that the system (??) is a system of n independent linear

stochastic differential equations in the processes U;. Let b denote the vector V' E;l/ 25 . Then, given
(77), the system (??) is equivalent to: for i = 1,...,n,

dUit = _Cit(Uit — bz) dt + dﬁit s

which has solution

_atVd; b,_i_l"i‘@(l—t)\/d»z‘ N N 40
Tl avd l+avd, Jo 1+a(l—s)vd

It follows that Uy for t = 1 is unconditionally normally distributed under 7 with mean equal to

av/d;
1+ av/d;

U;

b

and variance equal to

! 1 2 1
/ ( ) ds—— L1 .
o \1+a(l—s)Vd; 1+ a/d;
Therefore, the vector Uy = (Uiy,...,Us1) is unconditionally normally distributed under  with
mean
Ole/z(I—i-Ole/Q)_lV/EZ_l/Qﬁ

and covariance matrix equal to
(I+ aDl/Q)—l )

We have
VI(Z)) = p* + AZy = p* + 272V DY?Uy

so VI'(Z;) is unconditionally normally distributed under 7 with mean equal to

p 4 oS 2V DI + oDV TWISIY28 = it + an, 8
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and covariance matrix equal to
S7V2VDYA(I + aDYA)TIDVY IS =

For these calculations, we use the facts that D(I +aD'/?)™! = E and VEV' = DD 3 Hence,
we have shown that the © distribution of VI'(Z) is F, implying that (F, F**) is admissible, subject
to verifying (?7).

To verify (??), note that

EV[e"(%)|Z, = 2] = E¥ [exp (aﬁ’z;l/?vz)l/?U1 - %U{DlﬂUl)) U, = V’E;lﬂz}
Because U; is normal (Uy, (1 —t)I) under v conditional on Uy, this implies that
1
ot 2) = A — 5 (2 = BYSIVPV VISR - ),

for some deterministic A;. Differentiating this expression gives (7). This completes the proof that
(F, F) is admissible.

The normal distribution F* with nonsingular covariance matrix satisfies condition (ii) of The-
orem ??, so the conclusions of Theorem ?? all hold here. It remains to show that the conclusions of
Theorem ?? imply conditions (B) and (D)—(H).

Part (B) follows from Part (A) of Theorem ?? and the fact that VgK(t,y) = A. Part (D)
is Part (B) of Theorem ??. Part (E) follows from Part (C) of Theorem ?? and the facts that
(VI)~Y(v) = A=Y (v — p*) and V., 9 (t, z,b) = 0. Part (H) follows from Part (E) of Theorem ??,
using (??), which gives us

S.Vyo(ty) = —S2VOVISI Y2y — 8) = AB —y).

Part (D) of Theorem ?? and (??) show that the informed trader’s expected profit conditional on ©

1S
1 1 1 1
["(0) =5 tr(D'?) + supy/ (6 — ) — U Ay =35 tr(DY?) + S1Che PN o - ).
Yy

This implies the first part of Part (F) after substituting tr(D'/?) = tr(X,A). Noise trader losses
are (P, Z); = tr(X,A). It remains to calculate the unconditional expected profit of the informed
trader. The unconditional expected profit is

1 1 o o1
5 (DY) + (= ") AT (= ) + S tr(AT8,).

Direct substitution shows that
(=)A= p*) = *B'TATISB,
and we can calculate that

%tr(Dlﬂ) + %tr(A‘lEv) = tr(X.A) — %tr(EzEv)

using the fact that DV/2 — D=1/2E = oE. This completes the proof of Part (F).
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From Corollary ?? and calculations above, the realized wealth of market makers is

B85+ (P, 2)1 — T*(5) = 85 + tr(5,A) — %tr(ZzA) S YA ).

This implies Part (G).

C.2 Proof of Theorem ??

This follows directly from Theorem ?? by taking n = 1.

Appendix D Numerical Methods

To solve the risk-neutral model, we need to compute the transport map VI' and the pricing rule
H(t,y) = VyK(t,y), which is the conditional expectation of VI'(Z;). In the risk-averse case, we also
need to compute the vector of prices of risk V,¢(t,y). Due to the fact that the underlying space for
order imbalances is two dimensional, our methods are based on discretization of this space. Higher
dimensional problems would have required more sophisticated tools.

D.1 Transport Map and Potential

The transport map can be written explicitly for any pair of one-dimensional distributions and
in the Gaussian-to-Gaussian case in any dimension. The map may occasionally be constructed
geometrically in special cases, such as in ?. Thankfully, where an explicit optimal transport map is
not known, numerical estimation is possible. Many algorithms exist, and efficient implementations
are widely available. As observed in ?, with options we expect discontinuities of the transport map
VTI'(y). After exploring alternative methods including the Sinkhorn algorithm (?) and input convex
neural networks (?), we chose to use classical linear programming approach for the computation
of the transport map, because this method handles the discontinuities of the transport map better
than alternatives. This methodology is based on generating a grid of size N x N (for N ~ 151) in
the order imbalance space and a grid of size M (with M ~ 1001) for the price of the underlying so
that denoting y; ; € R? and v, € R the grid points, for appropriate choice of a and b, the measures

N M
Z ai,j(syi,j’ Zbk(s(vm(vk—f{)ﬂ
i=1,j=1 k=1

approximate the two dimensional distributions of Z; and ©. Then, the optimization problem with
constraint

N M
inf Y i (iga — okl® + lyige — (vi = K)*)
ij=1k=1

is solved,'! where 7 is a probability distribution that has to satisfy positivity constraints and
marginal distribution constraints given by a; ; and by. Thanks to Brenier’s theorem the optimizer
m* is supported on the graph of VI

In order to obtain the potential I' from the values of VI'(y; ;), we train a feed-forward neural
network whose gradient at point y;; is approximately VI'(y; ;). This training step is done by

1The POT (Python Optimal Transport) library contains an implementation of this procedure (7?).
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minimizing the loss function

w3 Y

i=1,j=1k=1

2

yz,] + 561@ f(y’h] — Eek) _ akl—‘(yz’]) —+ Com)(f) (Dl)

2¢e

where the minimization problem is over the parameters of the feed-forward neural network f and
(ex)k=1.2 is the canonical basis of R2. The term Conv(f) is a cost for lack of convexity of the neural
network that is defined in (?). The minimizer f* of this problem is an approximation of the potential
function I'(y) and in this low dimensional setting we can plot V f and compare it to VI'(y; ;). If
needed, we can compute E[I'(Z1)] by a Monte Carlo scheme and subtract it from I' to obtain the
normalization of I in Theorem ?7.

D.2 Backward integration of PDEs

For time step At > 0 fixed, the functions K(t,y), VK (t,y) and e?®¥) satisfy the dynamic pro-
gramming principles

K(t,y) = E[K(t + Aty + Za)], VyK(ty) = E[VyK(t + Aty + Zay)]

and

e¢(t,y) =E [e¢(t+At,y+ZAt)+atr(Ez ftt+At VZK(u,Zu)du)]
~ (1+aAttr (X, V2K(t,y))) E [eqﬁ(t-&-At,y-&-ZAt)}

where the approximation is valid for small A¢. We choose At ~ 1/100. Then, using the transition
densities of Za; on the grid y; ;, we use the dynamic programming principles to compute these
functions on the space-time grid t = kAt and y = y; ; backward starting from the final conditions

T(1,955) = T(iz), VO(1,905) = VD(yi;), and e?(hvia) — emwi; VEWegtal i),

D.3 Computing the Physical Distribution

We can take the logarithm of e?(¥84%i.5) and differentiate numerically to obtain Ve (kAt, Yi,j)- Then,
we simulate Y under the physical measure as (??) via an Euler scheme

Y1 =Y + Engf)(kAt, Yk) At + AZk-H

where AZy 1 = Zj11)ar — Zrar and Vo(kAt, Yy ) is evaluated at y; ; closest to Y. The empirical
distribution of the resulting random vector VI'(Yy) is approximately F.
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