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Abstract

We study aggregate market elasticity, the inverse price impact of portfolio flows, in general
equilibrium with heterogeneous investors and passive demand. Once interest rates adjust,
elasticity is governed by how flows shift the consumption—wealth relation, not by individual
demand elasticities. At the efficient allocation, interest-rate movements offset risk-premium re-
sponses, making the aggregate claim infinitely elastic. Risk misallocation generates finite price
impact, amplified by preference heterogeneity, leverage constraints, and cash-flow leverage.
A perturbation method characterizes this mechanism analytically. Quantitatively, the baseline
reaches the lower end of empirical estimates, while an extension with belief distortions raises
price impact to the upper end.
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1 Introduction

Why is the stock market so volatile? This question has long been central to asset pricing research.
Classic tests of excess volatility attribute the puzzle to unobserved “dark matter” factors.! More
recent evidence points instead to a demand-based channel: asset prices respond strongly to portfolio
flows. Yet these flows are small relative to market capitalization, implying that markets must be
highly inelastic, with even modest quantity shifts generating large price changes (Gabaix and
Koijen, 2023). This evidence raises a deeper question: what determines the aggregate market’s
capacity to absorb portfolio flows?

The inelastic markets hypothesis of Gabaix and Koijen (2023) provides a natural starting
point. In their framework, investment mandates and delegated asset management make individual
investors’ demands inelastic. In a tractable setting with a constant interest rate, risky-asset market
clearing then maps these individual demand elasticities directly into aggregate price impact.> Using
a granular instrumental-variable strategy, they estimate that a $1 flow into stocks raises aggregate
market value by about $5. Their estimate provides the central empirical motivation for our analysis
and lies near the upper end of the available estimates of aggregate price impact.

While a constant interest rate provides a clean benchmark, it is natural to allow both the risk
premium and the interest rate to adjust when considering flows between stocks and bonds. We
show that this fundamentally changes the determination of aggregate market elasticity. Risky-asset
market clearing determines the risk premium required for investors to absorb the flow. But the asset
price depends on the total discount rate, the sum of the interest rate and the risk premium. Because
the asset price affects household wealth and consumption, goods-market clearing determines this
total discount rate, and hence the equilibrium price. The aggregate price response is therefore
governed by how portfolio flows shift the consumption—wealth relation, not directly by the slopes
of individual portfolio-demand curves.

This distinction is the central point of the paper. The familiar economics of risk bearing
determines the risk premium required to reallocate risk across investors. But aggregate market
elasticity is an endogenous object whose determination resides in the consumption—saving margin
and goods-market clearing. Individual demand elasticities can shape the risk-premium adjustment
required to clear the asset market without determining the aggregate price response.

Throughout the paper, we define the aggregate market elasticity as the inverse of the equilibrium
price impact of a flow between bonds and stocks. It measures the market’s capacity to absorb a

portfolio flow after all prices, including the interest rate, have adjusted. An elastic, deep market

ISee LeRoy and Porter (1981), Shiller (1981, 1992), and Cochrane (1992). See Chen, Dou, and Kogan (2024) for
a recent discussion.

’In the basic model of Gabaix and Koijen (2023), the risk-free rate is exogenous. In their behavioral general-
equilibrium extension, the interest rate remains constant and therefore does not respond to portfolio flows.



absorbs a large flow with little change in aggregate value, whereas an inelastic market requires a
large price movement.” The aggregate market elasticity is therefore an equilibrium object. It differs
from an investor’s elasticity of demand for the risky asset, which measures the investor’s portfolio
response holding other prices fixed.

We first characterize the aggregate market elasticity in a simple two-period model. In this
setting, we establish an infinitely elastic benchmark: when portfolio flows leave the consumption—
wealth relation unchanged, the aggregate claim on output has zero price impact. Consider an
outflow from stocks to bonds. The outflow raises the risk premium, which by itself would lower
the value of the risky claim and household wealth. The resulting decline in consumption is
inconsistent with goods-market clearing when aggregate output is fixed. The interest rate therefore
falls, exactly offsetting the effect of the higher risk premium on valuations. The aggregate price
remains unchanged even though every investor has a finite, and potentially small, demand elasticity.

We then embed the mechanism in a dynamic general equilibrium model with heterogeneous
investors, passive demand, and leverage constraints. To characterize price impact, we apply a
perturbation method building on Kogan and Uppal (2001) and Silva (2026). The method is local
in the size of exogenous shocks but global in the endogenous wealth distribution. We refer to this
approach as state-global perturbation.* Tt yields closed-form expressions that allow us to dissect
aggregate market elasticity into its different determinants.

A key lesson of the dynamic model is that aggregate price impact depends on how portfolio flows
shift the consumption—wealth relation. This response, in turn, depends on the initial allocation of
risk relative to the portfolios investors would choose if allowed to optimize freely. When initial risk
exposures coincide with these counterfactual choices, a marginal change in risk exposure has no first-
order effect on investors’ saving incentives. The consumption—wealth relation therefore remains
unchanged, reproducing the infinitely elastic benchmark. When risk is initially misallocated,
however, an additional flow changes the aggregate risk-adjusted return on saving and hence the
consumption—wealth ratio. Goods-market clearing then requires the valuation of the aggregate
claim to adjust. Thus, risk misallocation, rather than low individual demand elasticity, generates
finite aggregate market elasticity.

Beyond identifying the source of finite aggregate market elasticity, the dynamic model reveals
the forces that amplify price impact. Preference heterogeneity makes the efficient allocation of risk
depend on the wealth distribution. In bad times, the efficient allocation calls for passive investors
to bear more risk, but their actual exposure may fail to adjust accordingly, compounding the

effects of lower active wealth. Leverage constraints further concentrate risk among unconstrained

3We use “aggregate elasticity” and “macro elasticity” interchangeably. The inverse-price-impact definition parallels
market depth in Kyle (1985), but our object concerns flows between the aggregate stock and bond markets.
4For a recent application of this method, see Kargar, Passadore, Silva, and Yang (2023).
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investors. As a result, aggregate market elasticity is state dependent, with price impact rising when
active risk-bearing capacity is low. Portfolio-flow shocks then generate excess volatility through
their interaction with this finite, state-dependent elasticity: neither flows nor inelasticity alone are
sufficient.

Our benchmark concerns the aggregate claim to output, whereas the empirical object of interest
is the price impact of portfolio flows on equity. To connect the two, we split the aggregate claim
into an equity claim and a corporate debt claim. Equity pays dividends that respond more strongly
to aggregate shocks than output itself, while corporate debt receives the remaining cash flow.
This cash-flow leverage makes the equity risk premium more sensitive to portfolio flows than the
risk premium of the aggregate claim. Goods-market clearing generates an interest-rate response
that largely offsets the movement in the aggregate claim’s risk premium, but the same response
cannot fully offset the larger movement in the equity risk premium. As a result, cash-flow leverage
generates price impact for equity even at the benchmark at which the aggregate claim is infinitely
elastic. Generating quantitatively large equity price impact, however, requires the aggregate claim
itself to depart meaningfully from the infinitely elastic benchmark.

We next consider two extensions that clarify the roles of consumption behavior and monetary
policy in the mechanism. First, we introduce wealthy hand-to-mouth investors who own risky assets
but consume their dividends, so their consumption does not respond to changes in wealth. Under
a natural benchmark, our price-impact results are unchanged even when the share of optimizing
households becomes arbitrarily small: the weaker direct response of consumption to wealth is
exactly offset by stronger amplification through goods-market clearing. Second, we let the central
bank set the short-term interest rate in a production economy with sticky prices. An outflow from
equities lowers wealth and aggregate demand, putting downward pressure on inflation. To stabilize
inflation, the central bank lowers the policy rate along with the natural rate, implementing the same
real-rate adjustment as in the baseline model and leaving the price-impact results unchanged.

For the quantitative analysis, we solve the full dynamic model using the neural-network method
of Duarte, Duarte, and Silva (2024). We calibrate the model to U.S. Flow of Funds sectoral
holdings, aggregate cash-flow volatility, and the magnitude and persistence of quarterly equity
flows. Empirical estimates of equity price impact range from approximately 1.5 to 5.9 (Hartzmark
and Solomon, 2025; Da, Larrain, Sialm, and Tessada, 2018; Gabaix and Koijen, 2023). The rational
model generates a price impact of 2.2, near the lower end of this range, while also producing an
equity premium of 5.9%, return volatility of 19.0%, and a broad match to sectoral balance sheets.
The general equilibrium offset remains strong for the aggregate endowment claim, whose price
impact of 0.13 corresponds to an aggregate elasticity of approximately 7.4. By contrast, cash-flow
leverage reduces the elasticity of equity to approximately 0.5.

We next introduce a belief distortion under which non-fundamental portfolio flows change



investors’ expectations of future cash-flow growth. We discipline the strength of this response
using the estimated response of cash-flow expectations to non-fundamental price movements in
Chaudhry (2025). In isolation, the belief distortion generates a price impact of 3.0. Combining
it with preference heterogeneity and the leverage constraint raises price impact to 6.2, consistent
with the upper end of the empirical estimates. Relative to the homogeneous rational benchmark,
rational frictions account for 31% of the total price impact amplification, distorted beliefs for
46%%, and their interaction for the remaining 23%. Although rational frictions and distorted
beliefs operate through different channels, each makes the consumption—wealth relation respond
to portfolio flows. Rational frictions do so by changing risk misallocation, while distorted beliefs
operate through subjective expectations of future cash flows. Price impact also varies substantially
with the risk-bearing capacity of active investors, and the model generates return predictability
in line with the data. Taken together, our results provide a demand-based explanation of excess
volatility: modest portfolio flows can generate large and state-dependent price movements, even

when the interest rate adjusts endogenously.

Related literature

Our work relates to a growing literature on macro demand elasticity. The closest contribution
to our paper is the inelastic markets hypothesis of Gabaix and Koijen (2023). Their granular
instrumental-variable estimate of aggregate price impact provides the central empirical motivation
for our analysis, and their model shows how delegated investment and fund mandates translate flows
into large price movements. Their general equilibrium extension uses a behavioral consumption—
saving specification under which the equilibrium interest rate does not respond to portfolio flows.
We allow the interest rate to adjust and show that this shifts the determination of aggregate elasticity
from individual demand curves to the consumption—wealth relation and goods-market clearing.
Johnson (2006) also studies aggregate price impact in a representative-agent Lucas economy and
finds finite elasticity in a frictionless benchmark.> His experiment changes the aggregate supply
of the risky claim, whereas ours redistributes a fixed collection of claims across heterogeneous
investors. van der Beck, Bretscher, and Fu (2026) derive a model-agnostic bound that links return
volatility, flow volatility, and investor heterogeneity, and show that observed moments in the U.S.
equity market imply a large aggregate price impact, providing a complementary motivation for the
structural mechanism we develop. This macro elasticity literature is distinct from a larger body
of work on micro elasticity, which examines relative price changes across individual stocks (e.g.,
Harris and Gurel, 1986; Shleifer, 1986; Chang, Hong, and Liskovich, 2015; Schmickler, 2020;

Pavlova and Sikorskaya, 2023) and finds much larger elasticities, consistent with stocks being

SFor more on macro elasticity, see Johnson (2008, 2009), Deuskar and Johnson (2011), Li, Pearson, and Zhang
(2020), and Hartzmark and Solomon (2025), among others.
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closer substitutes for each other than for bonds.

We also build on demand-system asset pricing as developed by Koijen and Yogo (2019) and
extended in work that incorporates cross-asset elasticities (Fuchs, Fukuda, and Neuhann, 2023;
Haddad, He, Huebner, Kondor, and Loualiche, 2025a). Our framework distinguishes these investor-
level demand elasticities from the aggregate market elasticity determined by goods-market clearing,
and extends the analysis to dynamic settings in which persistent flows and the evolution of risk-
bearing capacity shape equilibrium price impact (Binsbergen, David, and Opp, 2025; He, Kondor,
and Li, 2025; Davis, Kargar, Li, and Silva, 2026).

Our quantitative belief-distortion mechanism is motivated by Chaudhry (2025), who finds
that non-fundamental price increases raise analysts’ cash-flow expectations. It is related to the
mislearning-from-prices mechanism of Bastianello and Fontanier (2025) and to Bastianello (2026),
who studies its connection with demand elasticity in a constant-interest-rate setting. We use this
mechanism as a quantitatively complementary extension to the rational general-equilibrium forces
that constitute the paper’s central contribution.

The consumption—saving mechanism connects our analysis to evidence on wealth effects and to
heterogeneous-agent macroeconomics. Stock-market wealth has economically significant effects
on consumption and real activity (Chodorow-Reich, Nenov, and Simsek, 2021), consistent with
the wealth-effect channel at the center of our mechanism. The offset between the risk premium
and the risk-free rate echoes Tallarini (2000), in which greater risk aversion raises the price of
risk and lowers the risk-free rate while leaving aggregate quantity dynamics nearly unchanged
when intertemporal substitution is held fixed. We characterize when an analogous offset makes
the aggregate claim infinitely elastic and when portfolio flows break this neutrality. A substantial
fraction of households also exhibit wealthy hand-to-mouth behavior despite holding sizable illiquid
assets (Kaplan and Violante, 2014), while the marginal propensity to consume out of capital gains
is small relative to the response to dividend income (Di Maggio, Kermani, and Majlesi, 2020). Our
neutrality result for wealthy hand-to-mouth investors is related to benchmark aggregation results
in Werning (2015) and Bilbiie (2008). The monetary-policy extension connects to models in
which asset revaluations and wealth effects shape the transmission of monetary policy (Caballero
and Simsek, 2020; Kekre, Lenel, and Mainardi, 2025; Caramp and Silva, 2026). It also relates
to evidence that policymakers respond to equity-market declines because of their consumption
effects (Cieslak and Vissing-Jorgensen, 2021) and to recent work on financial-conditions targeting
(Caballero, Caravello, and Simsek, 2024).

Our passive sector builds on Chien, Cole, and Lustig (2011), in which passive traders hold
fixed stock—bond portfolios and active traders absorb the residual aggregate risk. Chien, Cole, and
Lustig (2012) show how households that rebalance only intermittently shift aggregate risk toward

a small active sector in downturns and thereby make risk compensation countercyclical. We share



this risk-concentration mechanism, but study its implications for the equilibrium price impact in a
setting exposed to both fundamental and non-fundamental shocks. Related empirical work studies
how passive investment affects elasticity and volatility. Haddad, Huebner, and Loualiche (2025b)
show that indexing has made demand for individual stocks more inelastic, while Lochstoer and
Muir (2026) find that the secular rise of indexing has substantially increased U.S. equity-market
volatility. Parker, Schoar, and Sun (2023) find that target-date funds dampen volatility through
more contrarian flows. Our model provides a general equilibrium mechanism connecting passive
demand and portfolio flows to aggregate price impact and volatility.

More broadly, our paper contributes to the market-macrostructure literature, which studies how
passive investors, levered intermediaries, and central banks shape asset prices (Haddad and Muir,
2025). We embed these investors and institutions in a dynamic general equilibrium in which both
interest rates and the wealth distribution adjust to portfolio flows. Our paper also relates to preferred-
habitat models (Vayanos and Vila, 2021; Kekre et al., 2025; Ray, Droste, and Gorodnichenko, 2024),
which emphasize intermediary risk-bearing capacity and market segmentation. We complement
this literature by showing how flow-induced wealth effects alter consumption—saving decisions and,
through goods-market clearing, the aggregate price response.

The rest of the paper is organized as follows. Section 2 develops a two-period model that delivers
the core intuition. Section 3 builds the dynamic heterogeneous-agent economy with passive and
active investors. Section 4 characterizes the determinants of aggregate market elasticity using the
state-global perturbation method. Section 5 studies wealthy hand-to-mouth investors and monetary
policy. Section 6 presents the rational benchmark, the belief-distortion extension, state-dependent

price impact, and return predictability. A short conclusion follows.

2 A Simple Model of the Aggregate Market Elasticity

In this section, we analyze the determination of the aggregate market elasticity in a simple
general equilibrium, demand-based asset pricing model. To keep the discussion transparent, we
specify investor demands directly, rather than deriving them from utility functions. A micro-
founded version of these demands, embedded in a dynamic heterogeneous-agent model, will be

presented in Section 3.

Environment. We consider a two-period economy with two assets: a risky asset and a riskless
bond. There are two types of investors: passive (p) and active (a). A fraction w; of the population
is of type j € {a, p}. The risky asset pays a random dividend Y’ in the second period. Its price is

denoted by P, while the riskless asset, which pays one unit of the consumption good in the second
-1

period, has price R 7



The budget constraints of investor j are
PQ;+R;'B;+C;=W,;,  C;=Y'Q;+B,,

where Q; is the investor’s holdings of the risky asset, B; denotes holdings of the riskless bond,
C; is first-period consumption, and C} is second-period consumption. Initial wealth is given by
W; =(P+Y)Q; -1 >0, where Q; _ denotes the investor’s initial position in the risky asset.

We define investor j’s portfolio share in the risky asset as

PQ;

aj = —Wj—Cj.

Passive investors maintain a fixed risky asset share o, = @), > 0. Active investors’ portfolio share,

in contrast, depends on the risk premium

aa = aa(ﬂ-)’

for some increasing function @, (-), where 7 = log R—lf E[YF] denotes the (log) risk premium.®

Consumption is specified as’
Ci=c;(r,mW;,

where r = log Ry is the log risk-free rate. The consumption-wealth ratio function ¢;(-) depends
on both the risk-free rate r and risk premium 7. If ¢; decreases with r, investors save more when
the interest rate is high (a substitution effect); if ¢; increases with 7, investors save less (an income
effect). Similar logic applies to the risk premium. Importantly, we assume that c¢;(-) does not
depend on the passive portfolio share.

The market clearing conditions are
> wiCi=Y, > w0 =1, > wiB; =0,
Jelp.a} Je{p.a} jelp.a}

with initial risky asset endowment 2’ jc(, .4 @;Q; -1 = 1.

Market for risky assets. Let p = log 5 denote the log price-dividend ratio, and let u = log %
denote the log dividend growth. The risk premium is
T=u—p-—r. ()
®Merton’s formula corresponds to the special case @, (7) = #, given risk aversion vy, and volatility o.

"In this formulation, consumption responds to changes in wealth for both investor types. Appendix B considers an
extension with wealthy hand-to-mouth investors whose consumption does not respond to changes in wealth.
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Investor j’s demand for the risky asset is

Q) =a;[1-¢;(r,m)]

~| =

Using Equation (1) to eliminate 7, we can express demand as a function of the price of the risky
asset, the risk-free rate, and, for passive investors, the exogenous portfolio share: Q; = 0 i(por.ap).

The market clearing condition for the risky asset is therefore

waQ, (P71, @) = 1 - w,0,(p.1,@)) . 2)

active demand net supply

Equilibrium in the risky asset market requires that active investors absorb the net supply, defined
as total supply minus the amount held by passive investors. Since active demand does not depend

on @, changes in the passive portfolio share affect only the net supply curve.

Market for goods. The response of the consumption-wealth ratio to the interest rate and the risk
premium is central to our analysis. In the dynamic model of Section 3, the average consumption-
wealth ratio depends on the sum (7 + 1), so its sensitivity to interest rates equals its sensitivity to risk
premia. Assumption | imposes the same structure in this two-period setting, ensuring consistency

with standard micro-founded models.

Assumption 1. The average consumption-wealth ratio is a function of the expected return on the
risky asset, (r + 1),
Z xjcj(r,m) =c(r+m),
Jelp.a}

w;W;

o Wata, W, denotes investor j’s wealth share.

for some function c(-), where x; =

Intuitively, since bonds are in zero net supply, the return on investors’ overall portfolios equals
the return on the risky asset. Goods-market clearing requires aggregate consumption to equal
output, 3} ; w;C; =Y. Dividing both sides by aggregate cum-dividend wealth, };; w;W; = P +7Y,
gives »,;xjc; =Y/(P +Y). Combining this condition with Equation (1), we obtain

c(u—p)= , 3)

1+e?

wherer+n=u—pandY/(P+Y) =1/(1 +eP).
Condition (3) depends only on p and therefore determines the price-dividend ratio. Conditional
on p, risky-asset market clearing in (2) determines r, and hence the division of the total expected

return between the risk-free rate and the risk premium.
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2.1 General equilibrium implications of portfolio flows

We now examine how the price-dividend ratio p and the risk-free rate r respond to a portfolio
flow from the riskless bond into the risky asset. Let E;‘, denote the passive portfolio share in the

initial equilibrium, with (p*, r*) the corresponding equilibrium prices.

For a small perturbation, @, = E;‘,eo‘ﬂ, we linearize demand around the initial equilibrium.

Defining p=p—-p*, 7 =r—-r*,and g, = log(Qj/Qj.), we obtain

qg;j = —&ipP — LGP + [, 4)

c’)logaj
-

_  dlogQ,
and {;, = ——5—.

where the own-price and cross-price elasticities are given by {; , =

The flow shock to investor j’s demand is given by

0 log Qj
dloga,

j = Ap,
capturing an exogenous reallocation from bonds to stocks. Since active demand does not depend
on a,, we have f, = 0. A portfolio-flow shock is therefore an asymmetric demand shock.
Formally, it directly shifts only passive-investor demand; active investors rebalance in equilibrium
as a consequence.

An important implication of (4) is that demand for the risky asset depends on both the price-
dividend ratio p and the bond price through the risk-free rate r. Therefore, the prices of the risky

and risk-free assets must be jointly determined in equilibrium.

Equilibrium. Lets; = w jQ;‘. denote the equilibrium quantity share of the risky asset held by

type j. Linearizing the market-clearing condition };; w;Q; = 1 gives

Sa(_fa,pﬁ_{a,r f) = Sp(gp,pﬁ"'gp,rf_fp)’ o)

as saqq + spqp = 0.
The left panel of Figure 1 shows the equilibrium in the risky asset market. The downward-
sloping curve represents active demand, while the upward-sloping curve is net supply, i.e., total

supply minus passive holdings.®

8Passive demand is Qp = apll—=cp(r,m)] “;,” ,given W, = (P +Y)Qp -1 and m =  — p — r, so its linearized
contribution —s,q,, makes net supply upward sloping in p provided aac; is not too large.
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Figure 1. Equilibrium effects of a portfolio-flow shock in the risky-asset market (left) and goods market (right).

Linearizing the goods-market condition ¢c(u — p) = 1/(1 + ¢?) around p* yields

%

eP

(1+er")?

A

Xpp = —dpp,  where  x,=-¢(u-p°), dp= (6)
The right panel of Figure 1 plots the linearized changes in the two sides of the goods-market
condition in (6): the desired average consumption-wealth ratio, ¢ = x,p, and the dividend-price
ratio, y = —d,p. Both are expressed per unit of aggregate cum-dividend wealth. We focus on

Xp > 0, so c is increasing in p, while y is decreasing in p.

The aggregate market elasticity. We are interested in the market’s ability to absorb the aggregate
portfolio flow f = s, f,, +5, f, between bonds and stocks.” We define the aggregate market elasticity
as the inverse of the price impact generated by this flow:
A1-1
ap
ESu=|—=| . 7
M [ 3 f] (7
Hence, an elastic market can absorb a large flow with little price adjustment. If the flow is absorbed
without any price adjustment, we say that the market is infinitely elastic. Conversely, in an inelastic
market, even a small flow generates a large price movement.'”
Aggregate market elasticity is a market-level equilibrium outcome. It is distinct from the price
elasticities of individual demand curves, which describe investors’ portfolio responses holding

other prices fixed. It is also distinct from a micro-level elasticity, which concerns substitution and

9We focus on the case with no direct shift in active investors’ demand, f, = 0, so the aggregate flow is f = s pJfp-
19This definition is closely related to the notion of market depth in Kyle (1985) and market liquidity in Johnson
(2006).
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relative price movements across individual stocks.

The inelastic markets hypothesis. Consider a version of the model in which the interest rate is
held fixed at r = r* and goods-market clearing is ignored. Using the linearized risky-asset market

condition (5) with 7# = 0, we obtain

. 1
p= — x f
{P S~——
— flow shock
price impact
where
{p =Salap +Splpps sj = w;Q.

In this setting, the aggregate market elasticity equals the average of investors’ own-price demand
elasticities: &y = {,. Intuitively, markets are inelastic when individual demands are inelastic.
This is the core implication of the inelastic markets hypothesis of Gabaix and Koijen (2023), who
estimate large price responses to stock-market flows and study a behavioral general-equilibrium

model in which investors have relatively inelastic demand and the interest rate is constant.

Portfolio flows in general equilibrium. With a constant interest rate, risky-asset market clearing
alone determines the response of the risky-asset price to portfolio flows. Once goods-market
clearing is imposed and the interest rate adjusts endogenously, the determination of aggregate

market elasticity changes fundamentally, as shown by the next proposition.
Proposition 1 (Infinite market elasticity). Suppose that the aggregate cross-price elasticity {, =
Salayr + Splp,r is nonzero. Then a portfolio-flow shock has no price impact:

5=0.

Portfolio flows instead have offsetting effects on the interest rate and the risk premium:

Pepf Rt

where & = m — ™.

Proof. Equation (6) implies p = 0. Given p = 0 and ¢, # 0, Equation (5) implies 7 = f/{,.
Because 7 = —p — 7, it follows that 7 = —f /. ]

Goods-market clearing implies that a portfolio flow has no price impact, so the market is

infinitely elastic. Provided that the aggregate cross-price elasticity ¢, is nonzero, the interest
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rate adjusts to clear the risky-asset market. Its magnitude determines the size of the offsetting
movements in the interest rate and the risk premium. This result holds even when the aggregate
own-price demand elasticity £, is arbitrarily small. Thus, an inelastic risky-asset demand curve
need not imply an inelastic aggregate market once the interest rate adjusts endogenously.

How can the market be infinitely elastic even when risky-asset demand is inelastic? Consider a
positive portfolio flow into the risky asset. If the interest rate were held fixed, the flow would raise
the price of the risky asset. The resulting increase in wealth would induce households to increase
consumption. Because aggregate output is fixed, this increase in consumption is inconsistent with
goods-market clearing. The interest rate therefore adjusts, shifting the demand curve for the risky
asset until it intersects the new net-supply curve at the original price. Graphically, the interest-rate
adjustment shifts the active-investor demand curve so that the new equilibrium has p = 0.

The division of roles between the two market-clearing conditions makes this result transparent.
The goods-market condition determines the price-dividend ratio through households’ consumption-
saving behavior. Conditional on that price-dividend ratio, the risky-asset market determines the
interest rate and the risk premium.!! Consequently, the aggregate own-price demand elasticity ¢ p
does not determine aggregate market elasticity in this benchmark. In our setting, the aggregate
cross-price elasticity ¢, determines the magnitude of the offsetting movements in the interest rate
and the risk premium. Because the risky-asset price does not move, own-price elasticities play no
role in the equilibrium adjustment.

This mechanism is particularly transparent in models with unit EIS, in which the consumption-
wealth ratio is constant and the price-dividend ratio is tied to the subjective discount rate. Aslong as
the subjective discount rate remains unchanged, shocks are absorbed through offsetting movements
in the interest rate and the risk premium, leaving the risky-asset price unchanged. Our framework
generalizes this logic by allowing consumption-saving behavior to respond to expected returns.
The central implication is that aggregate market elasticity is determined by the consumption-saving

block of the economy rather than by the average own-price demand elasticity.

A fundamental shock. It is instructive to contrast the effects of a portfolio-flow shock with those
of a fundamental shock. Consider a shock to expected dividend growth, & = p— u*. The linearized
demand system remains as in Equation (4), but the fundamental shock introduces the demand

. 910gQ; . . . .
shifter f; = (;i Q) [ for investor ;.

A change in expected dividend growth also affects households’ incentives to save. The change

"'"The equilibrium can equivalently be described using the markets for risky assets and bonds rather than the markets
for risky assets and goods. Appendix A.1 presents this alternative formulation.
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Figure 2. Equilibrium effects of a fundamental shock in the risky-asset market (left) and goods market (right).
in the average consumption-wealth ratio can be written as

¢ :Xuﬁ +Xp15’ Xu = —Xp>

where the restriction y, = —y, follows from Assumption 1. A fundamental shock therefore
shifts both risky-asset demand and, when y, # 0, the consumption-wealth schedule. The shift in
risky-asset demand determines the equilibrium interest rate and risk premium conditional on the
price-dividend ratio. The shift in the consumption-wealth schedule determines the response of the
price-dividend ratio. Figure 2 illustrates these equilibrium adjustments.

Formally, using goods-market clearing, we obtain the price response to a fundamental shock:

Xy

—=C 4. (3)
Xp +dp

p=-
Hence, a fundamental shock changes the price-dividend ratio whenever it changes the consumption-
wealthratio, thatis, whenever y,, # 0. Moreover, the magnitude of the price response is independent
of the individual investors’ demand elasticities {; , and ;.

The unit-EIS case, in which x, = x, = 0, shows that the logic behind Proposition 1 is not
specific to portfolio flows. With unit EIS, neither a portfolio-flow shock nor cash-flow news shifts
the goods-market condition. The price-dividend ratio therefore remains unchanged in both cases.
In particular, positive cash-flow news changes the equilibrium interest rate and risk premium rather
than the price-dividend ratio.

This discussion also clarifies when portfolio flows generate nonzero price impact. When the
consumption-wealth ratio responds directly to portfolio flows, the flow shifts the goods-market

condition that determines the price-dividend ratio. The interest rate then no longer fully offsets the
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risk-premium response, and aggregate market elasticity is finite.

The need for a micro-founded demand system. The analysis identifies the consumption-saving
response as the key determinant of aggregate market elasticity. In the reduced-form model, a
portfolio flow shifts risky-asset demand but, by assumption, does not directly affect the average
consumption-wealth ratio. In this case, the interest rate adjusts to clear the risky-asset market,
leaving the price-dividend ratio unchanged. If portfolio flows instead shift the consumption-wealth
ratio, as does the fundamental shock considered above, the price-dividend ratio responds and
aggregate market elasticity is finite.

Determining whether and how portfolio flows affect consumption-saving behavior requires
a micro-founded framework. Such a framework must jointly connect portfolio reallocation to

risky-asset demand, wealth, and saving decisions. Section 3 develops this framework.

3 A Dynamic Asset Pricing Model with Passive Investors

We study a dynamic heterogeneous-agent economy with passive and active investors in which
portfolio demand and consumption-saving behavior are jointly derived from preferences and fi-
nancial constraints. Passive investors hold an exogenous, stochastic share of their wealth in risky
assets. There are two types of active investors who optimally choose their portfolios subject to
financial frictions: a more risk-averse unconstrained investor and a less risk-averse investor subject
to an occasionally binding leverage constraint.

The representative firm issues equity, which is a levered claim on the aggregate endowment,
and risky corporate debt. The distinction between the equity and endowment claims will be

quantitatively important for the price impact of portfolio flows.

3.1 Environment
Financial markets. The aggregate endowment Y; follows a geometric Brownian motion:

dY,
L = ydt+odz, )
Y;
where u € R and o € R are constants.!” The process Z = {Z;},»0 is a standard d-dimensional
Brownian motion on the filtered probability space (L2, 7, (77)r>0, P) satisfying the usual conditions.
In the baseline model, d = 2, capturing two sources of risk: (i) a fundamental shock to aggregate

endowment and (ii) a non-fundamental portfolio-flow shock to passive investors.

2 Throughout the paper, we adopt the convention that loadings on the Brownian motion are row vectors.
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We consider a representative firm that issues equity and risky corporate debt. Let D; and B;
denote the respective payoff flows, which satisfy D; + B; = Y;. We assume that the dividend process
is given by

%Dlt = pdt + ¢po dZz;, (10)
where ¢ > 1 is the cash-flow leverage parameter. This specification captures the well-known fact
that dividends are more volatile than consumption (see, e.g., Abel 1999; Campbell 1999). The
corporate-debt payoff is determined residually as B; = Y¥; — D;. When B; < 0, we interpret the
negative net payout as corporate saving rather than borrowing.

Let Pp; and Pp; denote the values of equity and corporate debt, respectively. The value of the
firm is given by Py, = Pp; + Pp;. Let Dy, denote the payout flow of claim k € {D, B,Y}, so that

Dps = D;, Dp; = By, and Dy = Y;. The return on claim k is

dPy; + Dy, dt

de,l = Pk
N3

= MRyt dt + ORyt dZ[
Stochastic discount factor. Absence of arbitrage implies the existence of a stochastic discount
factor (SDF), A;, with dynamics
dN;
— = —r;dt —n,dZ,,
A t N aly
where 77, € R is the vector of market prices of risk.
Define the vector of risk premia as 7, = [np,, 7p,] ", where nx, = ug,, — r, for k € {D, B}.

The no-arbitrage restrictions can be written compactly as 7, = X5/, where %, collects the risk

ORp,t
2[ = b .
O-RB,Z‘

We assume that 2; is nonsingular, so the equity and corporate-debt claims dynamically span the

exposures of the two risky assets:

two aggregate shocks.

Demography and preferences. The economy consists of three investor types, indexed by j €
J = {p, h,}, with population masses w; that sum to one. Type p investors are passive, while
types h and ¢ are active. Investors die with Poisson intensity «, and at each instant a mass kw; of
type-j investors is born, leaving the total population constant. The estates of deceased investors are
distributed across newborns, who enter with average wealth. This redistribution leaves aggregate
resources unchanged and induces mean reversion in the wealth distribution across investor types.
Investors have recursive preferences as in Duffie and Epstein (1992). Type j has relative risk

aversion y;, while all types have a common elasticity of intertemporal substitution (EIS) ¢ and
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subjective discount rate p. The recursive utility aggregator is

Each investor chooses consumption and, subject to the restrictions described below, portfolio

allocations across the risk-free bond, equity, and corporate debt.

Passive investors. Passive investors allocate a fraction a/, ; of their wealth to a market index fund
and a fraction 1 — @, to the risk-free asset. The market index holds the equity and corporate debt
in proportion to their market-capitalization weights.

The share of wealth invested in the market index, @, ;, follows an Ornstein—Uhlenbeck process:
dap’t =Kp (5 - ap’[) dr + O-(Ip dZt, (11)

where @ > O s its long-run mean, «, > 0 governs mean reversion, and o, € R!X4 is its exposure to
aggregate shocks. Innovations to @, ; change the fraction of passive wealth allocated to the market
index and therefore induce portfolio flows between the risk-free asset and risky claims. We refer
to these innovations as portfolio-flow shocks. As in Section 2, these shocks exogenously affect the
demand of passive investors and trigger an endogenous reallocation of risky assets across investors.

Portfolio flows may comove with cash-flow shocks or arise independently. We impose the

following structure on the shock exposures:

o = (0y,0), Ta, = (0a,y1500,2)-

The first innovation corresponds to a fundamental shock to aggregate endowment growth. The
second innovation corresponds to a non-fundamental portfolio-flow shock, orthogonal to cash-flow
shocks. This structure allows portfolio flows to be correlated with aggregate endowment shocks
while retaining distinct non-fundamental flow and cash-flow innovations.

The exposure of the passive portfolio share to aggregate shocks is consistent with both imperfect
rebalancing and performance-induced flows. With imperfect rebalancing, a positive risky return
mechanically raises the risky share when @, ; < 1. With performance-induced flows, investors
actively increase their desired risky exposure following strong returns. The independent component
of portfolio flows captures reallocations that are not driven by contemporaneous fundamentals,
such as changes in portfolio rules or default investment options. These channels are consistent with
evidence that households rebalance infrequently (Ameriks and Zeldes, 2004; Brunnermeier and

Nagel, 2008), that flows respond to past performance (Chevalier and Ellison, 1997; Dannhauser and
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Pontiff, 2024), and that changes in default investment options can generate substantial reallocations

toward equities (Parker, Schoar, Cole, and Simester, 2025).

Active investors. Investors of types i and ¢ are active investors who optimally rebalance their
portfolios. Let @;; = [ ps, ;] denote the portfolio allocations of active investor j € {h, (}

across equity and corporate debt. The investor’s total risk exposure is
Ojt = a’ Zz =ajDtORpt t & BiORg -

Type h investors have high risk aversion and face no portfolio constraint. Type £ investors have
lower risk aversion, y, < yj, and therefore desire greater risk exposure. Their risk exposure is
subject to the leverage constraint

loedl <,

where || - || denotes the Euclidean norm. This constraint resembles a Value-at-Risk (VaR) limit
commonly applied to banks and leveraged institutions (see, e.g., Adrian and Shin 2014 and Brunner-
meier and Pedersen 2009). The constraint binds when the desired risk exposure of type ¢ investors

exceeds o and is otherwise slack.

Investors’ problem. Each investor chooses consumption, and active investors also choose their
portfolio allocations. We represent these choices uniformly by allowing the investment set £; ; to

depend on investor type. Investor j € J solves

Vie= ma:lx E; l/ fi(Cis,Vis) ds] (12)
] gt
subject to
dw;
LA re + 7rtT ajr— —  dr + o dZy,
Wi jt

with W;; > 0and o, € Q;,, where o;; = a/JTJZt. Here, W; ; denotes wealth and €2; ; denotes the
type-specific investment set.

The investment sets capture differences in portfolio behavior and financial constraints across
investors.!? For passive investors, the investment set is the singleton implementing their prescribed
allocation to the market index:

Pp PBt}

Qp,t = {a’p,t - @pDyr = ap,l » Xp, Bt = a’pt
PY,t PYt

13The differences in investment sets here are reminiscent of differences in investment universes emphasized by
Koijen and Yogo (2019).
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Type h investors are unconstrained, so Q,; = R?. The investment set of type £ investors imposes
the leverage constraint:
Qe = {Q’f,t : ||E;TQ'€,t|| < E}~

Market clearing and equilibrium.

Definition 1. A competitive equilibrium consists of adapted processes (Pp, Pg,r,n) and, for every
J € J, allocations (C;, a;) and wealth W;, such that:

(i) The aggregate endowmentY, dividends D, and the passive portfolio share @, evolve according

to (9), (10), and (11), respectively.
(ii) The firm’s payoff flows satisfy B; = Y; — Dy, and the value of the firm is Py; = Pp;+ Pp;.
(iii) Asset returns satisfy the no-arbitrage restrictions: n; = Lm, .

(iv) Given prices and a@,;, (Cj;, ;) solves the problem in (12) subject to the type-specific

investment set Q; ; for every j € .

(v) The goods, equity, corporate-debt, and risk-free-bond markets clear:
ijCj,,:Y,, Za)ij,k’,;Zl, ijAj,t:O,
jeJ Jjeg JjeT

fork € {D, B}. Here,

@ kWi

Qjks =
Py

, Aj,t = (1 —&j Dt — a’j,B,t)Wj,t-

3.2 Equilibrium characterization

We now characterize equilibrium in the dynamic model. We focus on a Markov equilibrium in
which prices and return dynamics are functions of an aggregate state vector X; € RY. The state
vector follows

dX; = ux,dt + ox,dZ,,

where uy; € RN and Ox,; € RN*d denote its drift and diffusion. We specify the components of X;

and characterize their dynamics below.
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3.2.1 Equilibrium conditions

Value function and consumption-wealth ratio. With homothetic preferences, investor j’s value
function can be written as

1—’)/j

l-y;
Cj»t) "l dcjs

ra

Jot
, where

1— = ﬂ(,‘j,l‘ dt + O-Cj,l‘ dZt.
—vj Cjut

Vj’l = (

The function ¢, = ¢;(X;) denotes the consumption-wealth ratio, so that C; ;/W;, = ¢ .

From the Hamilton-Jacobi-Bellman equation, the consumption-wealth ratio satisfies

v,
ci=yp+ (1=9) |r+nof, = Slopl?| + &, (13)

where o ; = aJT ;2 1s the investor’s risk exposure. The first term reflects time preference, while
the second term captures the impact of current investment opportunities on consumption.

The term &/ ; is given by

W —yjlloe,I?
fj,t—,ch,t"'(l_?’j)o'cj-,to'j,t"' 1-y 2

This term captures the effect of changes in future investment opportunities on consumption.
Notice that ntO'jT’l = /@, so the consumption-wealth ratio depends on both the interest rate

r; and the expected excess return on the investor’s portfolio, as in Section 2. Importantly, it also

depends on the investor’s portfolio choice a; . Finally, £;; acts as a state-dependent shifter, and it

is equal to zero when investment opportunities are constant.

Optimal risk exposure. The optimal risk exposure for active investors j € {h, } is given by

-1
L 1Y

1+Vj’[ Y lf/—l

Ojr= Ocpt|» (14)
where v; ; is the Lagrange multiplier on the leverage constraint, so v;; > 0 and vj,; = 0. When the
leverage constraint is not binding, the optimal risk exposure is the sum of two components. The first
is the myopic demand, ;7,—; which depends on the investor’s risk tolerance and the vector of market
prices of risk ;. This term captures the compensation per unit of exposure to each risk factor:
n, =% L,. The second is the hedging demand, 1;—1’;1 Tt which reflects the investor’s desire
to hedge fluctuations in future investment opportunities. When the constraint binds, the multiplier
v;+ > 0 scales down exposure uniformly across all risk factors to satisfy ||oj ;|| < o. This acts like

an endogenous increase in effective risk aversion.
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The Lagrange multiplier v, satisfies the complementary slackness condition:
Vet (Ho'é’,t” _E) =0.

For passive investors, risk exposure is given by 0, ; = @, ;0 1, Where o, ; is the risk exposure
of the market index fund. Hence, @, controls the overall risk exposure of passive investors.

Given an investor’s risk exposure, the corresponding portfolio shares are recovered from
-1 T
a,j,l = (o-j,tZ, ) ,
which maps risk exposures into asset holdings.

Market clearing conditions. Market clearing implies that aggregate wealth equals the price of
the aggregate claim:

Z a)joJ = PY,,.

jeg

Let x;; denote the wealth share of type-; investors:

The market clearing conditions for goods and risky assets are given by:

1
Z XjtCjr = p_’ Z XjtOjt = ORy,t>

jeT vt jeT

where py; = Py,/Y; is the price-dividend ratio of the aggregate claim.

These conditions echo those in the simple model. The first condition states that the wealth-
weighted average consumption-wealth ratio equals the dividend yield of the aggregate claim. The
second condition states that the wealth-weighted average risk exposure equals the risk exposure of
the economy’s endowment claim.

Market price of risk. We can write the market clearing condition for risky assets as follows:

Xj,[

X O-j,l = /\/a,l‘O-Ry,b
jelhey = —
N , net supply

active demand of risk
for risk
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L=xp1@p,t
1_xp,t

and x,; = 1 — x,; is the wealth share of active investors.

where . = captures the share of aggregate risk that must be absorbed by active investors,
This is the dynamic counterpart of the risk market clearing condition in Section 2. The
expression above states that active investors absorb the net supply of risk, defined as total risk
minus the portion held by passive investors.
Substituting optimal risk exposures into the market clearing condition yields the market price
of risk:

N = Yar | XatORys = Par] s (15)

P 1_'}’71 Ocit . . . . .
where hg;r = X je(ne %w—_f] T ;N is the average hedging demand of active investors, adjusted

for leverage constraints, and 7y, is the average effective risk aversion:
-1
X 1

Yar = S Y
@ et} Xa,t Yj(l +Vj,t)

Equation (15) shows that the market price of risk is determined by three forces. First, the average
effective risk aversion of active investors, y,,. This varies over time with the wealth distribution
and the extent to which leverage constraints bind. Second, the net supply of risk to active investors,
captured by x, 0r, ;. As passive investors increase their holdings of the market index, the amount
of risk that must be absorbed by active investors falls, reducing the compensation for risk. Third, the
average hedging demand of active investors, h, ;. Higher hedging demand implies active investors
are willing to bear more risk, lowering the equilibrium compensation for risk.

Equation (15) makes clear that portfolio flows affect risk premia through their impact on the net

supply of risk absorbed by active investors.

Interest rate. Combining goods market clearing with the expression for the consumption-wealth

ratio yields the equilibrium interest rate:

-1 -1 7j 2
r=p T (e &)+ (=07 xS ol = v, (16)
jeg
where up,, is the expected capital-gain rate on the aggregate claim, ny, = o, 7, is its risk
premium, and &; = Zjej Xjijs
The first term reflects time preference. The second term captures intertemporal substitution.
The remaining terms capture the effects of risk allocation and risk premia on the interest rate.
This expression highlights that the interest rate is determined jointly by risk premia and the

allocation of risk across investors, providing the key general equilibrium link between portfolio
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flows, risk allocation, and saving behavior.

Pricing condition. Define the valuation ratios pp; = Pp,/D; and py; = Py,/Y; for the equity

and endowment claims, respectively. The pricing condition for each claim k € {Y, D} is given by

1
]I =1+ (G0 + 0p) " = (U + pps + GrO O'IJTk,,), (17)
N

where ¢y = 1 and ¢p = ¢, using the fact that og, ; = ¢pr0 + 0, ;. The terms u,, ; and 0, ;, denote

the drift and diffusion of the valuation ratios, respectively.

3.2.2 Markov equilibrium

State variables. We can express the normalized aggregate equilibrium variables as functions
of the state vector X; = (x;, @p,), where x; = (x5, X¢,) is the vector of wealth shares of active
investors and @, ; is the passive portfolio share. To obtain the law of motion of the aggregate state
vector, uy; and oy, we need to solve for the drift and diffusion of the endogenous state variables
(Xni>Xe,r)-

By It6’s lemma, the law of motion for x;,, j € {h, {}, is given by

dxj

1 Wi —.X"[
= [(Ut — ORy.1) (O'j,t - O'Ry,t)T - (Cj,z ) + k2 L dr + (0t — Oryt) dZ;.

Xjt Py Xjt

Endogenous volatility. Return volatility has both a cash-flow and a valuation component, og, ; =
o + 0p, 1, Where o, ; arises from movements in the valuation ratio py, for asset k € {D,Y}.

By Itd’s lemma, the endogenous component of return volatility is given by:

_ Pix(X0) Pka,(Xi)

Oppt = ——o— 0Oyt + ————0g,. (18)
pit Pi(Xy) o Pi(Xy) et

Equation (18) shows that endogenous volatility depends on the sensitivity of the valuation
ratio to both the wealth distribution and the passive portfolio share. The first term is standard in
heterogeneous-agent models (see Panageas, 2020). The second term arises only in the presence of
exogenous portfolio-flow shocks. This second term is quantitatively important when markets are
sufficiently inelastic, that is, when price-dividend ratios are highly sensitive to changes in passive
demand. Thus, (18) provides a direct link between market elasticity and return volatility, as lower

elasticity increases endogenous volatility.

The PDE system. Equations (15) and (16) allow us to express the market price of risk 7; and the
interest rate r; as functions of the consumption-wealth ratios c¢;(X;) and the valuation ratio for the
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aggregate endowment py(X;). Using It6’s lemma, the drift and diffusion terms (uc, ., tp, ;) and
(0¢;.1» Tp,.r) can be written as functions of the state dynamics (ux , 0x.)-

Substituting these expressions into the HIB equation (13) and the pricing condition (17), together
with the laws of motion for the state variables, yields a system of four partial differential equations

for the consumption-wealth ratios {c;(X;)} e and py(X;).

Proposition 2 (PDE system). The consumption-wealth ratios {c;(X;)} je.y and the valuation ratio
for the aggregate endowment py(X;) are functions of the aggregate state vector X; and satisfy the
following system of PDEs:

v v —y; lloe |I?
ci=yp+(1-y) [“”7“;_?]”01'”2]+'“Cf+(1_7f)‘7"f(7'T+ 1—1; ZJ

1
p_Y:r+77(0-+O-PY)T_(/‘+“PY+O-O-;Y)’ (19)

where (1,1, 0}, e ;> Oc;s Mpy> Opy) are all functions of X;, (cj, py) and their derivatives.

The PDE system closes in {c;(X;)};cy and py(X;) without requiring the equity valuation
ratio pp(X;). We can therefore characterize the equilibrium in two steps. First, we solve for the
{cj(X:)}jes and py(X;) as functions of the aggregate state vector X;. As we can express (r,177) as
functions of (c;, py) and their derivatives, this step allows us to recover the economy’s stochastic
discount factor. Second, we can solve for pp ; by solving the pricing condition (17) for the dividend
claim. Given D, and Y;, we can recover both Pp; and Py, as well as the value of corporate debt,
PB,t = PY,t - PD,t-

This completes the characterization of the equilibrium. We now turn to an analytical character-

ization of the aggregate market elasticity in this economy.

4 The Determinants of the Aggregate Market Elasticity

This section characterizes the determinants of aggregate market elasticity. We find that the
aggregate claim is infinitely elastic to first order around the efficient benchmark, even when in-
dividual investors have finite demand elasticities. Second-order departures from the benchmark
generate finite aggregate market elasticity by changing consumption—saving decisions. Thus, the
neutrality result from Section 2 extends to the dynamic model, and portfolio frictions are essential
for generating finite aggregate market elasticity.

To characterize aggregate market elasticity analytically, we extend the perturbation method of
Kogan and Uppal (2001). This method enables us to derive asymptotic closed-form approximations

in an environment with heterogeneous agents and rich financial frictions.
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4.1 Perturbation method

Our perturbation approach studies economies in a neighborhood of a benchmark that admits a
closed-form solution. A convenient benchmark arises when preferences are homogeneous, y; = vy,
and passive investors are fully invested in the aggregate claim at all times, @, ; = 1. In this case, the
economy collapses to a Lucas economy, as shown in Lemma 1. Thus, the benchmark corresponds

to an efficient frictionless allocation. Throughout, a superscript * denotes benchmark values.

Lemma 1 (Benchmark economy). Suppose y; =y, @p; = 1, andp > (1-¢~1) (u - %’”2) Then,

ko 2 * _ -1 -1 7"0-”2 * _ -1
ay=vlloll’s  rr=pryTu-(14yT) = py = |p=(1-yT ) (K

_yllallz)]—l
2 b

cj. = (p;)_l, and U}‘ =oforjeJ.

We analyze small deviations from this benchmark. Formally, consider a family of economies
indexed by € > 0, where € scales departures from the benchmark along several dimensions. When
€ = 0, the economy coincides with the benchmark Lucas economy. As € increases, the economy
moves away from the benchmark toward a heterogeneous-agent economy with frictions.

First, investors have heterogeneous risk aversion:
vi=y(L+96) D wd =0,
JjeT

so that y is the population-weighted average and §; measures deviations from it.
Second, passive investors need not be fully invested in the aggregate claim. Their portfolio

share is @, = 1 + &, €, where @, ; follows an Ornstein-Uhlenbeck process independent of e:
d&p,[ = —Kpd’p,[dt + @'de,,

which requires @ = 1 and 0, = 0€ to be consistent with Equation (11). When € = 0, passive
investors are fully invested in the risky asset at all times, recovering the benchmark case.

Third, the leverage constraint coefficient is perturbed according to
o =|oll(l1+05e),

so that the tightness of the constraint is of order O(€), matching the order of leverage demand.
Finally, we assume a small mortality rate, k = K €.
Equilibrium objects depend on the parameter € and the aggregate state variable X;. As shown in

Proposition 2, the aggregate equilibrium closes in the consumption-wealth ratios and the valuation
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ratio of the aggregate endowment claim, which depend on X; = (x;,@,,). We expand them to

second order in € as follows:

pY(xa apa 6) = pY,O(xa &p) + pY,l(x’ d’p)f + pY,Z(x’ d’p)€2 + 0(63)7

cj(x,ap;€) =cjolx,ap) +cji(x,ap)e+cja(x, &p)e2 +0(€),

forje Y.

Unlike standard DSGE perturbations, we do not assume that endowment volatility o is small.
Moreover, the approximation is local in the exogenous state variable @, but global in the endogenous
state variables x: we solve directly for functions of x rather than coefficients around a deterministic
steady state. This type of state-global perturbation builds on the perturbation method of Kogan
and Uppal (2001) and, more closely, its extension in Silva (2026).'*

This approach is important for two reasons. First, it allows us to capture state-dependent
effects and time-varying risk premia in a tractable way.'> Second, it allows us to characterize how
aggregate market elasticity varies with the state of the economy.

We proceed in two steps. First, we compute the first-order corrections py (x,&,) and
Cj1 (x, d/p). These capture the effects of a small deviation from the frictionless benchmark. Second,
we solve for the second-order terms py »(x, @) and c¢;»(x, &,). A second-order approximation is
necessary to capture how the different frictions interact to determine aggregate market elasticity.

Zeroth-order terms are given by Lemma 1, i.e., py o(x, &) = p} and ¢ o(x, @) = c;‘

4.2 The first-order demand system

We start by characterizing the first-order corrections to equilibrium prices and allocations. In
particular, we derive the first-order demand system and the consumption-wealth ratio, which jointly

determine how risk premia and interest rates respond to portfolio flows.

Endogenous volatility and hedging demands. An important implication of the perturbation
assumption is that the drift and diffusion of the state variables are first-order in €: ux = O(e) and
ox = O(e). As shown in Appendix A.3, the derivatives of py and c; with respect to the state

variables are also first-order in €: py x(X) = O(e€) and c; x(X) = O(e).

14See Kargar et al. (2023) for an application of state-global perturbations to a model with search frictions and a
detailed comparison with standard perturbation methods.

15Tn contrast, first-order perturbations around a deterministic steady state feature no risk premia or state dependence,
while second-order perturbations only generate constant risk corrections (see, e.g., Schmitt-Grohé and Uribe 2004).
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Endogenous volatility and hedging demand are then second order in €:

(X
ox(X) = 0(&), oo, = C({,’ff(;)) ox(X) = 0(&),
J

S pr.x(X)
P py(X)

50 og, = 0 + O(€?) and h, = O(€?). A similar argument implies Hpy = O(€?) and He; = O(€?).

Demand for the risky claim. Up to first order, each active investor’s optimal risk exposure is
proportional to the exposure of the aggregate claim, while passive investors hold the aggregate
claim by assumption. The optimal allocation can therefore be implemented, up to first order, with

equal holdings of equity and corporate debt:

Qj,D,t = Qj,B,t = Qj,z-

We refer to their common value Q;; as investor j’s demand for the risky claim. Define the

proportional deviation of risky-claim demand from the corresponding benchmark allocation Q;‘. as

Qj,—0; .. . . o .
gj: = . é L. Under this implementation, investor j’s risk exposure satisfies
j

o= (1+q; )0 +0(€).
Expanding the optimal risk exposure in Equation (14) therefore yields, for active investors,

ﬁ’Y,t N N 2
5= (75 + V) e+ 0(e),

qji ==
Tyl

where 7y, = ny,; — my, denotes the deviation of the risk premium from the benchmark and v;, =
Vi€ + O(€?). Hence, since hedging demand is second order in €, optimal demand for the risky
claim depends only on myopic demand up to first order.

Using the pricing condition in Equation (19), we can express the risk premium in terms of the

interest rate and the price of the aggregate claim:

Ryt = —Fr —dppy; + 0(52),
where d, = 1/ py is the benchmark dividend yield. Here 7 = r, — r* and py, = b Y‘;:py denote
Y
deviations from the benchmark.
Substituting into the expression for g ; yields the first-order demand system:
Qo =—LipPra—Lirfi+ fia+0(),  jed, (20)
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where, for unconstrained investors,

d, 1 .
fj,pzw, fj,rzw, fix=-7j€

For passive investors and active investors whose leverage constraints bind, own- and cross-price
elasticities vanish, {;, = {;, = 0. Their portfolio demand depends only on the demand shifters:
fj+ = 0 € for constrained investors and f;; = @, € for passive investors.

Equation (20) shows that the first-order approximation to the dynamic heterogeneous-agent
model in Section 3 provides a microfoundation for the demand system in Section 2. As in the
simple model, unconstrained active investors exhibit nonzero own- and cross-price elasticities, here
explicitly linked to structural parameters. This reflects the fact that investors care about the risk
premium, which depends on the price of the risky claim and the risk-free rate.

Importantly, the system is exposed to portfolio-flow shocks, that is, shocks that shift the demand
of a subset of investors and induce portfolio reallocation. Shocks to @, ; move the passive investors’
demand shifter f,,, the dynamic analog of the comparative statics in Section 2. In addition, the

model generates endogenous demand shifts from occasionally binding leverage constraints.

Consumption-wealth ratio. A first-order expansion of (13) yields

. 2
Cjp = Yp + (1_w)|:rt+ﬂY,t_M] + O(€?).

Hence, the risk-free rate and the risk premium enter symmetrically, consistent with Assump-
tion 1. Substituting Ry ;, = —#; — d,, py , into the expression above yields

A * 0 __

_ A 2
Cjt = Cjt—C; Xj0 + XpPri + O(€),

with coefficients

ol
Xp = (W —1)dp, )(j,0=(¢—1)y2 Vi€

Conditional on the price-dividend ratio, the consumption-wealth ratio is therefore independent
of the interest rate, as in Section 2. Its slope with respect to py; depends on the EIS: the
consumption-wealth ratio rises with py; when ¢ > 1, the standard case in macro-finance models.
Most importantly, to first order the consumption-wealth ratio is unaffected by a, ;. This property

will be central for the determination of aggregate market elasticity.
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Market clearing. Given the first-order demand system, equilibrium prices follow from market

clearing in the risky claim and goods markets:

Z Xjtdjt = 0, Z Xjt CAj,z = _dp Dy

jeg jeg
Aggregating the demand system across investors yields

Ji
— X0,

‘:p,t gr,t Py

xp+d, O

2

Fr
where i, = Zjejxj,t{j,k fork € {p,r}, f; = Zjeg—xj,tfj,,, and xo; = Zjejxj,t)(j,0~

Aggregate market elasticity. As in Section 2, define the aggregate market elasticity of the

aggregate claim as the inverse of its equilibrium price impact:

aﬁy,t]“
of; '

Eyr = [
The market is infinitely elastic when it can absorb portfolio flows without any price impact.

First-order impact of portfolio flows. We are now ready to characterize the first-order impact
of portfolio flows. The second row of the demand system shows that the aggregate price-dividend

ratio is pinned down by goods market clearing:

(Xp + dp) Dy = —X0x-

Since xo, is independent of the portfolio-flow shock f; at first order, portfolio flows do not affect
Dy Instead, the risk premium and interest rate adjust to clear the risky-claim market. This
result extends the well-known unit-EIS case, where x, = xo, = 0 and the price-dividend ratio is
constant. In our economy with heterogeneous investors and ¢ # 1, the price-dividend ratio moves
with changes to the average risk aversion in the economy, as captured by the coefficient yg,, but it

is unaffected by portfolio flows. The next proposition formalizes this result.

Proposition 3 (First-order impact of portfolio flows). Consider a first-order approximation of the

demand system. Then:

(i) The price impact on the aggregate claim is zero:

-1 _ aﬁY,t

Ey, = a7, =0.
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(ii) The interest rate and risk premium responses satisfy

af, 1 aﬁY’t _ 1

ofr Lo ofi L

Proposition 3 shows that the main lesson from the simple model in Section 2 extends to the
dynamic economy. Portfolio inflows into the risky claim reduce the risk premium, while the shift
out of the risk-free asset raises the interest rate. To first order, these effects offset exactly, leaving
the aggregate price-dividend ratio unchanged. The aggregate market is therefore infinitely elastic.

An important implication is that aggregate market elasticity is independent of both the own-
price and cross-price elasticities of individual demand, {; , and {;,. The aggregate cross-price
elasticity, {,;, determines the interest-rate and risk-premium responses required to clear the risky-
claim market, but these responses offset in the valuation of the aggregate claim. Thus, individual
investors can be made arbitrarily inelastic by increasing y, while the aggregate market remains

infinitely elastic.

Why is the market infinitely elastic? The disconnect between individual and aggregate market
elasticity is inherently a general equilibrium phenomenon. Given a shift in demand for the risky
claim, its market-clearing condition determines the required adjustment in expected excess returns.
It does not, by itself, determine whether that adjustment occurs through the price-dividend ratio
or the interest rate. For this, we need to know how the consumption-wealth ratio responds to the
portfolio-flow shock.

As discussed in Section 2, there is no price impact as long as the consumption-wealth ratio does
not respond directly to the portfolio-flow shock. Otherwise, price changes would generate excess
demand or supply in the goods market.

To see why flows do not affect the consumption-wealth ratio to first order, differentiate (13)
with respect to o ;:
mo 1 Yy 1

= (1- | —+———0c. s — 0]
Py (1-y) v, ¥ w1 Ocit = Ojt

At the benchmark, all investors hold their privately optimal risk exposure, that is, the exposure
they would choose if allowed to optimize their portfolios freely. For passive investors, the prescribed
portfolio coincides with this counterfactual choice, while the leverage constraint does not distort
the low-risk-aversion investor’s benchmark allocation. The term in brackets is therefore zero for
every investor at the point around which we perturb.

By the envelope theorem, first-order deviations in risk exposure have only second-order effects
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on the consumption-wealth ratio. Thus, the consumption-wealth ratio does not respond to portfolio
flows at first order, and goods-market clearing leaves the price-dividend ratio unchanged. In the
simple model of Section 2, this property was imposed as an assumption; here it emerges as a result
of expanding around the efficient allocation.

This reasoning also suggests that an inefficient initial allocation of risk plays an important role
in delivering finite aggregate market elasticity. Capturing these effects requires a second-order
approximation of the demand system.

4.3 Determinants of aggregate market elasticity

We next turn to a second-order approximation of the demand system to study the determinants
of aggregate market elasticity. To isolate the mechanism that generates inelastic markets more

clearly, we consider the special case without preference heterogeneity or leverage constraints.

Second-order price response. Up to second order, the price-dividend ratio for the aggregate
claim takes the form:

(ap,t - 1)2

Pri = ay(x) + by (x,)(@p, — 1) + ey (x,) + O(€Y), (21)

where ay(x), by(x), and cy(x) are functions to be determined.
A passive flow changes x,;(@p; — 1). Thus, the inverse aggregate market elasticity defined
above is given by:'¢
o 1 0pyy  ay(x) by (x;)

eyt ———L= (@ps — 1) + — + O(€?).
xp,, aa’pJ xp,t pr

Hence, characterizing aggregate market elasticity amounts to determining ay (x;) and by (x;).

Risk misallocation and consumption. To understand why the second-order allocation of risk
matters for prices, consider its effect on consumption-saving decisions. Aggregating Equation (13)

across investors in the case without preference heterogeneity and using market clearing gives

¢ =yp+(1-y) ”z+7TY,t_%HO'Ry,z”szj,t(l+(Ij,t)2 +§t+0(€3),
JET

aggregate risk-adjusted expected return

161n this definition, we consider the effect of a change in a@p; holding x, ; fixed. Appendix E.2 shows that the
endogenous response of x, ; to a portfolio-flow shock affects prices only at higher order. Hence, it does not contribute
to aggregate market elasticity up to second order.
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where ¢; = ;e 7 xj.4¢;.1» and we used the fact that o, = (1 + g;,)o + O(€?). The expression in
brackets captures the current return to saving, adjusted for the risk borne by investors.

Because risky-claim market clearing implies >’ ;c 5 x;:q; = 0,

ij,t(l + qj,,)z =1+ Z xj,tq?’t.

JjeT JeT

Thus, the first-order effects of reallocating risk cancel, but the second-order effects do not. At the
frictionless allocation, all investors hold the aggregate risk exposure, so g;, = 0 for every j. We
therefore interpret ;¢ ¢ X j,,qit as a measure of risk misallocation.

A passive flow changes this dispersion by shifting risk between passive and active investors.

Without preference heterogeneity or leverage constraints,

_ Xpt .
dpt = Apr — L, qdjr = _x_(a/p,t - 1)’ J € {h,f},

at

where x,; = 1 — x,, is the wealth share of active investors. Consequently,

Xpt
Z xj,tqit =L (ap, — 1)2 + 0(63).

: x
jeg &t

When ¢ > 1, an increase in risk misallocation reduces the risk-adjusted return and weakens the
incentive to save, raising the aggregate consumption-wealth ratio.

The second-order expansion of the consumption-wealth ratio ¢; = ¢, — ¢* is given by

¢t = X0+ + XpPrs + 0(63)’
where x, = (¢ — 1)d,, and yo, is given by

Yloll® xp.s

Xa,t

xor =W —1)

The first term captures risk misallocation, while the second captures the endogenous drift and
volatility of the price-dividend ratio. Both terms respond to portfolio flows.

Thus, at second order, portfolio-flow shocks shift not only demand for the risky claim but also
the consumption-wealth ratio schedule. This shift reflects both changes in risk misallocation and

the endogenous dynamics of the price-dividend ratio.

The aggregate market elasticity. As in the first-order analysis, risky-claim market clearing
determines the risk-premium response, while goods-market clearing determines the price-dividend
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Figure 3. Equilibrium with inefficient risk allocation: risky-claim (left) and goods (right) markets.

ratio. Goods-market clearing therefore requires the price-dividend ratio to satisfy

Xou + XpPra = ~dpPy; + O(€) = pyy = —— 1+ 0(Y).
Xpt+dp
Thus, price impact is governed by how portfolio flows affect consumption-saving decisions, not
directly by the individual demand elasticities {; , and {; .. The expression above is the analog of
the price response to a fundamental shock in the simple model of Section 2.
Using the quadratic expansion in Equation (21) to evaluate u,,; and 0, ;, and matching

coeflicients in goods-market clearing, yields the following result.

Proposition 4 (Aggregate elasticity under passive demand). Let x,, = 1 — x,,; denote the wealth
share of active investors. Without preference heterogeneity or leverage constraints, the inverse

aggregate market elasticity is given by:

-1 2
el = 11—y yllo] -5+ y—1 o o7
Yo = —Qp @
g dp+ 2Ky, Xgy dy+k, "

+ 0(62) . (22)

Proposition 4 provides our main analytical result, a characterization of the aggregate market
elasticity in an economy subject to portfolio-flow shocks. Several important implications follow
from Equation (22).

First, the market is infinitely elastic in the unit EIS case, ¢ = 1. As is well known, the price-
dividend ratio is essentially pinned down by the subjective discount rate in this case, so movements
in risk premia are offset by opposite movements in the interest rate. The consumption-wealth ratio
is then not affected by portfolio flows, causing the aggregate market elasticity to be infinite.

Second, in the case o, = 0, aggregate market elasticity is finite as long as the initial allocation

of risk is inefficient, that is, @,, # 1. As in the analysis of a fundamental shock in Section 2,
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portfolio-flow shocks simultaneously shift demand for the risky claim and the consumption—wealth
ratio schedule, generating positive price impact. Figure 3 illustrates the mechanism. If initially
a,; < 1, a portfolio inflow into the risky claim reduces risk misallocation. When ¢ > 1, this
increases the incentive to save, reducing the consumption—wealth ratio.!” This raises the price—
dividend ratio, as shown in the right panel of Figure 3. In equilibrium, the interest rate only partially
offsets the risk-premium response, as shown in the left panel of Figure 3.

Third, when y > 1, price impact is positive even if the initial allocation of risk is efficient,
ap = 1, when portfolio-flow shocks are positively correlated with fundamental shocks, o, o’ >0.
The mechanism again operates through the consumption-wealth ratio. The equilibrium price impact

generates endogenous return volatility:
_ -1 Io) 3
Ryt = O +Xp 1€y 0o, + O(€).

Thus, correlated portfolio-flow shocks change the endogenous volatility of the risky-claim return.
When ¢ > 1 and y > 1, a portfolio inflow from the efficient allocation reduces this volatility
contribution, lowers the consumption—wealth ratio, and raises the price—dividend ratio.'®

Fourth, the price impact is state-dependent. In a numerical illustration, Figure 4 shows that
the price impact is larger when the active wealth share is low, reflecting their limited risk-bearing
capacity. Hence, the market is endogenously more inelastic in bad times, when active investors
are undercapitalized. Moreover, a reduction in active wealth share raises the price impact by more
when passive investors are further from the efficient allocation. For simplicity, we focus on the
case 0, = 0, so there is no price impact when the passive portfolio is initially efficient.

Finally, market elasticity depends on the persistence of portfolio-flow shocks, governed by
kp. Faster mean reversion reduces price impact, and in the limit in which flows are transitory,
kp — oo, the market becomes infinitely elastic. This comparative static echoes Gabaix and Koijen
(2023), who show that faster mean reversion in flows lowers the multiplier. Binsbergen et al.
(2025) likewise show that persistence is central to both the identification of demand elasticities
and the dynamic interventions required to sustain a given price path. The common lesson is that
persistence is an essential part of the mapping from quantities to prices. These effects arise from
equilibrium reallocations of aggregate risk over time rather than from the short-horizon trading
frictions studied in market microstructure. In this respect, our mechanism is closer to the literature

on market macrostructure (see, e.g., Haddad and Muir, 2025).

"This mirrors the mechanism in representative-agent models in which an increase in uncertainty reduces risky
asset prices only when ¢ > 1 (see, e.g., Bansal and Yaron, 2004).

131n the case Ta, o7 = 0, the impact of 0 a, On return variance is negligible up to second order, as flow risk is
essentially diversifiable. The logic is reminiscent of why zero-beta assets have zero excess returns in the CAPM.
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Figure 4. Price impact: inefficient passive demand.

Risk premium and interest rate. Having characterized the price response to portfolio flows, we
now describe the corresponding adjustments in the market price of risk, the risk premium, and the

interest rate.

Proposition 5 (Market price of risk, risk premium, and interest rate). Consider the case without

preference heterogeneity or leverage constraints. Then:

1. The market price of risk is given by

M = YXaa0 + [1 = Hay| ¥xpi8y 00, + O(€), (23)
where | _ 1
— Xpip, I -y
oy = ey 1y i_]_
1- xp,t lﬁ -1 Xa,t

2. The risk premium is given by
ny; =m0 + 7xp,t8;,lt0},p(TT +0(e). (24)

3. The interest rate is given by

Yo 2 :
L @ = 1 = (=) + 0.
a,t

re=rt+(1-y™)

Equation (23) shows that the market price of risk depends on two terms. The first captures

the net supply of risk absorbed by active investors, summarized by y, ;0. When passive investors
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hold more of the risky claim, less aggregate risk must be absorbed by active investors, reducing the
market price of risk.

The second term captures the effect of endogenous volatility, x p,,‘s;}to-ap. The magnitude and
sign of this effect are modified by the hedging demand of active investors, summarized by the
coefficient H, ;.

The risk premium satisfies y ; = n,cr;y, .- InEquation (24), the first term prices the fundamental
exposure o, while the second arises from the endogenous return exposure generated by portfolio
flows. Portfolio-flow shocks therefore contribute directly to the risk premium on the aggregate
claim when they covary with fundamental risk, 07,077 # 0.

The risk premium incorporates compensation for portfolio-flow risk, in line with noise-trader
models (see, e.g., De Long, Shleifer, Summers, and Waldmann, 1990) and the preferred-habitat
framework of Vayanos and Vila (2021). Unlike these frameworks, however, our model explicitly
incorporates wealth effects in portfolio choice, so the wealth distribution plays a central role in
determining risk premia.

The interest rate offsets the change in the market price of fundamental risk through the
term —(n, — n*)o . Risk misallocation, however, contributes an additional term by changing
consumption-saving incentives. The interest-rate adjustment therefore does not perfectly offset
the risk-premium response, consistent with the general equilibrium mechanism characterized in

Proposition 4.

4.4 Amplification mechanisms

We now enrich the analysis along two dimensions. Preference heterogeneity and leverage
constraints affect aggregate price impact by changing the risk-bearing capacity of marginal investors.
The presence of multiple claims introduces an additional distinction between the price impact on

the aggregate claim and on equity.

Preference heterogeneity and leverage constraints. The next proposition shows how preference
heterogeneity and binding leverage constraints affect aggregate market elasticity.

Proposition 6 (Aggregate market elasticity with heterogeneity and leverage constraints). Suppose
a=1+aeandy; =y(l+7yje) foreach j € J. In the regime in which the leverage constraint
binds, suppose also that & = ||o||(1 + &€). Then, the inverse aggregate market elasticity is given
by

2 |y, Kk, (@7 — @) — Doy, o7
ot = (=g T Dot GG 0 28 2 DO | ),

— Wy +
Dt Dt
dy +2k, Xy dp +kp dy +kp
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Figure 5. Price impact comparisons.
Panel (a) compares heterogeneous and homogeneous preferences. Panel (b) shows the sensitivity of the price impact
to wealth distribution among active investors for different passive portfolio shares. Leverage constraints are slack.

where x.; is the wealth share of active investors whose constraint binds and X, ; = Xq; — Xy IS

the wealth share of unconstrained active investors. The term Ezpt is the passive investors’ optimal
portfolio share, given by
ot _ 4 xus  Yp —Efly)] Xet ( fo )
g7 T - )
P I—Xxcs Y 1= xc\ ol

with EY [y;] denoting the wealth-weighted average risk aversion of unconstrained active investors.

Proposition 6 characterizes aggregate market elasticity in this richer environment. The price
impact now depends on the difference between the optimal and actual passive portfolio shares,
5;?; — a@p,. The optimal passive share is the portfolio share that passive investors would choose if
they were allowed to optimize their portfolios freely. In the absence of preference heterogeneity and
binding leverage constraints, the optimal passive share is E;?; = 1. We then recover Proposition 4
after imposing @ = 1.

Preference heterogeneity and leverage constraints introduce additional state dependence through
the distribution of wealth and which constraints bind. Consider first the case in which leverage
constraints are slack and passive investors are more risk averse than active investors, y, > E[y;].
Holding the composition of active investors fixed, the optimal passive share rises when active

investors become less capitalized:

—opt
oy Bl
axa,t Y .

Under these conditions, shocks that reduce active wealth make the market endogenously more
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Figure 6. Price impact under binding leverage constraints. Panel (a) compares binding and slack leverage constraints
while holding x, ; = 0.10; hence, x. ; = x¢; in the binding regime and x. ;, = 0 in the slack regime. Panel (b) plots the
price impact as a function of x. ; for different values of x, ;.

inelastic. Active investors’ risk-bearing capacity declines, while the gap between the optimal and
actual passive portfolio shares widens. Together, these forces generate a sharp increase in price
impact as x,; declines, as shown in the left panel of Figure 5.

The distribution of wealth among active investors also matters. An increase in the share of high
risk-aversion active investors, wp; = X /X4, raises the average risk aversion of active investors,
Ef[v;], reducing aggregate risk-bearing capacity and making the market more inelastic, as shown
in the right panel of Figure 5.

When leverage constraints bind, portfolio-flow shocks must be absorbed by a smaller set of
unconstrained investors. Their remaining risk-bearing capacity becomes a key determinant of price
impact. The left panel of Figure 6 plots price impact against the active wealth share x,; = 1 —x;.
To isolate the role of constraints, we set v, = EJ[y;], removing pure preference heterogeneity
effects. Asx,; declines, price impact rises more sharply under binding constraints. The right panel

holds x,; fixed and shows that price impact rises with the constrained share x ;.

Price impact of the equity claim. So far, we have focused on how portfolio flows affect the price of
the aggregate claim. Empirically, however, the main object of interest is the equity market. Because
dividends are more exposed to fundamental risk than aggregate output, the general equilibrium
offset between the interest rate and the aggregate risk premium does not extend to equity. The next

proposition characterizes the resulting equity price impact.

Proposition 7 (Market elasticity of the equity claim). Define the inverse elasticity of the equity
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; -1 — _1 dlogpps
claim by €pi =5, day. Then,

-1 ¢ -1 -1
SD,Z = dD +Kp gr,l‘ +O(6)’

where ¢ L is the first-order risk-premium response defined in Proposition 3.

Proposition 7 shows that equity price impact arises at first order, even though the price impact
on the aggregate claim is zero at first order. A portfolio inflow raises the interest rate and lowers the
risk premium on the aggregate claim by the same amount, leaving its valuation ratio unchanged.
Equity cash flows load on fundamental risk with exposure ¢o-, so the decline in the equity premium
is ¢ times as large as the decline in the aggregate risk premium. The interest-rate response therefore
offsets only part of the equity-premium response when ¢ > 1.

The magnitude of equity price impact increases with cash-flow leverage, ¢, and with the inverse
cross-elasticity, £, L. Tt decreases with «,, because transitory portfolio flows have smaller effects
on equity valuations. When ¢ = 1, equity is proportional to the aggregate claim and the first-order

equity price impact disappears.

Taking stock. This section provides a detailed characterization of market elasticity in a general
equilibrium setting with frictions. For the aggregate claim, portfolio flows affect prices only when
they alter consumption—saving decisions. This occurs when risk is initially misallocated or when the
economy is systematically exposed to portfolio-flow shocks. Preference heterogeneity and leverage
constraints further amplify this price impact in bad times by reducing effective risk-bearing capacity.
Equity exhibits an additional source of price impact because its cash flows are more exposed to
fundamental risk than aggregate output. Cash-flow leverage breaks the general equilibrium offset
between the interest rate and the aggregate risk premium, generating equity price impact already at
first order. We next examine the robustness of the general equilibrium mechanism before turning

to its quantitative implications.

S Robustness of the General Equilibrium Mechanism

The baseline mechanism operates through two margins: household consumption responds to
flow-induced changes in wealth, and the interest rate adjusts to clear the goods market. This section
examines the robustness of the mechanism along each of these margins. First, we introduce wealthy
hand-to-mouth investors whose consumption does not respond to wealth and show that, under a
natural benchmark, equilibrium prices and normalized allocations remain unchanged even when the

fraction of optimizing investors is arbitrarily small. Second, we introduce production, sticky prices,
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and monetary policy and show that an inflation-targeting central bank implements the endogenous

interest-rate adjustment of the baseline model.

5.1 Wealthy hand-to-mouth consumers

The analysis so far assumes that households choose consumption optimally. In particular,
their consumption responds to changes in wealth, so asset-price movements affect goods demand.
This wealth-effect channel is consistent with evidence that stock-market wealth has economically
significant effects on consumption and real activity (Chodorow-Reich et al., 2021).

Not all asset holders, however, adjust consumption in response to changes in the market value of
their wealth. A substantial fraction of households hold sizable illiquid assets while consuming their
current income, a behavior commonly described as wealthy hand-to-mouth (Kaplan and Violante,
2014). Moreover, the marginal propensity to consume out of capital gains is small relative to the
marginal propensity to consume out of dividend income (Di Maggio et al., 2020). To capture
this behavior, Appendix B introduces investors who own a fixed fraction of aggregate assets and
consume their current payouts rather than choosing consumption optimally.

Perhaps surprisingly, introducing these non-optimizing investors does not attenuate the equi-
librium effects of portfolio flows. The appendix establishes an exact neutrality result. For any
path of the passive portfolio share, introducing wealthy hand-to-mouth investors leaves equilibrium
prices, interest rates, risk premia, and the normalized allocations of all other investors unchanged.
The general equilibrium mechanism therefore does not require all investors to choose consumption
optimally. It remains operative even when the fraction of optimizing investors is arbitrarily small.

Why does the equilibrium response remain unchanged as the hand-to-mouth sector grows?
Two opposing forces are at work. Because fewer households adjust consumption when wealth
changes, the direct wealth effect becomes weaker. At the same time, the goods-market adjustment
is concentrated among a smaller optimizing sector, amplifying its consumption response in exactly
the same proportion. When the hand-to-mouth sector consumes the payouts on its asset holdings,
these two forces exactly cancel.!” This logic parallels neutrality results in heterogeneous-agent
New Keynesian models (Werning, 2015; Bilbiie, 2008).2°

5.2 Monetary policy

Our characterization of aggregate market elasticity uses an endowment economy in which the

interest rate adjusts endogenously to clear the goods market. Because short-term interest rates are

19 Appendix B uses the simple model of Section 2 to characterize departures from this neutrality benchmark when
the hand-to-mouth sector’s consumption share differs from its wealth share.

20For recent evidence that this neutrality benchmark provides a good empirical approximation, see, e.g., Bilbiie,
Galaasen, Giirkaynak, Mahlum, and Molnar (2025).
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controlled by central banks, one might instead expect the constant-interest-rate benchmark to be
relevant. More generally, one might expect policy rates to be governed by inflation dynamics and
therefore independent of equity portfolio flows. Does central-bank control eliminate the endogenous
interest-rate adjustment at the center of our mechanism?

Appendix C addresses this question by introducing production, sticky prices, and monetary
policy into the model of Section 3. The flexible-price equilibrium is equivalent to the baseline
endowment economy, with the equilibrium interest rate becoming the natural rate of interest.
The natural rate therefore coincides with the equilibrium interest rate in the baseline model, and
aggregate market elasticity is unchanged.

With sticky prices, a central bank pursuing price stability implements the flexible-price alloca-
tion by moving the policy rate with the natural rate. An inflation-targeting central bank therefore
responds to persistent portfolio flows in exactly the same way as the interest rate in the baseline
model. Central-bank control of the short-term rate does not make the interest rate independent of
financial conditions.

To understand this result, consider a persistent portfolio outflow from equities into the risk-free
asset. If the central bank held the real interest rate fixed, the resulting decline in equity prices would
reduce household wealth and consumption. The contraction in aggregate demand would create
an output gap and deflationary pressure. Maintaining price stability therefore requires the central
bank to cut the policy rate to the natural rate implied by the baseline model. This mechanism is
consistent with evidence that policymakers respond to stock-market declines in large part because
of their potential effects on consumption (Cieslak and Vissing-Jorgensen, 2021).%!

An important implication is that even a central bank concerned only with inflation has an
incentive to track financial conditions and respond to asset-price movements induced by portfolio
flows. This implication connects our analysis to recent work on financial-conditions targeting
(Caballero et al., 2024; Caballero and Simsek, 2026). In that work, stabilizing financial conditions
can be desirable beyond their direct effects on output and inflation because policy also affects private
risk-bearing capacity. We show that, even without this additional motive, price stability itself
requires monetary policy to respond when flow-induced asset-price movements affect aggregate

demand through household wealth.

6 Quantitative Implications

We now evaluate the quantitative implications of the dynamic model of Section 3. We first

describe the calibration and evaluate the model’s implications for sectoral balance sheets, portfolio

2l For discussions of monetary models with wealth effects from asset-price revaluations, see, e.g., Caballero and
Simsek (2020) and Caramp and Silva (2026).
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flows, aggregate price impact, and standard asset pricing moments. The baseline model generates
price impact for the dividend claim consistent with the lower end of the empirical estimates.
We then extend the model by allowing non-fundamental portfolio-flow shocks to affect investors’
expectations of future cash-flow growth, consistent with recent evidence on expectations. This
belief-distortion mechanism further amplifies price impact. Finally, we examine the model’s
implications for state-dependent price impact and return predictability.

We solve the full dynamic system numerically using the deep neural network method of Duarte
etal. (2024). We follow Gopalakrishna and Wu (2026) and use vectorized automatic differentiation
to compute derivatives and approximate the equilibrium functions. Appendix G.3 describes the

numerical procedure in detail.

6.1 Calibration

We calibrate the model using U.S. data on aggregate cash flows, sectoral portfolio holdings,
and portfolio flows. The calibration has three blocks: technology, preferences and the cross section
of investors, and passive demand. Table | reports the resulting parameter values. We evaluate the

resulting model-implied price impact against the empirical range discussed below.

Technology. We set the endowment growth rate to u = 1.8% and its volatility to ||| = 3.0%,
consistent with U.S. aggregate consumption data (Campbell and Cochrane, 1999). We set the
cash-flow leverage parameter to ¢ = 4.6, implying annual dividend-growth volatility of 13.8%,
matching the full-sample CRSP estimate in Atkeson, Heathcote, and Perri (2026).

Preferences and the cross section of investors. We aggregate Flow of Funds (FoF) sectors into
three ultimate sectors: a passive sector, a high-risk-aversion active sector, and a low-risk-aversion
active sector.””> We set a common elasticity of intertemporal substitution = 1.5, in line with Bansal
and Yaron (2004), and set the effective discount rate to p = 0.0155. The risk-aversion coefficients
are y, = 12.4, y, = 25.0, and y, = 4.8. We jointly choose the sector masses, risk-aversion
coeflicients, and leverage-constraint tightness to match sectoral asset shares and asset-to-equity
ratios in the FoF data. The resulting wealth-weighted aggregate risk aversion is approximately 8.3.

We set the agent turnover rate to « = 0.0145 so that the simulated wealth distribution is close
to its empirical counterpart. The low-risk-aversion active investors are subject to the occasionally
binding leverage constraint. Its tightness is o = 0.072, chosen to match the asset-to-equity ratio of

their sector.

22We follow the aggregation in Koijen, Richmond, and Yogo (2024). Appendix G.1 describes the sector mapping
and the treatment of pass-through vehicles.
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Parameter Choice

Technology
U Endowment growth rate 0.018
el Endowment volatility 0.030
1) Cash-flow leverage parameter 4.60

Preferences & distribution

V4 EIS 1.50
P Effective discount rate 0.0155
K Agent turnover rate 0.0145
Yp Passive-sector risk aversion 12.37
Yh High active-sector risk aversion 25.00
Ve Low active-sector risk aversion 4.80
wp Share of passive agents 0.65
wp Share of high-risk-aversion active agents 0.30
Wy Share of low-risk-aversion active agents 0.05
o Tightness of the leverage constraint 0.072

Passive demand

a Mean 0.52
Kp Mean reversion parameter 0.10
|oa,ll Passive-demand volatility 0.032
Vp Corr. of passive demand and fundamental shock  0.08

Table 1. Parameter values.

This table reports the parameter values used to calibrate the model. Technology parameters are disciplined by aggregate
consumption and CRSP dividend growth. Risk-aversion parameters and sectoral masses are chosen jointly to match
sectoral asset shares and asset-to-equity ratios. The leverage-constraint tightness targets the asset-to-equity ratio of
the low-risk-aversion active sector. Passive-demand parameters are disciplined by the average passive portfolio share,
household portfolio inertia, the volatility of quarterly aggregate equity flows, and the correlation between annual
changes in the passive portfolio share and annual dividend growth.

Passive demand. The long-run portfolio share of passive investors @ = 0.52 is the household-
weighted average implied by our FoF aggregation. This value lies between the one-third estimate of
Chinco and Sammon (2024), inferred from index-reconstitution events, and the roughly two-thirds
estimate of Koijen et al. (2024), based on active share measures in the spirit of Cremers and Petajisto
(2009).

We discipline portfolio-share volatility ||, || using the volatility of quarterly aggregate equity
flows. We construct the flow series from FoF sectoral holdings, scale each sector’s dollar equity
flow by lagged aggregate market capitalization, remove mechanical revaluation, and aggregate
gross flows across sectors, dividing by two to avoid double counting. This procedure replicates
the quarterly flow series in Figure D.7 of Gabaix and Koijen (2023). Appendix G.2 describes the
construction and time-series properties of the flow series.

The persistence parameter k,, is informed by evidence on household portfolio inertia. Using
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PSID data, Brunnermeier and Nagel (2008) estimate portfolio-inertia coeflicients that imply «, €
[0.06,0.14]. We set k, = 0.10, the midpoint of this range.

Finally, v, = o-o-(;rp /Ul |l low, |) is the correlation between passive-demand innovations and
the aggregate fundamental shock. We set v, = 0.08, matching the contemporaneous correlation
between annual changes in the passive portfolio share implied by our FoF aggregation and annual
real dividend growth from CRSP.

6.2 Baseline results

We next examine the unconditional implications of the calibrated economy. We simulate a panel
of 16 paths of the economy at monthly frequency for 1,400 years each, discard the first 25% of each
path as burn-in, and report the resulting moments in Table 2. These include standard asset pricing
moments for the dividend and endowment claims, sectoral balance sheets, and the price impact of

both claims. The risk premium, return volatility, and price impact are not direct calibration targets.

Price impact regression. To estimate the model-implied price impact of the dividend claim, we
regress the change in the log price-dividend ratio on the innovation to passive demand, scaled by

the passive sector’s lagged wealth share:
Alog(P/D); = ag+bifi+er,  fi =T Xpat, (26)

where 5;31 denotes the innovation to passive demand. Because passive demand innovations may
be correlated with fundamental shocks, we instrument f; with its component orthogonal to the
aggregate fundamental shock. The resulting coefficient isolates the response of prices to non-
fundamental portfolio flows.

Equation (26) is the model counterpart of the price-impact regression in Gabaix and Koijen
(2023). Scaling by the lagged passive wealth share x,, ;_; converts the per-unit-mass shock into an
aggregate flow. Using the orthogonal flow component as an instrument parallels the GIV strategy
of isolating variation in aggregate flows that is unrelated to common fundamentals.”> We estimate

the price impact of the endowment claim analogously.

Empirical evidence on price impact. Empirical estimates of aggregate equity price impact
span a meaningful range. Using predictable flows generated by dividend payouts in the U.S.,

Hartzmark and Solomon (2025) estimate price impacts between 1.5 and 2.3. Using coordinated

23Gabaix and Koijen (2023), following Gabaix and Koijen (2024), remove observed and latent common factors
from sector-level flows and construct a granular instrument from the remaining idiosyncratic variation. They use this
instrument to address the simultaneity of prices and aggregate flows.
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Moment Model Data

Panel A. Dividend-claim moments

Risk premium (%) 5.9 6.3
Risk-free rate (%) 1.8 0.9
Return volatility (%) 19.0 19.4
Quarterly gross-flow volatility (%) 0.5 0.5
Price impact 22 15-59
Panel B. Endowment-claim moments

Risk premium (%) 1.1 —
Return volatility (%) 3.6 —
Price impact 0.1 —

Panel C. Sector balance-sheet moments

Assets/Equity (high-risk-aversion active) 0.2 0.5
Assets/Equity (low-risk-aversion active) 1.9 1.6
Asset share (passive, %) 42.5 44.0
Asset share (high-risk-aversion active, %) 17.8 22.8
Asset share (low-risk-aversion active, %) 39.7 33.1

Table 2. Unconditional moments.

This table reports model-implied and empirical unconditional moments for the dividend and endowment claims,
together with sectoral balance-sheet moments, in the baseline economy. The empirical moments for the risk premium,
risk-free rate, and return volatility are from Bansal and Yaron (2004). Model moments are computed from a monthly
simulated panel of 16 paths of 1,400 years each, after discarding the first 25% of each path. Model price impact
is estimated by instrumenting aggregate portfolio flows with their component orthogonal to the fundamental shock.
Asset/Equity denotes the ratio of risky asset holdings to equity for the high- and low-risk-aversion active sectors.
Empirical asset shares are normalized by the combined holdings of the three modeled sectors and therefore sum to
one. Quarterly gross-flow volatility is the standard deviation of the gross reallocation measure constructed by summing
absolute sectoral flows and dividing by two. Returns and interest rates are annualized; portfolio flows are quarterly.

reallocations by Chilean pension fund investors, the estimates of Da et al. (2018) imply a price
impact of approximately 2.2. Across alternative GIV specifications, Gabaix and Koijen (2023)
obtain estimates between 4.7 and 5.9. These exercises isolate different sources of portfolio flows,
but together suggest an empirical range of approximately 1.5 to 5.9. Table 2 reports this range

rather than selecting a single empirical target.

Price impact and asset pricing moments. The baseline economy delivers a price impact of
approximately 2.2, in line with the estimate of Da et al. (2018) and near the lower end of the empirical
range. Thus, heterogeneity, risk misallocation, and leverage constraints generate substantial price
impact, although they do not by themselves reach the upper end of the range.

For the dividend claim, the model delivers a risk premium of 5.9%, a risk-free rate of 1.8%,
and return volatility of 19.0%. The risk premium and return volatility are close to their empirical

counterparts, while the risk-free rate is modestly above its empirical target.
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The distinction between the dividend and endowment claims is quantitatively important. Panel B
of Table 2 shows that the price impact for the aggregate endowment claim is only 0.13, roughly
16 times smaller than that for the dividend claim. Equivalently, the model-implied aggregate
elasticity is roughly 7.4 for the endowment claim but only 0.5 for the dividend claim. Thus, while
heterogeneity and frictions generate finite price impact for the aggregate claim, cash-flow leverage
substantially amplifies the price impact of equity.

The model also roughly matches sectoral balance sheets, as shown in Panel C of Table 2.
The low-risk-aversion active sector is levered, with an asset-to-equity ratio of 1.9 in the model
versus 1.6 in the data, whereas the high-risk-aversion active sector is conservative, with a ratio of
0.2 versus 0.5. The distribution of risky assets across the passive, high-risk-aversion active, and
low-risk-aversion active sectors is also broadly in line with the data.

While the model is able to generate realistic asset pricing moments with a substantial price
impact, it does not reach the upper end of the empirical estimates. We show next that introducing

a belief-distortion mechanism can close this gap.

6.3 The belief-distortion mechanism

Recent evidence by Chaudhry (2025) indicates that an increase in prices unrelated to cash
flows raises analysts’ cash-flow expectations. We extend the baseline model by allowing investors’
cash-flow expectations to respond to non-fundamental portfolio-flow shocks. We focus on the main

changes relative to the baseline model, and relegate a detailed description to Appendix D.

The model with belief distortions. As in the baseline model, we assume that cash flows evolve
according to Equations (9) and (10) under the objective measure. We allow subjective beliefs to
differ from objective beliefs, with the subjective cash-flow process given by

dy; dD,

L= (u+m)dt+odZ, L= (u+¢my)dt + ¢po dZ,
Y; Dy,

where Z;, € R? is a Wiener process under the subjective measure.**

The term m, captures the belief distortion, and it is allowed to respond to non-fundamental
portfolio-flow shocks. We assume that these beliefs are common across all investors. Formally, m,
evolves according to

dm; = —k,m; dt + 0 dF;,

where dF, = 0y,2dZ,, is the component of the passive-demand innovation orthogonal to the

24This formulation is consistent with the following change of measure from the objective to the subjective measure:
dZ; = dZ, — h] dt, where h, = (ﬂ ()).

o’
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Moment Model Data

Risk premium (%) 5.1 6.3
Risk-free rate (%) 1.9 0.9
Return volatility (%) 15.0 19.4
Quarterly gross-flow volatility (%) 0.5 0.5
Price impact 3.0 1.5-59

Table 3. Belief distortions without preference heterogeneity or leverage constraints.

This table reports model-implied and empirical unconditional moments for the dividend claim in the economy with
belief distortions, homogeneous risk aversion, and slack leverage constraints. Empirical targets, simulation conventions,
and the construction of price impact and quarterly gross-flow volatility follow Table 2.

fundamental shock. A positive flow innovation raises investors’ expectations of future endowment
and dividend growth even though it does not change actual cash flows. This specification captures
in reduced form the mislearning from prices studied by Bastianello and Fontanier (2025).>° The
parameter 6 governs the initial belief response, while «, governs how quickly the distortion

dissipates. The rest of the model is unchanged, so we recover the baseline model when 6 = mg = 0.

Calibrating the belief-distortion mechanism. We set the response of beliefs to portfolio flows to
6 = 0.08. To discipline this parameter, we consider an economy without preference heterogeneity or
leverage constraints, which isolates the belief-distortion mechanism from the rational mechanisms
emphasized in Section 4. In this economy, the calibration implies that a one-percent increase in
prices induced by non-fundamental flows raises expected cash-flow growth by approximately 0.12
percentage points, coinciding with the average treatment effect estimated by Chaudhry (2025).
We set the mean-reversion parameter to k,, = 0.20, corresponding to a half-life of approximately
three and a half years. This persistence is consistent with Chaudhry’s evidence that the response
of expectations does not reverse over the following year but dissipates over longer horizons. The
belief state m, adds a fourth state variable to the dynamic model. We solve the resulting system

using the same neural network method as in the baseline economy, as described in Appendix G.3.

Quantitative implications. We first study the behavioral mechanism in an economy with homo-
geneous risk aversion and slack leverage constraints. Table 3 reports the resulting unconditional
moments. The belief-distortion mechanism generates a substantial dividend-claim price impact
of 3.0, but still below the upper end of the empirical range. The mechanism is reminiscent of
the fundamental shock in Section 2: although current resources do not move, perceived cash-flow
news shifts the consumption-wealth schedule and thereby increases the price response required for

goods-market clearing. Both the rational and behavioral mechanisms therefore operate through

2 See also Bastianello (2026) for a discussion of the connection between this mechanism and demand elasticity in
the context of a model with a constant risk-free return.
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Price P/D Flow-driven Return Risk

Economy impact volatility (%) volatility (%) volatility (%) premium (%)

Panel A. Dividend claim

Rational, no frictions 0.32 0.70 0.47 14.31 491
Rational, full frictions 2.16 6.05 2.90 18.96 5.89
Behavioral, no frictions 3.03 4.57 4.45 14.98 5.10
Behavioral, full frictions 6.19 9.63 8.03 20.17 6.37
Panel B. Endowment claim

Rational, no frictions 0.02 0.08 0.04 3.07 1.06
Rational, full frictions 0.13 0.66 0.18 3.64 1.13
Behavioral, no frictions 0.30 0.45 0.44 3.10 1.05
Behavioral, full frictions 0.57 0.98 0.74 3.73 1.16

Table 4. Financial frictions and belief distortions.

This table compares rational and behavioral economies with and without financial frictions. No frictions denotes
homogeneous risk aversion and slack leverage constraints; full frictions introduces preference heterogeneity and the
leverage constraint. In each no-frictions economy, common risk aversion equals the wealth-weighted average in the
corresponding full-frictions economy: 8.27 under rational beliefs and 7.87 under distorted beliefs. Price-dividend-ratio
volatility is the annualized standard deviation of changes in the log price-dividend ratio. Flow-driven volatility is the
product of price impact and the annualized volatility of the component of aggregate portfolio flows orthogonal to the
fundamental shock. Panel A reports results for the dividend claim, whose cash-flow volatility is 13.8%; Panel B reports
results for the endowment claim, whose cash-flow volatility is 3.0%.

the consumption-wealth ratio. Under the rational mechanism, flows change the degree of risk
misallocation and hence risk-adjusted expected returns. Under the behavioral mechanism, flows
change investors’ expectations of future cash flows.

The behavioral economy generates an equity premium of 5.1% and return volatility of 15.0%.
Thus, although belief distortions generate substantial price impact, they are not sufficient to match
the observed volatility or the upper range of price-impact estimates. We consider next the interaction

of the belief-distortion mechanism with the financial frictions emphasized in the baseline model.

6.4 Price impact with financial frictions and belief distortions

We have seen that financial frictions and belief distortions each generate substantial price impact
in isolation, but neither reaches the upper end of the empirical estimates. We now study their joint
impact. To separate the two mechanisms, we compare four economies that combine objective or
distorted beliefs with homogeneous and unconstrained investors or with preference heterogeneity
and a leverage constraint. We hold the parameters governing belief distortions fixed at the values
used in Section 6.3. Table 4 reports the results for the dividend claim in Panel A and the endowment
claim in Panel B.

Table 4 delivers three main results. First, each mechanism independently generates substan-

tial price impact. Under objective beliefs, introducing preference heterogeneity and the leverage
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constraint raises dividend-claim price impact from 0.32 to 2.16. With homogeneous and uncon-
strained investors, introducing distorted beliefs raises price impact from 0.32 to 3.03. Second, the
mechanisms are quantitatively complementary. Combining them raises price impact to 6.19, above
the value obtained by adding their separate incremental effects. This value exceeds even the upper
end of the GIV point estimates in Gabaix and Koijen (2023), while remaining within the 95%
confidence interval around their directly estimated GIV multiplier.”°

A factorial decomposition quantifies this complementarity. Relative to the homogeneous ratio-
nal benchmark, rational frictions account for 31% of the total amplification, belief distortions for
46%%, and their interaction for the remaining 23%. Thus, rational forces and belief distortions make
similarly important contributions, and their interaction provides additional amplification.

Third, the two mechanisms play different quantitative roles. Preference heterogeneity and the
leverage constraint raise both return volatility and price-dividend-ratio volatility. Belief distortions
instead make valuations substantially more sensitive to flows while having little effect on return
volatility or the equity premium in the economy without financial frictions: they raise price impact
from 0.32 to 3.03 and flow-driven volatility from 0.47% to 4.45%. When belief distortions and
financial frictions operate together, flow-driven volatility reaches 8.03%, a magnitude comparable to
total price-dividend-ratio volatility of 9.63%. Financial frictions broaden the effects on valuations
and returns, while belief distortions amplify the transmission of flows into prices. Together, they
allow non-fundamental portfolio flows to generate substantial valuation fluctuations without changes
in objective cash-flow fundamentals, providing a flow-driven explanation for excess volatility.

Panel B shows that both mechanisms also increase the price impact of the aggregate endowment
claim. Cash-flow leverage substantially magnifies the price impact of the dividend claim, but cannot
generate a realistically large response by itself. A large price impact for the dividend claim also
requires the endowment claim to depart meaningfully from the infinitely elastic benchmark. Thus,
understanding the elasticity of the aggregate endowment claim remains essential even when the

ultimate object of interest is the stock market.

Dynamic response to portfolio inflows. Figure 7 traces the response to an inflow driven by the
component of portfolio flows orthogonal to fundamentals. The upper-left panel shows that an inflow
raises the price-dividend ratio in all four economies. Financial frictions and belief distortions each
amplify this response, and their combination produces the largest and most persistent increase in
valuations.

The remaining discount-rate panels explain this valuation response. The inflow lowers both the

endowment and equity risk premia, while raising the risk-free rate. Because cash-flow leverage

26The two-principal-component GIV specification in Gabaix and Koijen (2023, Table 2) directly estimates a
multiplier of 5.28 with a Newey—West standard error of 1.10, implying an approximate 95% confidence interval of
[3.12,7.44].
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Figure 7. Dynamic response to portfolio inflows.

This figure reports generalized impulse responses to an inflow driven by the component of portfolio flows orthogonal
to fundamentals. Responses are expressed per unit of initial aggregate flow and averaged across states drawn from each
economy’s ergodic distribution. Dashed lines denote economies with homogeneous risk aversion and slack leverage
constraints; solid lines introduce preference heterogeneity and the leverage constraint. Blue lines report economies
with rational beliefs, and orange lines report economies with belief distortions. The expected log equity return is

't +7p: — %”O'Rn,z‘”z'

makes the equity risk premium considerably more responsive than the endowment risk premium, the
increase in the risk-free rate only partially offsets the decline in the equity risk premium. Expected
log equity returns therefore fall, especially in the economy combining financial frictions and belief
distortions, as shown in the top right panel. These responses are the quantitative counterpart of the
analytical mechanism in Proposition 7.

The relative importance of these forces can be summarized using a Campbell-Shiller decom-
position. Because the portfolio-flow innovation is orthogonal to fundamentals, objective expected
dividend growth does not change. We compute the discounted present values over a 30-year hori-
zon, with the remaining valuation response captured by the terminal term. The average initial

response of the log price-dividend ratio in the full behavioral economy can therefore be written
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as27

Q

1
Alog(Pp/D)y ~ ~APDV(r) = APDV (mp) + 3A PDV(||0-RD ||2) + terminal term

-0.85+7.52-0.35-0.13 = 6.19.

The decline in the equity risk premium is the dominant source of the valuation response. The
increase in the risk-free rate and the decline in conditional variance partially offset this effect. The
small terminal term indicates that the decomposition captures nearly all of the long-run valuation
response.

Finally, the lower-right panel shows that an inflow reduces conditional equity volatility, re-
producing the negative price—volatility relation documented by Black (1976). This flow-driven
leverage effect is substantially stronger in the economies with financial frictions. The decline in
volatility attenuates the increase in valuations through the Jensen correction in expected log returns,

—% llor,,.||%, but is not large enough to offset the decline in the equity risk premium.

Interpreting the evidence. The results provide a possible interpretation of the range of price-
impact estimates in the literature. Dividend payout variation, as studied by Hartzmark and Solomon
(2025), may carry relatively little perceived information about cash flows, leaving less scope for
confusing non-fundamental and fundamental shocks. The rational mechanism would then be the
main source of price impact, and the model generates an estimate in line with their evidence.
The variation isolated by the GIV of Gabaix and Koijen (2023) may leave greater scope for such
confusion, bringing both mechanisms into play. The joint model generates a price impact of
6.19, above the upper end of their GIV point estimates but within the 95% confidence interval
around their estimated multiplier. Thus, the differences between the lower and upper ends of the
empirical estimates may reflect different combinations of rational general-equilibrium forces and

the cash-flow information investors attribute to flows.

6.5 State dependence and return predictability

We conclude the quantitative analysis with two dynamic implications of the model: state-

dependent price impact and return predictability.

State-dependent price impact. Figure 8 examines whether the price impact of the same portfolio-
flow shock varies with the distribution of active wealth. We sort simulated observations into bins

based on the wealth share of high-risk-aversion active investors, xj;, and estimate price impact

2"Here, APDV (x) denotes the change induced by the portfolio-flow innovation in the discounted present value of
the expected path of x, relative to its no-shock path. All changes are expressed per unit of the initial aggregate flow.
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Figure 8. State-dependent price impact Table 5. Return predictability

Note: The figure reports price-impact estimates within bins of the high-risk-aversion active wealth share, xj ;. The rational and behavioral series
both correspond to economies with preference heterogeneity and the leverage constraint. Price impact is estimated using the component of portfolio
flows orthogonal to fundamentals. The table reports estimates of equation (27) in the rational model, the behavioral model, and the data. The
empirical standard error is Newey—West with eight lags.

within each bin using the component of portfolio flows orthogonal to fundamentals. Price impact
varies substantially across states, ranging from roughly 0.7 to 2.8 in the rational model and from
4.7 to 7.1 in the behavioral model.

The hump-shaped pattern reflects two opposing effects of xj; on risk-bearing capacity. At low
and intermediate values, a higher x;, is associated with more frequent binding of the leverage
constraint faced by low-risk-aversion investors, limiting the sector best able to absorb additional
risk and raising price impact. At sufficiently high values, however, the additional wealth of
the unconstrained high-risk-aversion sector expands its capacity to absorb risk, and price impact
declines. This interaction between sectoral wealth and the leverage constraint makes price impact
largest at intermediate values of xj, ;.

Belief distortions raise price impact throughout the wealth distribution but preserve the same
hump-shaped pattern. They therefore amplify the level of price impact, while the distribution of

active risk-bearing capacity remains an important source of its state dependence.

Return predictability. We next examine whether the flow-induced movements in valuations

generate return predictability. We estimate
4 .
> 677t = a+ blog(Pp, /D) + s, @7)
j=1

where rf, y is the quarterly log excess equity return and ¢ is the Campbell-Shiller discount factor.
Table 5 compares the model coefficients with the corresponding estimate in the data. The coefficient
is negative in both versions of the model: a high price—dividend ratio predicts low subsequent
excess returns. The rational and behavioral models generate coefficients of —0.114 and —0.146,

respectively. Both estimates lie within the 95% confidence interval around the empirical coefficient
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of —0.079.

Taken together, the quantitative model is consistent with evidence on sectoral balance sheets,
the equity premium, return volatility, price impact, and return predictability. It also generates
substantial state dependence in price impact, which is highest when active risk-bearing capacity is
impaired. The model therefore connects the level and dynamics of aggregate market elasticity to a

range of asset pricing and portfolio choice facts.

7 Conclusion

This paper studies aggregate market elasticity, defined as the inverse of the equilibrium price
impact of a portfolio flow between bonds and stocks, in a general equilibrium model with hetero-
geneous investors, passive demand, and leverage constraints. In the fixed-interest-rate benchmark,
aggregate market elasticity is governed by an aggregation of individual demand elasticities. Once
the interest rate adjusts, however, goods-market clearing makes the equilibrium price response
depend on how portfolio flows shift the consumption—wealth relation. At the efficient allocation, a
marginal flow leaves this relation unchanged, and the interest-rate response fully offsets the move-
ment in the risk premium. Risk misallocation breaks this neutrality by changing saving incentives
and gives the aggregate claim finite price impact.

Preference heterogeneity and leverage constraints make this price impact state dependent. When
the investors best able to absorb risk are poorly capitalized or constrained, a portfolio flow produces
a larger price response. Equity is less elastic than the aggregate claim because cash-flow leverage
makes its risk premium more responsive to flows, so the interest-rate adjustment cannot fully offset
it.

The mechanism does not depend on every household choosing consumption optimally or on
the interest rate being determined without monetary policy. It survives the introduction of wealthy
hand-to-mouth investors and, in a sticky-price production economy, central-bank control of the
short-term interest rate.

Our state-global perturbation method characterizes the rational mechanism in closed form,
while the numerical solution quantifies its importance. The rational calibration broadly matches
sectoral balance sheets and standard asset-pricing moments while generating equity price impact
near the lower end of the empirical estimates. A belief distortion, disciplined by evidence on cash-
flow expectations, raises price impact toward the upper end. Rational frictions and distorted beliefs
are quantitatively complementary because each makes the consumption—wealth relation respond
to portfolio flows, the former through risk misallocation and the latter through subjective cash-
flow expectations. The model also generates state-dependent price impact and return predictability

consistent with the data. Understanding why markets are inelastic therefore requires looking beyond
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individual demand curves to how portfolio flows affect consumption, saving, risk allocation, and

interest rates.
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Appendix

A Derivations

A.1 Derivations for Section 2

R:'B;
The bond demand view. Define the normalized bond demand b; = J‘va L =1-cj(r,m)—a;(1-
cj(r,m)) as the bond-to-wealth ratio: '
PQ;
bi=(1-a;))(1-cj(r,m) =1-c;j(r,m) — ——.
Wi

Notice that the bond demand depends not only on the interest rate, but also on the price of the
risky asset, that is, the cross-elasticity will generically be non-zero.
The market clearing condition for bonds can be expressed as follows

Xabg = —Xp bP ’
—— N——
active bond demand  pet bond supply

w;W;

where X; = oo oW,

= w;Q; -1 denotes the wealth share of investor ;.

Notice that % = %%—Q’ We can then write the bond market-clearing condition as follows:
J J
_ e? _ e?
l—c(,u—p)—l T oP [waQa + prp] =0 = 1 +e? —c(u—-p) _1 T oP [a)aQa + prp - 1] =0

excess supply of goods

The left-hand side of the two expressions above gives you total bond demand. In the constant-
interest-rate case, the risk premium adjusts to clear the market for risky assets, so w,Q,+w,0, = 1,
keeping the interest rate fixed. But, due to the cross-elasticity in bond demand, a change in the
price of the risky asset — keeping the interest rate fixed — would create a disequilibrium in the
bond market. For instance, in the case y, = —¢’(u — p) > 0, a decrease in the price of the risky
asset would create an insufficient demand for goods and an excess demand for bonds. The excess
demand for bonds would create an incentive to reduce the interest rate.

This shows that movements in the price of the risky asset in response to portfolio-flow shocks,
keeping the interest rate fixed, would induce a disequilibrium in the bond market. Equilibrium in
the market can be restored by allowing the interest rate to adjust. The change in the interest rate,
for a fixed price of the risky asset, causes the adjustment in the risk premium required to clear the
market for risky assets, while keeping the aggregate bond demand unchanged.
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A.2 Derivations for Section 3
A.2.1 Investors’ problem

The Hamilton-Jacobi-Bellman (HJB) equation for investor j can be written as

0 = max f;(C},Vj) + Viw [rWj + 7 a;jW; = Cj| +Vj xpix

VECS)

d
Ly W2l I+ Vi W Ty ] oV
+§ PWw j||0'j|| T ViwxWjoxo; +§ Ox iV XXOX k>
k=1
subject to
_ = m mT . T —2 .
aj =aplap,, ag,] for j = p, ojo; <0 for j = ¢.
P ) )
Here, o = ajTZ, where O‘Zt = Pi”t for k € {D,B}. For ease of notation, we dropped time

subscripts. Note that V; x and V; wx are 1 X N vectors, Vi xx is a N X N matrix, and both V; y and
Vi ww are scalars. The drift ux is an N X 1 vector, the diffusion oy is an N X d matrix, while o
is a 1 X d vector. The notation ox x denotes the kth column of oy, that is, the exposure to the kth
Brownian motion.

The optimality conditions for consumption and portfolio shares are given by

fic(C;, Vi) =Viw,
Vj’Wﬂ = — j,WijEZTa’j - Z(Vj,wxdx)—r + VJ'JZETCXJ'.

The second optimality condition holds for j € {h, ¢}, and V;; is the Lagrange multiplier on the
leverage constraint.
The optimal consumption is given by

1-y;y

j —
C=p" (L=yV) TV,
The optimal portfolio exposure for an active investor is given by

Viw Viwx
oj == —1n — —0y.
ViwwW; =9 ViwwW; —v;,

Here, we use the fact that 7 = X",
Given the homotheticity of preferences, the value function for investor j can be written as

Cit
Vi, = (L
J pl/,

This particular parametrization of the value function implies that the consumption-wealth ratio
is given by

It (A.1)

)11__—2’ Wi
L—y;

Cis
Wi

=Cjt
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The optimal risk exposure for active investors is given by

-1
n 1=
—+ ———0¢]
yi ¢¥-1 =

B 1
B 1+Vj’[

O-j,l

where v;; = -V, ,/(V; ww W, ) is the normalized Lagrange multiplier on the leverage constraint.
Plugging the consumption-wealth ratio into the HIB equation and using Equation (A.1), we
obtain

d
P -1 T 1 |&x 1 + &ixx
O=———|p ¢ci=1|+r+noc —ci+ —|=—ux+= ) o OX &
1_,7[/—1 [ J ] J J 1_17[/ g] 2; X,k f]
d T

Yi » 1-vicix + L y—vy; + Cixcix
— L . + T | A o

5 Ml T L R Y pe ;Zfo-x’k Xk

Rearranging the expression above, we obtain

2
Yj g —vyjlloe.ll
Cia=yp+(=y)|r +77t0'jT,, - 7]||0fj,t||2] + e+ (1 _Vj)o'cj,tU'jT,t + e

’

- 2

where the law of motion of ¢, is given by

dejy

= fejdt + 0 dZy,
Cjt

and the drift and diffusion of c;, are given by Ito’s lemma:

d

Cj.x 1 T+ CiXX,t Cj.x
Hejr = _MX”+§ZO-XJ<T OX k.t Ocjt = ——O0Xt
j =1 it Cj

A.2.2 Pricing condition

Define pp; = Pp:/D; and py; = Py,/Y;. For k € {D,Y}, let ¢p = ¢ and ¢y = 1. The
cash-flow process for claim £ is therefore
de,[

Dt

= udt+ ¢ro dz,.

Because Py ; = pi:Di s, It0’s lemma implies
ORet = QrO + 0 -

Absence of arbitrage then gives the pricing condition

1
; =1+ n(gro + O'pk,t)T - (,U + Uppr t ¢k0'0';k,;) )
t
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where 1t0’s lemma gives

d
u Perlu 1 Z pk,xx,zo_ o = PRxe
Pkt — Xt " n,t X,n,ts Pkt — X,t-
2 Pyt Pkt

The corporate-debt price is recovered from Pg; = Py; — Pp,. Since the combined equity and
corporate-debt claims replicate the endowment claim, their return exposures satisfy

Py iorys = PpiORpt + PBtORy -

A.2.3 Aggregate state variable
Define the share of wealth of type-; investors as follows

. wiWi.
* .

P Yieg wiWiy

We define the aggregate state vector as X; = (Xpz, X¢,r, @p ).

Market clearing conditions. We can write the market clearing condition for the equity claim,
corporate bond claim, and short-term bonds as follows:

Z wiW;ji@jks = Piys Z wiWi (1 —ajps—ajp) =0
Je{p.h.t} Je{p.h.t}

for k € {D, B}.
Using the fact that Py, = Pp; + Pp;, we obtain:

Z (,()jo,[ = PY’[.
Jei{p.h.t}
The market clearing condition for goods is given by

Z )Cj,th,, = pi

. Yt
Jj€{p.ht}

Define the market-capitalization weights @', = Py, /Py, for k € {D,B}. The risky-asset
market clearing conditions can then be written as

— o7 R/
Z Xjr@j.Dp = Ap Z Xjr@jBr = Ap ;-

J€{p,h.t} Jj€{p.h.t}

m

m __
Let o' = [aD’t,

a The two conditions can be written compactly as

. m
E Xjp@je = .

jelp.ht}

Bl
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Multiplying both sides by %; and using the aggregation identity for returns gives

Z xjslo-jJ = O-RYJ °

Jje{p.h.t}

Law of motion of the aggregate state variable. The law of motion of @, is given by (11). To
compute the law of motion of x;;, first, note that the law of motion of wealth for a type-; investor

can be written as
de,[

Wj,l‘

From Ito’s lemma, the law of motion of x;; is given by

T
= [rt + Mo~ Cj,t] dt + aj,,dZ,.

dx‘]”[

1 W; —Xj¢
+ K dt + (oj; — Ory 1) dZ;.
t

= |(n —or ,t)(O",t — OR ,t)T - (C it
[ Y J Y J Dy, xj,t

.x‘/"[

A.2.4 Equilibrium PDE system

The aggregate equilibrium is characterized by four PDEs for the three consumption-wealth ratios
{c;+(X:)}jeq and the valuation ratio py,(X;). These functions depend on the three-dimensional
state vector X; = (x5, X¢,r, @p ). Once the aggregate equilibrium and its SDF have been determined,
the equity valuation ratio pp ;(X;) is obtained from its pricing equation and corporate debt is valued
residually. We now derive the aggregate PDE system stated in Proposition 2.

Lemma A.1. The consumption-wealth ratios, {c;:(X:)}je(p.nc}, and the price-dividend ratio for
the aggregate claim, py(X;), satisfy the following system of PDEs:

Yj =y loe.?
cje=p+ (1=9) [rewmof, = FloplP | + e+ (=3 o], + 5=

S—=rm (o Opyt) | = (U + fpys + T 0, 1),
Y.t

where (r¢,n;, 0 4, Hepts Ocjis Mpy s Opy 1) are all functions of X;, (cj, py) and their derivatives.

Proof. We proceed in four steps. First, we show how to solve for the diffusion of the endogenous
state variables, o7, ; and oy, , in terms of X;, (¢}, py) and their derivatives. Second, we show how
to solve for the drift of the endogenous state variables, y., ; and u,, ;, again in terms of X;, (c;, py)
and their derivatives. Third, we show how to solve for the interest rate, r,. Finally, we show how to
obtain the PDEs for (c;, py).

In the derivations below, we drop the explicit dependence on X for brevity.
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Step 1: Risk exposure of endogenous state variables. Consider the expression for the risk
exposure of the aggregate claim and the consumption-wealth ratio:

PY.x Pra
OR, =0 + Koo, + Yo,
Y Xk ap
- Pr Py

Notice that we can write og, as follows:

ORy = Xog,.0 +X0Ry,lo-xh +X(TRY,2O-X€’

where the coefficients Xoy k> k =0, 1,2, are functions of X given by

N Pra,
Xog,,0 = 0 Oa,»
Y pY p
PY xi
Xogyk = Jk=1,2.
Py

Similarly, we can write o, ;as follows:
Oc¢; = XO'CI.,O + Xcrcj,lo-xh + Xa'cj,ZO-xga

where the coefficients Xoe, k> k =0, 1,2, are functions of X given by

— cj’ap -
X(TC].,O - C 0-a'p9
J
C:
J Xk
XU’C.,k: 9k:192
J cj

Let x, = x;, + x¢ and define the average hedging demand of active investors as

-1
h, = Z ﬁﬁi
je{h,f}xa l,[/—l 1+Vj

The market price of risk is
n=%Ya ()(ao—Ry - ha) )
where

1= (1 =X, —x0)a, X 1
I P2 eox s
a jemty alj Vi

We can then write i as follows:

= Xn0+ Xn10x, + X520,
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where the coefficients y, x, k = 0, 1, 2, are functions of X given by

» xj 1 =97 Xogk

Xn.k = Ya | XaXog, .k — Xo =1 1+,

Jje{h.t}
The risk exposure of investor j € {p, h,{} is given by

Op = ApORy

1
1+VJ‘

l—yfl
1,y
yi ¢-1

O'j—

We can then solve for o in terms of the risk exposure of the endogenous state variables:

O-j = XO'_,',O + XO'_/,IO—)C;, + XO'j,ZO-xgs

where the coefficients Xoj ks k =0, 1,2, are functions of X given by
Xopk = @pXog, k

1
X(Tj,k =

-1
Xn.k + 1_7]~
1+VJ'

Yj -1

XC"Cj,k s ] S {h, f}

The risk exposure of the endogenous state variables is given by

g —ZX,‘O','

i€gJ

O-xj =Xj

b

using the fact that og, = X;c 4 x;0y. Define ¥ ,, = Yie g XiXo;m form € {0,1,2}.
This gives us a system of equations determining o, ;:
1 —xp (Xo'h,l - )_(o-,l) —Xh (/\/O'h,Z - )_(a',z) ]

—Xe (X(Tf,l _/\/0',1) 1 —x¢ (XUK,Z_/YO',Z)

Uxh] _ [xh (XO'h,O - )_(0',0)
Ox, Xe (/\/0'570 - )_(O',O)

Solving the system above, we obtain o as a function of X and the functions ¢; and py and
their derivatives. Given Ty, WE can solve for o7, 7, o and o, using the expressions above. The

risk premium on the aggregate claim is given by 7y = og,n".

Step 2: Drift of endogenous state variables. Given (07,7, 0%,), we can solve for the drift of

the endogenous state variables:

1
pxy = X5 | (0 = 0wy (07 = oRy) " = (Cj - p_Y) + k(@) = x;),

This gives us ux and oy in terms of X, (c;, py) and their derivatives. We can then solve for
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the drift of ¢; and py using Ito’s lemma:

d
Cjx 1 T Cixx
MHe, = —Hx + = Oxk OX. ks
! Cj 2 Xk el
J k=1 J
d
_Prx 1 T DPrxx
ﬂm————x+§ Ox k OX.k
Py = 15

Step 3: Interest rate. Given the expressions derived in the previous steps, we can solve for the
shifter of the consumption-wealth ratio &; ;:

v -y loe|I?
gj:/lcj+(1—yj)0}j0'jT+ =y 2j .

We can then solve for & = 3 c(, 5.y X;€; and the interest rate:

r:p+¢‘ (upy+/,c+0'0' +§)+(1— 1) Z x]2|0']||2—71y.
J€{p.h.t}

Step 4: PDEs for the consumption-wealth ratio and price-dividend ratio. From the expression
for the consumption-wealth ratio and the pricing condition for the aggregate claim, we can write
the PDE for c; and py as follows:

Yj = lloe, I
e =up+ (=) |r+nf = Syl |+ pe, + (=)o o] + 5= =5~

1
p_y :r+770;y — (e + ppy +<7<7;Y),

Notice that (r, 5, o, Heps ;s Hpys oy ) are all functions of X, (¢, py) and their derivatives. Hence,
these equations form a system of PDEs for (c;, py). ]

Recovering asset positions and individual claim prices. Because X, is nonsingular, each in-
vestor’s desired risk exposure uniquely determines the portfolio shares invested in equity and
corporate debt:

-1 T
Qjr = (0-]"12[ ) .
Thus, unlike in the previous formulation, active investors need not hold equity and corporate debt in
market-capitalization weights. The market-capitalization portfolio remains special only for passive

investors, for whom o, ; = @, ;0R, ;.
Conditional on the aggregate solution for (r;,17;), the equity valuation ratio solves

b :rl‘+nl‘(¢0-+0-pD,t) (,U+,Uth+¢O' PD t)
N
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The value of corporate debt then follows from
Ppi=Py;s—Pps = pysYs — pp.Dr.

This residual valuation is consistent with the payoff identity B; = Y; — D;.

A.2.5 Closed-form solution to individual claims

Suppose that r, = r* and n, = " are constant. The valuation ratios of the aggregate endowment
and equity claims are then constant and satisfy

] 1 . 1

pY:r*+TI*O'T—,U’ Pp =

re+ oot -
provided both denominators are positive. Consequently,

Py, = P)*/Yz, Pp; = p*DDt’ Pp; = P;Yt _p*DDz-
The corresponding return exposures are

P;Yt - PEDt‘ﬁ

ORy =0, ORp = oo, ORp,t = * *
pYYt - pDDt

This one-factor limit does not require the two-asset exposure matrix to be nonsingular. It illustrates
that corporate debt is generally risky even when the SDF has constant coefficients.

A.3 Derivations for Section 4: Perturbation Solution

In this section, we discuss the derivations of the perturbation solution in detail. The aggregate
equilibrium is expressed in terms of the state vector X = (x, @), where x = (xj, x¢) collects the
wealth shares of active investors.

The perturbation is defined by the following parameter restrictions:

yi =y +7je), o =|o||(1+de), K = KE,
where ) jc s w;¥; = 0.
We also make assumptions about the dynamics of the exogenous state variables. First, the
portfolio share of passive investors is written as @, = 1 + &€, where &, follows the process

da, = k,(a —a,)dt + 6,edZ,,
where @ = 1 + @e. Equivalently, d&, = «,(& — &,)dt + 0,dZ;.
The case € = 0 corresponds to the benchmark economy, in which there is no preference

heterogeneity and passive investors are fully invested in the market portfolio.
We expand the consumption-wealth ratio of investor j € J and the valuation ratio of the
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aggregate claim as follows:
ci(x,api€) =cjolx,ap) +cji(x,@,)e+cjax, &p)e2 +0(€),
Py (X, @p; €) = pyo(x,&p) + py.a(x,dp)e + pya(x,&p)e” + O(€).

The following lemma summarizes some basic properties of the perturbation solution that will
be useful for the derivations below.

Lemma A.2 (Basic properties of the perturbation solution). The perturbation solution satisfies the
following properties:

1. The zeroth-order terms are constant:
A A %k
Cj,O(x’ ap) = Cj" PY,O(X, a[p) = Dy>
for constants c;‘. and py, independent of (x, @)).

2. The drift and diffusion of the state variables are first-order in €:

ux = 0(e), ox = 0(e).

3. The first-order and second-order corrections to the consumption-wealth ratio and the price-
dividend ratio for the aggregate claim can be written as:

A A A A A2
cja(x,@p) =jo(x) +¢;.a, X)), cja(x@p) = ¥jo(x) +¥ja,(0)ap +¥; 4 (),

py.a(x,@p) =¥y o(x) + ¥y 4, (X)@p, pya(x,@p) = Wy o(x) + Py.a,(X)@p + Py 42 ()&,
where Y 1(x) and ¥; ;(x), for j € J U{Y}andl € {0, &,, &12,}, are functions of x.

These properties follow from the definition of the perturbation solution. When € = 0, the
exogenous state variables are constant and investors have identical preferences. Hence, the zeroth-
order terms are independent of (x,@,). The fact that the drift and diffusion of the state variables
are first-order in € comes from the assumptions on the dynamics of the exogenous state variables,
and the fact that the zeroth-order terms are constant. The final property describes a solution that is
global in the endogenous wealth shares and local in the passive portfolio share.

Our goal is to solve for the coeflicients in this perturbation expansion. We proceed in steps. We
first characterize the benchmark economy. We then derive the first- and second-order corrections
to the consumption-wealth ratios and the valuation ratio of the aggregate claim.

A.3.1 Proof of Lemma 1

Proof. The assumption € = 0 implies that there is no preference heterogeneity and that passive
investors are fully invested in the aggregate risky claim. We guess and verify that, in this benchmark
economy, expected returns are constant and the leverage constraint has a zero multiplier. In
particular, the wealth distribution plays no role in equilibrium. This implies that u.;0(X) =

Hpy0(X) = 0and o, 0(X) = 0p, 0(X) = O1xa-

68



Risk exposure and market price of risk. The risk exposure vector for the aggregate claim is
given by
oRry0(X) =0.

The market price of risk is therefore

no(X) = yo,

using the fact that h,; = O and y,, = 1.
The risk exposure of investor j is therefore

gio(X)=o0.

Because o = ||o||, the leverage constraint is satisfied in the benchmark economy.

Risk premium and interest rate. The risk premium on the aggregate claim is given by

7y 0(X) = 10(X)ory 0(X)T =yl |,

where ||o||> = oo .
The interest rate is given by

ro(X) = p+uu= 1 +yH ol

using the fact that &, = 0, 0, = 0, pp,; = 0, and 0, ; = 014 in the benchmark economy.

Consumption-wealth ratio and price-dividend ratio. The consumption-wealth ratio c¢; o(X) is
given by

Y
¢0(X) =wp+ (1 =) |ro(X) +mo(X) o™ = Zlor?].
Plugging in the expression for ro(X) and 19(X), we obtain

) ynanZ)

cjo(X)=p- (1 —tlf‘l) (/J 5

2
We assume p > (1 - w‘l) (,u — M), so the benchmark consumption-wealth ratio is positive.
The goods-market-clearing condition then implies

I - yllo|?
PY,O(X)_p_(l_wl)('u_ 2 )

Drift and diffusion of wealth shares. The drift and diffusion of the wealth shares are given by

Hx;0(X) =0, 0x,,0(X) = O1xa, Vj € {h,{}.
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Here, we used the fact that k = 0, 07 0(X) = ory,0(X), and ¢ o(X) = m
At € = 0, the independent portfolio-flow shock vanishes, so the equity—debt exposure matrix
need not have full rank. Individual positions in equity and corporate debt may therefore be
indeterminate at the benchmark. The benchmark nevertheless determines each investor’s total risk
exposure uniquely as o o = 0. Because the aggregate equilibrium conditions depend on portfolios
only through these exposures, the perturbation below can be conducted directly in exposure space
without selecting a benchmark decomposition into equity and corporate-debt positions.
[

A.3.2 Proof of Proposition 3

Proof. The aggregate state vector is X = (x, @,), where x = (x5, x¢) collects the wealth shares of
active investors.
We write the portfolio share of passive investors as @, = 1 + &,€, where @, follows a process
independent of e:
da, = k,(& — ap)dt + &,dZ,;.

This implies @ = 1 + &€ and that the diffusion of @), is of order O(¢€). The main text focuses on
@ = 0, so the unconditional mean of @, is one.

We consider the following expansion for the consumption-wealth ratio of investor j and the
price-dividend ratio of the aggregate claim:

Cj(x9ap;€) = Cj’()(.x, d’[)) + Cj,l(-x’ &p)e + 0(62)’

Py (X, @ps €) = pyo(x,d,) + pya(x,&,)e + O(€?).

The terms ¢, o(x,&,) and pyo(x,@,) are independent of (x,&,) and are characterized in
Lemma 1. We focus on the first-order correction terms c; 1 (x, &,) and py 1(x, &,).

Diffusion for consumption-wealth ratios and price-dividend ratio. Given the specification of
@, we have gz, = O(€) and oz, = O(€). Similarly, py, = O(€) and oy; = O(e) for j € {h,{}.
Hence, the drift and diffusion of the state variables are first-order in €, that is, ux = O(€) and
ox = O0(e€).

We characterize next the derivatives of the consumption-wealth ratios and the valuation ratio
with respect to X. Given the consumption-wealth ratios and the price-dividend ratio for the
aggregate claim are independent of (x, &,) at € = 0, we have that ¢; ,; = O(€) and pyx; = O(e),
as these derivatives are zero at order zero. Moreover, we guess-and-verify that the derivatives of
the consumption-wealth ratios and the price-dividend ratio with respect to @, are first-order in €:

cja, = 0(€); pra, = 0(e).

From the expansion for the consumption-wealth ratios, we can express the derivatives with
respect to @, in terms of the derivatives of the first-order correction terms with respect to &,:

dcj

Cim = ——
J-ap N
oa,

+O(e),
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using the fact that c; o is independent of @),.
36’]‘,1
da,
that py z, = O(e) implies that py  is independent of @,.

We can then write the diffusion terms for the consumption-wealth ratios and the price-dividend
ratio are second-order terms in €:

Hence, ¢; 5, = O(€) implies = 0, so ¢;,; is independent of &,. A similar argument shows

C:
J C:
J — PY —
S~ O(e) Vv O(e)
O(e) O(e)

This implies that og, 1 = O1xg-

Risk exposure and market price of risk. The risk exposure for the passive investor is given by
op,1 = Q0.
The first-order correction to the risk exposure for an active investor is given by

m N0, . |
oj1=—=——F;+7)),
where V; is the Lagrange multiplier on the leverage constraint for investor ;.
Expanding the market clearing condition for risky assets, we obtain

Z XjO'j,l =0
jeg

using the fact that og, 1 = 0.
The first-order correction to the market price of risk is given by

Xjiw Xp o
m=yo =P+ Vi) - —a,|,
X4 X4
Je{h,t}

where x, = x, + x, = 1 — x, is the wealth share of active investors.
The risk exposure of the high-risk-aversion active investor is

Xe o A Xp
ong === Fn=Fe—Ve) + =@, 0.
Xa Xa
and the risk exposure of the low-risk-aversion active investor is
Xnof o A Xp A
oo = |— Fn—=Ve—Ve) - —@| 0.
Xa Xa
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Lagrange multiplier on the leverage constraint. The leverage constraint for investor j is
llorjll < 7.

Using oj = 0+ 0j 1€ + O(€?) and T = ||o||(1 + G-€), the first-order expansion of the constraint is

.
gj10

Te)+0@%.
o

\/(0' +0j1€)(c+0j1€)T = |0 (1 +

Therefore, the first-order constraint is

oo’
<0.

oo’

We assume that investor 4 is unconstrained and investor £ may be constrained, so v, = 0 and
V¢ > 0. For investor ¢, using the expression for oy 1 above, the first-order leverage constraint is

Xh o, . A N Xp o
— (Vh=Fe—V¢) — —a, < 0.
a a

If the constraint binds, this condition holds with equality, which implies

A A Xp A Xa A
Ve=Yh—Ye - —Qp — —O0.
Xn Xh

If the constraint is slack, then v, = 0 and

Xn o, . N Xp . A
— (Yh—=Ve) — —@, < 7,
X4 X4

or, equivalently,
X X
A A J 2N a a
Yh—=Ye——a, - —0b <0.
Xp Xp

Hence, the first-order Lagrange multiplier is
X X
Wmm%%—%—l@—i&%.
Xh Xh

When the constraint binds, substituting the expression for v, into the market price of risk yields

N Xt ,  Xp,
m=yo |- —0-—a,
Xp Xp

When the constraint is slack, v, = 0, and the market price of risk is

Xji.  Xp.
m=yo Z VT
jethey ¢ “
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Equivalently, both cases can be summarized as

Xjiw Xp o
m=yo =P +9;) - —a]|,
Xa Xa
Je{h.t}

with 7, = 0 and v, given above.

Risk premium. The first-order risk premium is

A

2 e Lo Xp
mea=mol =ylol| Y @i+ -y
jether e ¢

It increases with the average risk aversion of active investors and, when the leverage constraint
binds, with the shadow value of that constraint.

The passive portfolio perturbation changes passive investors’ exposure by x, ;& €0 in the
aggregate exposure-clearing condition. Writing the corresponding normalized flow as f; = x,, ;& ;,
the response of the risk premium is

07%Y,t _ 1 67TY’] _ 1
df; Xp,t 3&17 {r,t’

Here, £,; = x4/ (y|lo||?) when the constraint is slack and £, ; = x5,/ (y||o"||*) when it binds.

Drift for consumption-wealth ratios and price-dividend ratio. 1t6’s lemma implies that the
drifts are

d

Cjx 1 T+ CjXX

ﬂcj=—,ux+—ZO'Xk X k>
Cj 2 = ’

d
Dr.x 1 T DPr.xx

Hpy = —px +5 )
T py 2 py

where oy j 1s the k-th column of oy.
Hence, y, = O(€?) and Hpy = O(€?), since the gradients are O(¢€) and both uy and oy are
O(e).

Interest rate. The first-order correction to the interest rate is
ylol|?

.
A -1 2 gj10
> E xj¥i+ (1 =y )yl E Xj—"—— = Ty, 1,
. : llo |l
jeg jeg

ri=(1-y™h

where we used the fact that ¢; = O(€?), as He; = O(€?) and Oc; = O(€?).
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Using Z_/EJ xjoj1 = O1xq, we obtain

r=-vloll Z x—()’j+Vj)—ZXj7j—x—6¥p+Tme
a

jether 4 jeg jeg

Notice that we can write the expression above as

L+y! " b
r= P Y w9 - [ - afh).
jeg

where
b 2 N
mh =yl l® )k
jeg

The first term captures the effect of heterogeneity in risk aversion in the frictionless benchmark
(no passive investors or leverage constraints). The second term captures the impact of frictions
through the wedge between the equilibrium risk premium and its frictionless counterpart.

This implies that the response of the interest rate to portfolio flows is given by

87"\; _ 07?)/,, 1

afi G
Consumption-wealth ratio. The consumption-wealth ratio for investor j is given by
Y N
cii= (=) [r+moT +noo], —yoo], - Doy,

Substituting for r| and 7y 1, the first-order correction to the consumption-wealth ratio is

)

cj1= y||;'||2(1 — ) [(1 —%1/_1) Zxkf’k -9
keJ

which is independent of @, as conjectured.

Price-dividend ratio of the aggregate claim. The pricing condition implies
1

(py)?

Hence, the first-order correction to the price-dividend ratio is

Py, « W yllel? N
= =—py(1-y7") ij)’j,
Py 2 jeg

Py,1 =TI +my.

which is independent of &, as conjectured. If ¢ > 1, an increase in average risk aversion reduces
the price-dividend ratio of the aggregate claim.
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This implies that the price impact of the aggregate claim is zero up to first order:

1 _9pyy 1 dpya

gy, = = — =0.
e, XpaPy O

State dynamics. The diffusion of the wealth share of investor j, j € {h, £}, is given by
Ox;1 =X (0.1 = ORy.1)
Xk o oa Xp o A Loa
=x; Z =~ Gt =~ = (35 +7))| o
ke{h,e} "¢ a
The drift of the wealth share of investor j, j € {h, {}, is given by
i

vllo NN
fxp1 =xj |(y = Doo/y + W=D xF -7
2 keJ

+ R(w‘,‘ - Xj),

Finally, the law of motion of &, is
da, = kp(& — ap)dt + 0,dZ,,

so the drift and diffusion of @, are g, = k(& — &p)€ and o5, = O p€.

A.3.3 Second-order correction: no dynamics in passive portfolio share

We next derive the second-order correction. To keep the algebra transparent, we proceed in two
steps. First, we consider the case in which the portfolio share of passive investors is fixed, so

kp=0,  &p=0xq.

Equivalently, &, is a fixed parameter rather than a stochastic state variable. This removes all drift
and diffusion terms associated with @, and leaves the endogenous wealth shares x = (xj, x/) as the
only state variables that contribute to the second-order drift and diffusion of equilibrium objects.
After deriving this benchmark second-order system, we then allow for non-zero drift and diffusion

in the passive investors’ portfolio share.
Step 1: Drift and diffusion of c; and yy.
The expansion of o, , in € is given by

cjx(X,e)

Cj X5 = X7
e, (X, €) (X, ox(X,€)
_ G dp) dp)e +0(€)
cjolx,ap)
1-y~ ) yllo|? . .
=—( - 1)( ) (ke = 7p) xk0k,1 (X, &) € + O(€7),

2c;
J>0 ke (It}
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This follows from ¢, = O(¢€) and o = O(€), so their product is second order.
At second order, it is convenient to work with the dividend yield of the aggregate claim,

1
Yy = —-
Py
This is only a change of variables. After solving for the second-order correction to yy, we recover
the correction to py from

1
pr=—.
Yy
If
Yy = Yyo + yy.i€+ yyo€l + O(€),
then

2 2 2 2
Py =Py~ Pyp)r,1€+ (P;()yY,l - PY,oyY,Z) €+ 0(63)-

We now derive the dynamics of yy directly:

yrx (X, €)
yr(X,e)

1\ Yllel”? A .
= (1 — 1) 7/2— Z (Pr = 9p) xxow1(x, @p)€* + O(€Y).
Y0 ey

oy (X, €) = ox(X,e€)

The same scaling applies to yy, implying that its diffusion starts at order €.
The drift of ¢, is given by

cjx(X,€) &L cjxx(X,€)
e (X, €) = ———pux(X, Sox (X, 6T —— X,
pe, (X €) = ~rmix e>+;2cx,k< ) g TxaXeO

C',l,x(x,&) ~

= LR (0 8p)E + O(E)

Cj,O(X,CYp)
(L-v) ylol? o A
=~ - 1) D, k=) a1 (v, 4p)€ + O(E).

J.0 ke {h,t}

The drift of yy, 7 is given by

(X0 = XKD x4 il (S a0
Hyy (A, (X ) Hx k=1 2 yy (X, e€) e
28 a0
yy.o(x, @p)

1\ Yl SR n
= (1 -y 1) v Z (Pr — Vp),uxk,l(xﬂp)'fz +0(€).
Y0 Emey

Step 2: Risk exposures of investors.
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The risk exposure of an active investor is

-1
o 17
— A+ ——— 0] -
yi v-1

It is useful to first define the desired exposure before imposing the leverage multiplier:

-1
Ul - Y

O = —+
My w1

O-cj ’l‘ .
We write

M =10 +me+met +0(€),
Vi =Vj1€+ ﬁj’zez + 0(63),

O, = 0,06 +0(€),

where V; 1 = V; is the first-order multiplier characterized above. Since y; = y(1 + 7€), we have

=y (1 — 9+ ﬁé) +0(E).

Therefore,
a'j,t = 5’1',0 + ’5']-,16 + 5’1',262 + 0(63),

with

~ no

gj0=—=0,

Y
~ . m N
0'] 1= — -0 J»

Expanding o, = 0 ,/(1 + v;,) gives
gj1= 5']"1 - 171',10',
Oj2 = 5’j,2 — 171-’15']',1 + (93’1 — 17]-’2) o.
Equivalently,
oM -y

2
Ojp=———Yjt+oy;+
J Y y J J
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———0¢,2-Vj1 n——ayj +(v2.1—v,~2)o-.
lp_l J? Jo ,y " Js Jo
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For an unconstrained investor, v;; = ¥; > = 0, and this reduces to
-1

v -1

2 M,

_ . o2
Ojo2= ? - ?yj +0oYi+ Oc;2- (A.3)

For a constrained investor, the multiplier is determined by the second-order expansion of the
leverage constraint. The leverage constraint is

ol < lloll(1 + &e).

Using
oj=0+0j1€+ O'j’zéz +0(e),
we obtain
ojio" ojpr’ 1 O-f’lo-jT,l 0j10 " ? 2 3
losll =Nl {1+ e+ |+ 5| o= —( o ) €| +0(€).

At first order, o7 1 is proportional to o-. Therefore, the curvature term in the second line is zero. If
the constraint binds through second order and o = ||o||(1 + J€) has no second-order correction,
then

.
Oin0
i —y (A.4)
oo’
Combining (A.2) and (A.4) yields
F - T
. 020 010 2
Viz2 = oo’ 71 oo’ Vit
Substituting for ;1 and 07 » gives
T T -1 T T
s _Mmo omo 5 1=y Og20 o (o 2
Yi2 = yooT Y yooT 17y -1 ooT Vil yooT i)+ (AS)

In the maintained two-active-investor case, investor /4 is unconstrained and investor £ may be
constrained. Thus V1 = V52 = 0. If investor ¢ is constrained, then V,; = V, and ¥, is given by
(A.5) with j = ¢. If investor ¢ is unconstrained, then ¥, 1 = V,> = 0 and (A.3) applies to both active
investors.

Step 3: Market price of risk.
Step 4: Risk premium.

The risk premium on the aggregate claim is given by

_ T
Tyt = ORy, Ny -
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Using that og, 1 = 0, expanding the risk premium to second order gives

T T T T
Typ = ORy 2Ny T 0Ny = =0y 20 +01,.

where we used og,, = 0 — 0y, 262 + O(€°).
Step 5: Interest rate.

- - Yi
rn=p+u e+ &)+ (1=07) ) xS llogll? = av,
JeJ

where up, ; 1s the drift of the aggregate claim value.
Since Py = pyY, it satisfies

-
Hpyr =L+ Hpyt OO0, 4.
At second order, working with the dividend yield implies
— _ T
#Py,z - /'tyy,2 O-O-)’sz’

up to terms of order higher than €2, since oy,, = O(€?) and 0,0 = —0yy 2.
intertemporal-hedging term satisfies

& = Z Xj [pe;2+ (1 =y)oe, 20T,
JeT

where terms involving [l ; ||? are fourth order and therefore do not enter at order €.

Expanding the risk-compensation term gives

Vi 2 T 1 T N T
Zx17||0f|| =y D % |0ja0 + 507101 90500 |
jeT ,  JeT

Therefore, the second-order correction to the interest rate is
-1 -1
ry= -y (:uyy,Z + mfyTy,z) +y Z Xj [pe;0+ (1 =y)oe, 207 ]
JeT

=gy Y x

2
Jjeg

Using market clearing for the risky claim,

Z XjOj2 = ORy2 = —Oyy2,
jeg
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020 +_O-j»10-j,l +7Yj0j10 | — Ty,

Moreover, the
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we can also write

r = _’/’_1 (,Uyy,Z + 0'0';;,2) + '»D_l Z Xj [ﬂc_,,2 +(1- 7)0'6_,-,20'T]
jeg

_ 1 N
+(1 -y 1)7 _O'y)/,ZO'T + Z Xj (Eo-j’lo-;l + ’)’jO‘jJO’T - Ty. (A.7)
jeg

This expression separates the second-order interest-rate correction into the aggregate-claim drift
term, the intertemporal-hedging term, the second-order change in average risk compensation, and
the second-order risk premium.

Step 6: Dividend yield.

The dividend yield is given by

yy=r+n(oc+o,,)" - (y + fhp, + O'O'I;FY) ,

where 0, and u,, denote the diffusion and drift of the price-dividend ratio. Since yy = 1/py, we
have

Opy,2 = —Oyy,2 Hpy2 = —Hyy,2,

up to terms of order higher than 2. Expanding the dividend yield to second order gives

_ T _ T T
Yyp=r2+omn, 100y, > + Uyy2 t+ 00y,2

_ T

=ry+mys2+ Uy, 2+ O'O'y%z,

where the second equality uses the expression for 7y » from Step 4. Substituting the expression for
rp from (A.7), we obtain

yra= =y o+ (=g ool 5 +0™ > xj [pepn + (1= 70,207
IEN

_ 1 N
+ (1 =y Yy |-oy 207 + Z X; (50']-,10';1 + yjcrj,la'T)
jeg
From Step 1, the first-order corrections imply
Hcj2 = (1 - w):uyy,Z’ Oc;2 = (1 - W)O'yyl'

Using 3 jcq x; = 1, the terms involving uy, » cancel. The terms involving oy, 20" also cancel.
Therefore,

_ 1 .
yra=(1-y ])szj (50']',10';1+7j0'j,10j)- (A.8)
Jjeg
Equivalently,
-1 2 LI RN
yro= -y )yllo] ij (Emj,1+7jmj,1), (A.9)
jeg

80



where o1 = m; 0. This expression shows that the second-order correction to the dividend yield
depends only on first-order risk reallocations and preference heterogeneity.

The first-order exposure coeflicients are affine in @,. The following expressions apply locally
within a fixed constraint regime; at the boundary between regimes, the solution is only piecewise
differentiable. Write

mj1=m;—{;a&,.

For passive investors,
ﬁlp = 0, g = _1,

so that m, 1 = &,. When the leverage constraint is slack, v, = 0 and

- Xe . " Xp
mp = — (Ve —Vn), = —,
Xa Xa
- Xn, . N Xp
me = —(Vn—Ve), lr=—
Xa Xa

When the leverage constraint binds, investor £ remains at the exposure cap while investor 4 absorbs
the marginal flow, so

- X, _

mp=——0, ty = —,
Xp Xp

me =0, £ = 0.

These definitions satisfy the first-order market-clearing condition

ijmj,l =0.

jeg
Substituting m; ; = m; — £;@, into (A.9), the solution for yy > is quadratic in @:
N 0 0/.\A 0/ \A2
YY,Z(x, a’p) = ay(x) + by(x)a/p + dy(x)apa

where

1
ad(x) = (L=y Hyllo|? Z X; (Emﬁ + yjna,-) :

Jjeg
bY(x) = =(1 =y Wl D xt; (g +79)
JET
1 _
dy(x) = 51w yllolP 3 xit}.
JeT
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Using the values of £;, the quadratic coeflicient is

X
2, if the leverage constraint is slack,

1
dy) = 1=y Dyl {51 -y,

Xh

, 1f the leverage constraint binds.

The second-order price-dividend-ratio correction follows from the change of variables above:

_ .3 2 2
Pry2=PyoYy1~ Pyolr.2-

Step 7: Consumption-wealth ratio.
The consumption-wealth ratio is given by

2
Y =y lloell
Cj,z:'wl’p"'(l_w) rl+77t0']—'|:t_?j||o-j,t”2 +/ch,t+(1_7j)0'cj,to';;+ 1_{/ é

We expand each term to second order. Using

rr=ro+rie+ r262 + 0(63),
M =10 + N1€ + me + 0(€),

Oji=0+0j1€+ O'j,2€2 + 0(63),

and

yj =yl +7;e),
O-Cj,l‘ = O'Cj,252 + 0(63)’

/’LCj,t = :qu,262 + 0(63)’

we collect second-order terms.
The first-order term is

e =(1=9) [r+maT = 2ol

which matches the previous result.
Before simplifying, the second-order term is

_ T T T T P N T
cjz= =¥ [rz TIRO IO T 10T, T Y005 T 50410 VVJUULI]

+ U2t (1- y)o-cj,20--r-

Using ng = yo, the terms involving o7 > cancel. Therefore,

Y -
cia=(1-y) [rz +mo +mo) - 50'1310';1 - yij'a'j]]

T U2t (1- y)o-cj,ZO-T-
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Substituting the expressions for rp, 172, and o7, derived in Steps 2-5 yields a closed-form
expression for ¢; > in terms of first-order reallocations and heterogeneity.

A.3.4 Second-order correction: time-varying passive portfolio share

We next derive the second-order correction in the case the passive portfolio share is time-
varying. Now, @, becomes a state variable. The dynamics of @, = 1 + @€ is given by

ﬂap,l‘ = _Kpa/p65

Capt = O pe.
We consider the following expansion of ¢ (x, @p; €):
ci(x,api€) =cjo+cji(x,ap)e+cjo(x, &p)e2 +0(e).

Because &, = (@, — 1) /€, derivatives with respect to the physical state @, require a change of
scale. For a generic object f(x,@p;€) = fo+ fi(x,&p)e + fo(x, &p)f2 + O(€e?), we have

fz, = fra, + €fra, + O(€),

€' frapa, + frapa, + O(6).

fa,a,
In our setting, ¢ and yy 1 are independent of &, so
Sra, =0, Saya, =0,
and therefore
2
fa, = €f2a, + O(€), fa,a, = Jrapa, +O(€).

Similarly, cross-derivatives satisfy
2 2
L@, = fixa, t €faxa, + O(€7) = €frxa, + O(€),

since fi does not depend on @),.
Step 1: Drift and diffusion for ¢; and yy.
We avoid repeating the derivation for the case in which &), is fixed. For any second-order object
Zp, Write
22 =29+ Az,

where zg denotes the second-order correction derived in the fixed-&, economy, and Az, collects
only the additional terms generated by the drift and diffusion of @,. By construction, Az, vanishes
when «, = 0 and 6, = Oxq.

Because ¢ and yy ; are independent of &, the diffusion terms coming from the time variation
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m ap are

J:2.ap
Aoe;n = Op,
Cio0
Js
yr2.a, .
Aoy, 2 = P&
Yy, p
yr.0
Therefore,
Cing
Jsep
UC.Z:UO,2+ pO'p,
J? st Ci
J0
0 Yr2.a,
O-yy’z - O-yY72 yYO O-p.

Similarly, the new drift terms generated by the time variation in @, are

J:2.ap 1 J2.aptp . T
A:ucj,Z == Kp E pOp>
€j.0 Cj.0
Yr2a, . 1Yv2.8p0p . o1
Apy, o = ————kKp@p + E—O-p D
Yr,0 Yr,0

Thus the only new second-order terms are proportional to «, or 6.
Step 2 (time-varying «,): Risk exposures of investors.
Write

0
Tj2=0;,+A0;),

where 0¥
J:2
new terms generated by the time variation in @,.

The desired exposure remains

is the second-order exposure from the fixed-&, economy and Ac; > collects only the

a1
=2y Ly o,
gt = T Ucjt-
yi y-1 7
Relative to the fixed-&, economy, the second-order desired exposure changes for two reasons: the
market price of risk changes by An,, and the consumption-wealth ratio has an additional diffusion
induced by &,. Thus,

Using Steps 1 and 2,

+ Gp.
Y -1 cjo

For an unconstrained investor, the multiplier is zero, so the incremental second-order exposure
is simply
AO']"Q = AFO"'j,z.
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Therefore,
Ay 1—y7lcjna
Aojp =2y Y 2%,
Y y—1 cjo
For a constrained investor, the second-order multiplier adjusts to keep the constraint binding.
Writing

R | ~
Via= Vi, + AV,
the incremental exposure is
AO'J"Z = AFOV']"Z - Af)j’z()'.

The second-order constraint condition requires the component of Ao ;> in the direction of o to
vanish:
Aojr0" =0.

Hence _
. AT 07
AVJ"Q = T
oo

and therefore _
A AS AT 207
o .’2 fd a .’2 _—

J J oo T

Thus, for constrained investors, only the component of the new desired exposure orthogonal to o
affects actual risk exposure; the component parallel to o is absorbed by the second-order multiplier.

Combining the results, the time-varying passive portfolio share affects second-order risk expo-
sures through the new market-price-of-risk term An, and the new consumption-wealth diffusion
term proportional to &,.
Step 3 (time-varying «,,): Market price of risk.
Write

m =09 + A,

where 7](2) is the second-order market price of risk from the fixed-&, economy and An; collects only
the new terms generated by the time variation in @,.
Recall that

Nt = Yayr [)(a,tO'Ry,t - ha,l‘] .

Relative to the fixed-&, economy, there are three new second-order effects. First, the aggregate

claim has an additional diffusion induced by &-,. Second, active investors have additional hedging

demand because their consumption-wealth ratios load on &-,. Third, if the leverage constraint binds

for investor ¢, the second-order multiplier changes, which changes effective aggregate risk aversion.
From Step 1,

Y. 2,8
Aoy, 2 = AL Gp,
Yr,0
and the additional hedging demand is
1 —y! 1 —y! Cj2a, | .
Ahgp = WEa[AO'cj,z] = U1 By cio Op-

The new contribution to effective aggregate risk aversion comes from the second-order multi-
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plier. Using the expansion for y, ; from the fixed-@, case,
Algp = Eq[AV; 2]
Therefore, the incremental market price of risk is
Ay =y [Eq[AV)2]0 = Aay, 2 — Ay (A.10)

If no leverage constraint binds, then AV; > = 0 for all active investors and (A.10) reduces to

v2a, 11—y '_ [cjaa,
Any = —y | 2220 27V Ea[’ “’H&p.

YY.,0 -1 Cj0

If the leverage constraint binds for investor ¢, then AV, > = 0 and AV, is pinned down by the
incremental second-order constraint. Let

1- ’)/_1 Cj2.ap
y-1 cjo

The incremental desired exposure of investor ¢ is

HjE

- A
AO’&Z = ﬂ + Hg@'p.
Y

The binding constraint requires the component of Aoy > in the direction of o to be zero. Thus,

n AE‘{JO’T AUZO'T 5'pO'T
AVg,z = = + Hp .
oo’ yoo T oo’
o -1 AN
Xe . . Yr2.a, . 1- Cj2,a n
A =y | ZAvppr - 22, - —— Y g, [ 2o, (A.11)
Xa Yr,0 - 1 Cj0
. Ao’ opo”
AV&Z = T + Hy -
yoo oo

Equations (A.11) jointly determine the new market-price-of-risk component and the new second-
order multiplier when investor ¢ is constrained. The key difference relative to the slack case is that
part of the new risk is absorbed by the multiplier, which changes effective aggregate risk aversion.

This system can be solved explicitly. Let

c = T2 1—7‘1E Cj2.d, 0, = opo’
7 yro y-1 " cjo |’ P™ ooT
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Then (A.11) becomes

Xt o ~

Ay =y | —AVpo = Cpbyp |,

Xa
-

Aﬁ&z = + Hggp.

O-T
Projecting the first equation on o and substituting into the second equation gives
- Xt oo

AV&Q = x—AVg’z - Cpr + Hng.
a

Since 1 — x¢/x, = xp, /x4, We obtain

A Xa

AVer = —(He = Cp)op.
Xh
Substituting back into the first equation yields
A Xe
Ay = —yC,b, + yx—h(Hg - Cp)o,0.

Equivalently, using

_Yroa,

Xh X¢
Ea[Hj] = _Hh+_H{’9 Cp +Ea[Hj]’
Xa Xa Yr.0
we can write Yy
Xn 2,&
Hy—-C,=—(H;—-Hp) - £,
Xa Yr.0
Combining the expressions above, we obtain
Yy2.4 . xe [ Yr2a, xp o0
AU2:_7[ p+Ea[Hj]]0'p—7—[ p+—(Hh—Hg) p_l_O'.
Yr,0 Xn | Yro Xa oo

Thus the multiplier offsets the component of the new desired exposure in the direction of o, while
the constrained investor’s incremental exposure retains the orthogonal component.
Step 4 (time-varying «,): Risk premium.

The risk premium on the aggregate claim is given by

_ T
Tyt = ORy My -

We write
0
Ty = 7TY,2 + A7TY72,
where 71'8 , 18 the second-order risk premium in the fixed-&, economy.
Since

ORyt =0 — O'yy,zéz + 0(63),
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the second-order risk premium is

T T
Typ = _O-yy,2770 + on, .

Therefore, the incremental risk premium induced by time variation in @), is

Amy o = —Ao'yY,zng + O'AUZT. (A.12)
Using 179 = yo and Step 1,
VY, 2,4,
Aryp = —y & Gpo ' + oA, .

Yy, 0

If no leverage constraint binds, substituting the expression for Arn, from Step 3 gives

Any, = —y

VY.2.4, oo™ + (yY,z,@,, N 1 - y‘lEa [cj,z,&,, ]) O'A;—:| '

YY,0 YY,0 Y -1

When the leverage constraint binds for investor ¢, the same formula (A.12) applies, but An, is
jointly determined with Av,» by (A.11).

Step S (time-varying «,): Interest rate.

We write the second-order interest rate as

ry = rg + Arp,

where r(z) is the fixed-&), expression in (A.6), and Ar; collects only the new terms generated by the
dynamics of @),.

From (A.6), the incremental correction is

Ary = —l//_l (A,uyy,z + O'AO';;’Z)

7 x [Apte,2 + (1= Y)A0e 207]
JET

+(1=y™)y Y xjAcj20" = Amy ). (A.13)
JjeT

All first-order terms in o7 ; and y; are already included in rg and therefore do not appear in Ar;.
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Using Step 1, the new drift and diffusion terms are

Cina
J4Qp A
Aoen = 205,
Cj0
YY2.ap,
Ao-yy 2 O-p’
Yr,0
Au 2:—Cj’2’ap/< +1c‘i’za”a" 5T
Cj cio p 2 i o P~ p>
yYZ(i/p 1yY72,@pa’p A AT
Aptyy 2 = Ty TP

Moreover, from Step 4,
Ary = —AO'yy,ZUg + O'AnzT.

Substituting this expression into (A.13) gives
AI’Z = —l[/_lA,uyY,z - lﬁ_IO'AO';;’Z

+ 1//_l Z X; [A#cj,z + (1 - ’}/)AO'Cj’QO'T]
JjeT

+(1- w_l)y Z XjAO'j’QO'T + Aayy,zng - O'A?];—.
JeJ

Since 179 = yo, the terms involving Aoy, > can also be combined as
-1 T
(7 4 ) O'AO'yY’Z.
Thus, equivalently,

Ary = =y Ay o + 97! Z XjApe; 2

jer
+y N (1-7) Z x]'AO'Cj,zo'T +(1-—y Ny Z XjAO'jQO'T
jeg jeg
-1 T T
+(y-v) o], - oan]. (A.14)

This expression simplifies substantially because the baseline economy is homogeneous. In partic-
ular, ¢; o = yyo for all j, and the aggregation identity Ayy» = 2. jc 7 X;Ac; > implies

Z x]'A#Cj,Z = A/lyy,z’ Z xjAO-Cj,Z = AO-yy,z-
jeJ e

The drift terms in (A.14) therefore cancel. Moreover, the consumption-diffusion terms combine
with the aggregate-claim diffusion term as

T (1= 9)AGy, 20 + (v =) oA 5 = (1 =y )yAdy, 00,
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Using market clearing for the risky claim,

Z XjATj2 = —Ady, 2,
€T

the remaining exposure terms cancel as well. Hence the incremental interest-rate correction reduces
to
Ary = —O'AnzT. (A.15)

Thus, after aggregation and market clearing, the only effect of time-varying passive demand on the
second-order interest rate operates through the induced change in the market price of risk. When
no leverage constraint binds, An; is given directly by Step 3. When the leverage constraint binds
for investor ¢, An, and AV, are jointly determined by (A.11).

Step 6 (time-varying «,): Dividend yield.

We write the second-order dividend yield as

0
Yr2 =Yy, +Ayra,

where yg), , 1s the fixed-&), correction in (A.8), and Ayy > collects only the new terms generated by
the dynamics of @,.
From the pricing identity,

VY2 =T2+ Ay + fyy2 + 0'0';;,2,
so the incremental correction satisfies
Ayyn = Ary + Ay p + Ay, o + oA .
Using (A.15) and (A.12), we obtain
Ayys = —0An, + (—Aoy, ong + 0ARy ) + Ay, 2 + O'AO';;,Z
= Mty 2 + (1 = y)Ady, 207,

where the terms involving An, cancel and we use 179 = yo.
Using Step 1, this becomes

Yy2.a,

1 Yy.2.6,6,
34y A AT
Ayya = ———Kp@)p N
Yr,0

— 0,0, +(1—7) oo
2 yyo P y o 7

Equivalently, since yy, = yg), ,+ Ayy 7, the incremental dividend-yield correction solves

(), +Ayraa 109, +Ayy2)aa,
Ayy, = —22 2 [=kpip + (1= )0 + =22 T (A16)
Vr,0 2 Vr,0

This is the time-varying-a,, counterpart of (A.8): the new correction is the drift and risk-adjusted
diffusion of the total second-order dividend yield induced by the state variable a,.
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The second-order price-dividend-ratio correction follows from

Py2 = PyoYya — PyoYras
so the incremental term is
Apyp = —P;Z/,oAyY,z-

Step 7 (time-varying «,): Solving for coefficients of dividend yield.
We can solve the coeflicients of Ayy > directly from (A.16). Write the fixed-&/, correction as

Yoo (X, &) = ay(x) + bY(x) &, + dy(x)as,
and conjecture

Ayya(x,dp) = ay(x) + by (x)d, + dy ()&,

Let
by (x) = bY(x) + by (x), dy (x) = d)(x) + dy(x)

denote the linear and quadratic coefficients of the total second-order dividend-yield correction
y(; , +Ayy2. Then

()’10/,2 +Ayy2)a, = bl +2d}a,, (y%,z +Ayy2)a,a, = 2d}.

For compactness, define

M, = (1 —y)@'pO'T, vy E@'pA;.
Then (A.16) can be written as
1 T
Ayyo = —(by +2dya,) (M — kp@)) + ——V,. (A.17)
YY.0 YY.,0

We first match the coefficient on &12,.

coeflicient is the product of 2d; @, with —k,@,. Therefore,

The only term in (A.17) that generates a quadratic

dy = ——2dl = -—2(dY + dy)
Yr,0 Yr.,0
Solving for dy yields
2p
Yy,0 0
dy = — o dy. (A.18)
Yo

Equivalently, the quadratic coefficient of the total second-order correction is

1
T _ 0
dy = ———dy. (A.19)
1+ =£
Yr,0
Thus, mean reversion in passive demand attenuates the quadratic dependence of the dividend yield

on &,. When k, = 0, we recover dy = 0 and d}, = dY, as in the fixed-&, economy.
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We can similarly solve for the coefficient on &,. Matching the linear coefficient in (A.17) gives

_ 1 T T\ _ 1 T 0
by = (247 M, - b} = or (247 M, - kp(8) + by)).

Solving for by yields
2dT M, — kY

by (A.20)
Yr,0 + Kp
Substituting (A.19), this can also be written as
2M 0 0
= ﬁ dy, — kpby
bY — YY,0
Yr,0t Kp
Equivalently, the linear coefficient of the total second-order correction is
bY +2dTM
BT = B0 4 by = OV T (A21)

Yr,0t Kp
Finally, we solve for the constant coefficient. Matching the constant term in (A.17) gives

1

(b} M, +dfv,) .
Yr,0

ay

Using (A.21) and (A.19), this becomes

1 |yyobY +2dTM
ay = S e Gl BV T (A.22)
Yr.0 Yro+Kp
where {
T _ 0
Yy.0
Equivalently, substituting out dZ,
oM
bO + p dO
Yy,00y 1+;)’:_I:) Y 1 .
ay = - M, + avVv,|.
YY.0 Yy + Kp b 1+§’Y<_1; ver

Therefore, the incremental dividend-yield correction is
Ayyo(x,dp) = ay(x) + by (x)a, + dy(x)d,

with dy, by, and ay given by (A.18), (A.20), and (A.22).
Step 8 (time-varying «,): Consumption-wealth ratio.
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We write the second-order consumption-wealth ratio as
cin=cl, +Ac;
J2=Ci2 J»2s

where c(} , 1s the fixed-&), correction from the previous subsection and Ac; > collects only the new
terms generated by the dynamics of @),.
The consumption-wealth ratio satisfies

2
Yj W=y lloell
cip=yp+(1-y) [rt‘*‘nto-;t_?]HO-j,t”Z +llcj,t+(1—7j)0'cj,z0';t+ l—tﬁj é

The last term is fourth order and does not enter the second-order expansion.
From the fixed-@, derivation, the second-order term can be written as

_ T T Y T s, T
Cjn= (1-y) [l’z + o + mo;,— EO-JJO-j,I YYio0;

T U2t (1- ')’)O-Cj,ZO-T-
Here the terms involving o7 » cancel because 179 = yo. Therefore, relative to the fixed-@, economy,

Acjr=(1-y) [Arz + A7720'T] + A0+ (1 - y)Aa'Cj,ZO'T.

All first-order terms involving 171, 07,1, and y; are already included in c? 5 and therefore do not
appear in Ac; >.

Using Step 1, this becomes

Acjr = (1-y) [Ar2 + Anzo'T]

Ci2a, 1¢j2a,6, . , 1
- KpQp ) Ip0p
Cj.0 €j0
Cing
Jelp
+(1-7y) 2o, (A.23)
Cj’()

This equation is the time-varying-a,, counterpart of the fixed-&, expression for c;. It shows that
the new correction to the consumption-wealth ratio is driven by the changes in the interest rate and
market price of risk, together with the direct drift and diffusion terms induced by the dynamics of
passive demand.

Equations (A.15), (A.10), and (A.23) form the closed system for the incremental second-order
corrections when the passive portfolio share is time-varying.
Step 9 (time-varying «,): Solving for coefficients of consumption-wealth ratios.
We now solve for the coefficients of the incremental correction to the consumption-wealth ratios.
The simplification in Step 5 implies

Ary + Ao’ = 0.
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Using (A.23), the incremental correction to c; » satisfies

(C?,z +Acjn)a, 1 (C(},z +Aci2)aa,

€j.0 €j.0

(A.24)

This is the same scalar coefficient problem as for the aggregate dividend yield, but applied investor

by investor.
Write the fixed-@), correction as

0 A 0 0/ A 0.\ A2
cj’z(x, @,) = aj(x) + bj(x)ap + dj(x)a/p,

and conjecture
Acja(x,dp) = a;(x) + bj(x)a, + d;(x)d;.

Let
bi(x) = b)(x) +bj(x),  d(x)=d)(x)+d;(x)

denote the linear and quadratic coefficients of the total second-order correction c? , +Acjo. As

before, define

Then (A.24) can be written as
dr

1 . 5 j
Acjs = r(bf +2d4),) (M) = kp@)p) + —=V,.
J0 €j.0
Matching the coefficient on &f, gives
2k K
dj = ——=d} = -—2(d) + d)
Cj’() Cj,O
Hence
2,
d G240
== E
1+ 2%/
€j.0
and the quadratic coeflicient of the total correction is
1
dl = d°.
J 1+ 2& J
CJ,O
Matching the coefficient on &), gives
b = (2d"M b7) = - (2d7m b+ b;
J_a iMp —KpD; —a My —kp(b; + D))
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Solving for b; yields
2dT M, — k,b°
b; = #_ (A.27)
cjotKp

Equivalently, the linear coefficient of the total correction is

cjobf +2dIM,

b =b%+b; = A28
;o cj0+Kp ( )
Finally, matching the constant term gives
a; = L(bT.M +dlV,).
J Cio jp Jj'p
Using (A.28) and (A.26), this becomes
0 T
1 |ciobi+2d°M
aj= — | ——L—L "M, +d"v,|. (A.29)
Cj0 Ccjot+Kp
Therefore,
Acjo(x,dp) = a;(x) + b;(x)a, + d;(x)a3, (A.30)

with d;, b;, and a; given by (A.25), (A.27), and (A.29). Because c; o = yy,o in the homogeneous
benchmark economy and yy, = X cq xjc;2, aggregating (A.30) across investors recovers the
coefficient formulas for Ayy > derived above.

B Wealthy Hand-to-Mouth Consumers

This appendix introduces wealthy hand-to-mouth investors into the dynamic model of Section 3.
We first establish an exact neutrality result: investors who hold a fixed fraction of the aggregate
claim and consume its payouts leave equilibrium prices and the normalized allocations of all other
investors unchanged. We then use the two-period model of Section 2 to characterize departures
from this neutrality benchmark.

B.1 Neutrality in the dynamic model

Consider the economy of Section 3 and introduce an additional investor sector, indexed by
m. Let its population mass be w,, € (0, 1), and scale the population masses of the original types
proportionally so that they sum to 1 — w,,. The sector holds a constant fraction x,, € [0, 1) of the
outstanding equity and corporate-debt claims:

wQO,D,t = wQO,B,t =Xm- (Bl)

Thus, the sector holds the two risky claims in aggregate-market proportions, holds no risk-free
bonds, and has aggregate wealth
(Ume,t = meY,t-
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The sector consumes the payouts on these claims:
mem,t =Xm (Dl + Bl) = xXmY;. (B.2)

Its consumption therefore responds to current income but not to changes in the market value of its
wealth.

The rule in Equations (B.1)—(B.2) is internally consistent. Indeed, the sector’s budget constraint
implies

d((,()meJ) = Xm (dPDJ + D[dt) + X (dPBJ + Btdt) — (,()mCm,[dl'
= x,udPy. (B.3)

This is precisely the change in wealth generated by maintaining the constant positions in Equa-
tion (B.1). We assume that demographic turnover preserves these positions and that the estate
transfers among the remaining investor types are scaled proportionally, so their conditional wealth
distribution evolves as in the baseline economy.

The following proposition establishes the neutrality result.

Proposition 8 (Wealthy hand-to-mouth neutrality). Consider any equilibrium of the dynamic econ-
omy in Section 3. Introduce the wealthy hand-to-mouth sector described by Equations (B.1)—(B.2),
and scale the aggregate wealth, consumption, and asset positions of every original investor sector
by 1 — x,,. Then the original price processes, consumption—wealth ratios, portfolio shares, and
conditional wealth distribution constitute an equilibrium of the extended economy. In particular,
the valuation ratios (py s, pp.), the interest rate r,, the market price of risk n;, and all risk premia
are unchanged for any path of the passive portfolio share ap ;.

Proof. Let (C;;,W;:,Qjp: Qj s> Ajs)jes denote an equilibrium allocation in the original econ-
omy. Let w’}’? = (1 —wp)w; denote the population mass of original type j in the extended economy,

and define |
N e

Sm = .
1-w,,

For each original investor type, define the allocation in the extended economy by

m _ m. _
Cj,l — Sij’[, W],t = Sij,l,

Qﬁk,l = SmQj,k,t, A;rft = SmAj,t, k € {D, B}_

Recursive preferences are homothetic, so scaling consumption and wealth by the same factor leaves
each original investor’s consumption—wealth ratio and portfolio shares unchanged. Given the
original price processes, the scaled allocation therefore satisfies the same optimality conditions and
type-specific portfolio restrictions as the original allocation. Moreover, w?sm = (I —xp)wj, so
every original sector’s aggregate allocation is scaled by 1 — x,,.

Goods-market clearing follows from

Z W"'CM 4 W Cg = (1= X)Y, + XY
jeT
= Yl‘-
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For each risky claim k& € {D, B}, market clearing follows from

Z w?lQ?,k,t + W Omps = (1= Xp) + X
Jjeg
=1.

The risk-free-bond market continues to clear because the original positions are scaled proportionally
and the hand-to-mouth sector holds no risk-free bonds:

Zw;nA;'rft = (1= xm) ijAj,t =0.

JET JeT

Finally, Equation (B.3) verifies the hand-to-mouth sector’s budget constraint. All equilibrium
conditions are therefore satisfied at the original prices. U

Proposition 8 is an exact aggregation result. The hand-to-mouth sector removes the same
fraction of aggregate consumption, wealth, and risky-claim supply from the original investor
sectors. These effects cancel in goods and asset markets, even though the sector’s consumption
does not respond to changes in wealth or expected returns. Thus, optimal consumption adjustment
by every investor is not necessary for any of the equilibrium results in Sections 3 and 4.

To compare economies with and without the hand-to-mouth sector, hold fixed the passive wealth
share among the remaining investors and the process for @, ,. Proposition 8 then implies that a
given change in @, has exactly the same effect on prices, interest rates, and risk premia in both
economies.!

The neutrality result parallels aggregation results in heterogeneous-agent macroeconomics.
Werning (2015) shows that incomplete markets can leave aggregate consumption dynamics un-
changed under benchmark restrictions on household exposures. Bilbiie (2008) shows that the
aggregate-demand effects of limited asset-market participation depend on how income, particularly
profits, is distributed between asset holders and hand-to-mouth households. The condition imposed
here has the same logic: the hand-to-mouth sector’s consumption exposure is exactly aligned with
its ownership of aggregate payouts.

B.2 Departures from neutrality in the two-period model

The exact result relies on the alignment between the hand-to-mouth sector’s consumption,
wealth, and asset ownership. The two-period model allows us to relax this alignment and charac-
terize when hand-to-mouth behavior amplifies price impact.

Environment. The economy is that of Section 2, with a third investor type m of mass w,, added
to the active (a) and passive (p) types. As before, initial wealth is W; = (P +Y)Q; _1 > 0, with
2jefapm @jQj—1 = 1, and the budget constraints are unchanged. Type m follows a rule on both

I'The corresponding dollar flow relative to total market capitalization is smaller by the factor 1 — x,,,, because the
hand-to-mouth sector does not participate in the reallocation. Normalizing flows by the wealth of the participating
sectors removes this mechanical float effect.
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margins: .
Cn=Cn, an, =a, € [0,1],

where C,, € (0,W,,) is exogenous, so first-period consumption does not respond to (p, roap).
The fixed portfolio share @,, is applied to savings, so O = @m(W,, — Cyn)/P. Second-period
consumption is the residual, C,, = Y’Q,, + B,,. We interpret C,, as consumption out of current
income by a household with positive asset holdings, in the spirit of the wealthy hand-to-mouth
households in Kaplan and Violante (2014). The rule nests the case Em = YQu.-1, in which the
household consumes exactly its current asset income. Active and passive investors are exactly as
in Section 2, and market clearing adds type m to each condition.

Since initial wealth is proportional to P + Y for every type, wealth shares are determined by
initial holdings. The hand-to-mouth sector is therefore summarized by two constants,

w, W, w,,C
= Pm+;1 = wQO,—l» ﬂm = mY m’

Xm

which are its shares of aggregate wealth and aggregate consumption. The inequality ,, > x,, holds
if and only if C,,/W,, > Y /(P +Y), so the hand-to-mouth sector then consumes a larger fraction of
its wealth than the economy as a whole.

We impose Assumption 1 on the optimizing types, with wealth weights normalized within that
group. Letting X; = w;W;/(w W, + w,W,) for j € {a, p}, we assume

FacCo(r,m) +Xpcp(r,m) =¢c(r +m). (B.4)

The goods market. The following lemma generalizes Equation (3).

Lemma B.1. Under Assumption 1 applied to the optimizing types, goods-market clearing is equiv-
alent to

1-19,
l+el’

(I—xm)c(u—p) = (B.5)
Proof. Goods-market clearing for the optimizing types is

waCq + WpCp =Y — Wy Cpy = (1 = 9,,)Y.
Equation (B.4) implies

weCy + wpCp =¢(r + 1) (W Wy + wpW,).

Summing wealth across all types gives
D wWi=(P+Y) > wQ; 1=P+Y.
J J

It follows that w,W, + w,W, = (1 = x,,)(P +Y). Substituting r + 7 = u — p from Equation (1)
and using P +Y = (1 + ¢?)Y yields Equation (B.5). O

Setting x,, = %, = 0 recovers Equation (3). The separation established in Section 2 is
preserved: the goods market determines the price-dividend ratio, while the risky-asset market
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determines the risk premium. The hand-to-mouth sector removes a fraction x,, of the wealth
behind the consumption-wealth schedule and a fraction ,, of output from the resource side.

Hand-to-mouth neutrality. Animportant benchmark arises when wealthy hand-to-mouth house-
holds consume the dividends on their asset holdings.

Corollary 1 (Dividends-consumption neutrality). Suppose
Cn =Y0Om-1. (B.6)

Then 9,, = x,,, and the goods-market condition in Equation (B.5) reduces exactly to the baseline
condition in Equation (3). Consequently, the hand-to-mouth sector leaves unchanged the equilib-
rium response of the price-dividend ratio, and hence aggregate market elasticity, for any shock to
the consumption-wealth schedule.

Proof. Equation (B.6) implies

Uy = = wQO,—l =Xm-

Substituting ¥, = x,, into Equation (B.5) gives

1-x,
l+el’

(I =xpm)c(u—p) =

Dividing by 1 — x,, recovers Equation (3). Because the equation determining p is identical to
the baseline equation, its response to any shifter of the consumption-wealth schedule is also
identical. =

Corollary 1 is an aggregation result. Although hand-to-mouth households do not adjust their
consumption in response to prices, they remove the same fraction of aggregate wealth from the
price-sensitive consumption schedule as they remove from aggregate consumption on the resource
side. The two effects cancel, so heterogeneity in consumption behavior alone does not amplify
price movements. The hand-to-mouth sector matters for aggregate market elasticity only when its
consumption share differs from its wealth share.

This result parallels neutrality results in heterogeneous-agent macroeconomics. Werning (2015)
shows that incomplete markets can leave the aggregate sensitivity of consumption to interest rates
unchanged under benchmark restrictions on household exposures. Bilbiie (2008) shows in a two-
agent New Keynesian model that the aggregate-demand effects of limited asset-market participation
depend on the distribution of income, particularly profits, between asset holders and hand-to-mouth
households. The condition #,, = x,, plays the analogous role here: the presence of hand-to-mouth
households is not sufficient for amplification when their exposure to aggregate resources is aligned
with their asset holdings.

This neutrality concerns the price-dividend ratio and aggregate market elasticity. The equilib-
rium movements in the interest rate and the risk premium can still differ from the baseline because
the hand-to-mouth sector changes the demand elasticities entering risky-asset market clearing.
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The linearized equilibrium. We linearize around the reference equilibrium (p*,r*) as in Sec-
tion 2. The local slopes of the dividend-yield and consumption-wealth schedules are

%

eP

— >0,
(1+ep)?

dp Xp=-¢'(u-p")>0.

The hand-to-mouth demand for the risky asset is Q,, = @y (Wi, — Cp) /P with W,, = (P +Y )Om.—1,
SO

V¢ — alog Om -1 PQm,—l _ YQm,—l —Cn
m,p =" a - - — - p—
dp Wn=Cn  Wy—Cny
The cross-price elasticity is zero, while the own-price elasticity depends on saving out of current
asset income relative to total saving. A household that consumes exactly its asset income has
{m,p = 0. None of the results below depends on the value of £, ,. With quantity shares s; = w J-Q;‘.,

the linearized risky-asset market-clearing condition generalizes Equation (5) to

s gm,r =0, fm =0.

Saqa + Spqdp + Smqm =0, q; :_gj,pﬁ_gj,rf+fj- (B.7)

Define the aggregate flow as f = X cis,m) 5;fj- We allow a shock to shift the optimizers’
consumption-wealth ratio according to ¢ = xo + x, p. The direct shifter is y( = O for the portfolio-
flow shock in the benchmark model and o = x, /i = —x, /i for the fundamental shock. Linearizing
Equation (B.5) gives

(1 _xm)()(0+/\/pﬁ) =-(1 _ﬁm)dpﬁ- (B.8)

Results. The first result shows that the infinite-elasticity benchmark of Proposition 1 survives.

Proposition 9 (Neutrality). Suppose the aggregate cross-price elasticity

gr = sa{a,r + spép,r + Sm{m,r

is nonzero. Then a portfolio-flow shock has no price impact in the presence of a wealthy hand-to-

mouth sector:
. L_f . f
p =0, F==, T=-=.
Lr Lr
Proof. With yo = 0, Equation (B.8) becomes

[(1 —Xm)Xp + (1 — ﬂm)dp]ﬁ = 0.

The term in brackets is strictly positive, so p = 0. Substituting p = 0 into Equation (B.7) gives
7 = f/{-. The identity # = —p — 7 then implies 7 = —f/{,. O]

Proposition 9 shows that the infinite-elasticity result does not require every household to make
an optimal consumption-saving decision. It requires the portfolio-flow shock to leave unchanged
the part of aggregate consumption that responds to prices. Hand-to-mouth consumption satisfies
this condition because it does not respond to the flow or to equilibrium prices. Relative to Section 2,
hand-to-mouth asset holdings absorb a share s,, of the market while contributing no cross-price
elasticity. The aggregate cross-price elasticity is therefore smaller, and the interest rate must move
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by more to absorb a given flow. Hand-to-mouth behavior does not generate price impact by itself,
but it can amplify price impact generated by a shift in consumption-saving behavior.

Proposition 10 (Amplification). Consider a shock that shifts the optimizers’ consumption-wealth
ratio by xo # 0. The price response is

A (l_xm)XO A ~
p=- = A(xpm, D) Do, Po =
(1 _xn1))(p+(1 _ﬁm)dp

_ Xo
Xp +d,,’

where p  is the response in the economy without hand-to-mouth consumers and

(1 _xm)()(p + dp)

A(Xp, O) = (l_xm)/\/p-l-(l_ﬁm)dp'

Proof. Immediate from Equation (B.8); the benchmark corresponds to x,, = 9,, = 0. O

Corollary 2. (i) A > 1 if and only if 9,, > x,,, that is, if and only if the hand-to-mouth sector’s
consumption-wealth ratio exceeds the economy-wide average; A = 1 when @, = x,,. (ii) A is
increasing in ¥, and decreasing in x,,. (iii) For any x,, € [0, 1),

dp
sup ﬂ(xm’ ﬂm) =1+ B
In<l Xp

independent of x,,. Under the micro-founded demand system of Section 4, where x, = (Y — 1) d),,
the bound is ¥ | (¥ — 1).

Proof. (i) A > 11is equivalent to (1 —x,,)d, > (1 —9,,)d), thatis, 9, > x,,; the second statement
follows from the definitions of 9, and x,. (i) With D = (1 — x,)x, + (1 — ¥,)d,, direct
differentiation gives 0.A/3%,, = (1 — x) (xp + all,,)alp/D2 > 0and 0A/0x,, = —(xp +dp)(1 -
Om)d,/D? < 0. (iii) Set 3, = 1. O

The mechanism follows directly from goods-market clearing. The hand-to-mouth sector re-
moves wealth from the price-sensitive consumption schedule in proportion to x,, and output from
the resource side in proportion to ¥,,. These effects cancel when #,, = x,,. When 9J,, > x,,,
the resource side contracts by more, so a given shift in saving incentives generates a larger price
response. This amplification result concerns departures from the neutrality benchmark; it does not
alter the exact dynamic neutrality result established above. The hand-to-mouth and passive sectors
may overlap empirically, but modeling them separately isolates the consumption margin from the
portfolio-flow margin.

C Production and Monetary Policy

This appendix embeds the baseline model in a production economy with sticky prices and
monetary policy. We first show that the flexible-price real allocation is equivalent to the baseline
endowment economy. We then show that an inflation-targeting central bank can implement this
allocation by tracking its natural rate of interest.
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C.1 The flexible-price economy

Firms. Final output is a CES aggregate of differentiated goods produced by monopolistically
competitive firms i € [0, 1]. Firm ¢ produces

?i,t = AtL!_a

it

Productivity follows

dA

—t:,ua’t+0'dZt, o e R4,

A;
The productivity process therefore has the same fundamental exposure as aggregate endowment in
the baseline model.

Demand for good i is
~ Pi\ % <
Y, = P, Y,, (C.1)
where P; is the aggregate price level and £, > 1 is the elasticity of substitution across goods. Under
flexible prices, firm i chooses its price to maximize real profits,

1
Pis W (Y™
1t P[ s

Py A,

subject to Equation (C.1). In a symmetric equilibrium, the resulting labor-demand condition is

% =(1- 8§1)(1 - a)AL;“. (C.2)

Households. Following Bigio, Silva, and Zilberman (2025), households have Epstein—Zin pref-
erences over a GHH composite of consumption and labor. Type j € J chooses gross consumption
Cj ., labor L;;, and its feasible portfolio a;, € Q;; to solve

Vie= max E [ / fj(ﬁj,s—gAsLj,s,V,,s)ds],
t

CjisLji:jt

subject to

Cj’[ + % Lj’[
Wi, Pt W,

dw;,
Wi,

= l.t—H['f'ﬂ'tTa’j,[— dt+0’j’tdzt.

Here, i, is the nominal interest rate, I, is inflation, and 7r; denotes the vector of excess returns on
equity and corporate debt. The feasible portfolio sets €2 ; are the same as in Section 3.
The intratemporal first-order condition for labor is
Wi

5 =& (C.3)
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Define net consumption by _
Cj,t = C]"[ - é‘:A[Lj’t.

Using Equation (C.3), the household budget constraint becomes

de,[

T C/,l
I PO
Jt

dt + O-j,[dZ[, ry = i[ - Hl"

Jot

Thus, expressed in net consumption, the household problem is exactly the problem in Section 3.

Labor and goods markets. Combining Equations (C.2) and (C.3) gives constant aggregate labor,

Ll:

- _ l/a
(1-¢H(1 a)] T
¢

Goods-market clearing in net units is

Z CUjCj,t =Y,

Jjeg

where net output is

—1- —
Y= AL " —¢AL

1 — i
= o+ —%{AT"™

€g
The second equality uses the equilibrium labor condition. Consequently,

dy,
7’ = udt + o dZ,. (C.4)
t

Financial equilibrium and the natural rate. Firms distribute net output through the equity
and corporate-debt claims defined in Section 3. The aggregate value of these claims is Py, and
households can also trade the risk-free asset. Because the household budget constraints in net-
consumption units and the process for net output coincide with those in the baseline model, all
normalized real equilibrium objects solve the same system as in Sections 3 and 4. In particular, the
flexible-price price-dividend ratio, risk premium, and aggregate market elasticity are identical to
their baseline counterparts.

Let r{' denote the equilibrium risk-free rate in this flexible-price economy. This is the natural
rate of interest. It incorporates the endogenous adjustment to portfolio-flow shocks characterized
in the main text.
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C.2 Sticky prices and monetary policy

Price setting. Suppose firm i chooses its inflation rate I1; ; subject to

dPi,I

it

= Hi’[dt.

Changing prices entails the quadratic Rotemberg cost %Hzlf’;. The cost is rebated lump-sum to
households and therefore does not absorb aggregate resources.

Let A, denote the real stochastic discount factor defined in Section 3. Taking aggregate prices
and quantities as given, firm 7 solves

1
*As[Piss Wi [Yis|" =
(Vi{;: max El/ Ks[iyis_ S(i) _fniz,sYs]dS,
t t

{IL; s }s2e Ps ' Ps 2

subject to Equation (C.1) and the law of motion for P; ;.
To derive the pricing condition, let u;, = log P;; and let K;; denote the costate associated with
u; . The first-order condition for I1;; is

Ko = ¢lliY,. (C.5)
Define firm i’s real marginal cost as
WP,
U (I -a)ALY

Differentiating operating profits with respect to u; ; and then imposing symmetry gives

oll; ~ g, — 1
au_l’l = &gY; (mc, —mc”™), mc* = ge ) (C.6)
itlp; =P, g
The stochastic costate equation is
0= ani’l dt + M (C.7)
Ottis |p, =p, A |

Integrating Equation (C.7) forward, imposing the transversality condition, and using Equa-
tions (C.5) and (C.6) gives

_ oA
oILY; = E, [/ nggYS (mcg —mc™*) ds| . (C.8)
t 1

Equation (C.8) is the nonlinear forward-looking Phillips curve in this economy. Current inflation
reflects the discounted path of deviations of real marginal cost from its flexible-price level. In
particular, mc; = mc™* at all dates implies I1; = 0.
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Monetary policy. Aggregate inflation is

P,
II, = —.
Py

The central bank sets the nominal interest rate according to
i[ = r;:l + ¢HH[, ¢H > 1. (C.9)
The following proposition establishes the implementation result used in the main text.

Proposition 11 (Implementation of the flexible-price allocation). Suppose all firms begin with the
same price. Under the policy rule in Equation (C.9), the flexible-price allocation with zero inflation
is an equilibrium of the sticky-price economy. In this equilibrium, i; = r{, and aggregate market
elasticity is identical to that in the baseline model.

Proof. At the flexible-price allocation, Equations (C.2) and (C.3) imply that real marginal cost
equals mc*. The firms’ pricing condition is therefore satisfied at [, = 0, and Rotemberg adjustment
costs vanish. With zero inflation, the real and nominal risk-free rates coincide. Equation (C.9) then
implies i; = r}, so households face the same real interest rate as in the flexible-price economy. All
remaining household, firm, financial-market, and goods-market conditions consequently coincide
with those of the flexible-price allocation. The process for net output remains Equation (C.4), so
the price-dividend ratio and its response to portfolio flows are unchanged. 0

Proposition 11 establishes the existence of a zero-inflation equilibrium in which an inflation-
targeting central bank implements the interest-rate adjustment characterized in the baseline model;
it does not require a claim of global uniqueness.

D Belief Distortions from Portfolio Flows

This appendix studies a belief distortion through which non-fundamental portfolio flows affect
investors’ expectations of future cash-flow growth. The distortion can be interpreted as investors
partially confusing portfolio-flow shocks with fundamental news, or more broadly as reduced-form
mislearning from flow-induced price movements. We first introduce the mechanism in the simple
model of Section 2 and then embed it in the dynamic model.

D.1 Extension of the simple model

We allow a portfolio-flow shock to shift investors’ perceived expected dividend growth without
changing actual cash flows or aggregate resources. This belief distortion makes aggregate market
elasticity finite because the flow now shifts perceived saving incentives.

Perceived cash-flow news. Let £ denote the true change in expected dividend growth and let f
denote the portfolio flow defined in Section 2. Investors behave as if expected dividend growth had
changed by

p=p+0f, (D.1)
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where 6 > 0 measures the degree of confusion. When 6 = 0, investors correctly distinguish
portfolio flows from cash-flow news, and the baseline model is recovered. When 6 > 0, a flow into
the risky asset is partly interpreted as positive news about its future payouts.

The distortion in Equation (D.1) applies to investors’ portfolio and consumption-saving deci-
sions. Actual current dividends and aggregate resources remain unchanged. Thus, the linearized
demand system becomes

qj =—LjpP — i + {j,uﬁ"‘ S
where —
dlogQ;
ou
The change in the average consumption-wealth ratio is

J.u

¢ = Xull + XpD, Xu = —Xp- (D.2)

Equilibrium price impact. Goods-market clearing combines Equation (D.2) with the linearized
dividend-yield schedule:

Xﬂﬁ"‘ Xpﬁ = _dpﬁ~ (D.3)

Defi
efine Xu Xp

Xp+d, xp+d,
The coeflicient A, is the response of the price-dividend ratio to perceived cash-flow news derived
in Equation (8).

Ay

Proposition 12 (Price impact under flow confusion). Suppose investors’ beliefs satisfy Equa-
tion (D.1). In response to a pure portfolio-flow shock, i = 0, the equilibrium price response
is

p=40f. (D.4)

Consequently, inverse aggregate market elasticity is

Xp
Xp+dp

Eyf =0 = (D.5)
Proof. Substituting ¢ = 6f into Equation (D.3) gives Equation (D.4). Equation (D.5) then follows
from the definition of aggregate market elasticity in Equation (7). [

The result isolates the relevant economic channel. Confusion does not make the price response
depend on the own-price elasticities of individual demand curves. Instead, it gives the portfolio flow
a perceived fundamental component, which shifts the consumption-wealth schedule and therefore
the price-dividend ratio selected by goods-market clearing. The individual demand elasticities
determine the accompanying adjustment in the interest rate and the risk premium. In particular,

defining
¢p = Z Sj€i.p> ¢r = Z Sj&jrs Cu = Z Sj&jous

J J J
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risky-asset market clearing implies

1 0—-7,1,0
+§#§gpﬂf

F= ,
provided ¢, # 0.

The strength of the consumption-saving response disciplines the magnitude of this mechanism.
Under the micro-founded relation y, = (¢ — 1)d, used in the dynamic model,

8;41:(1—£)9.

Thus, confusion has no price effect under unit EIS, because perceived cash-flow news does not shift
the consumption-wealth ratio in that case.

Feedback from prices to perceived news. Equation (D.1) captures the initial misclassification of
a flow shock. A natural extension allows the resulting price movement itself to reinforce investors’
inference about fundamentals:

L=pa+0f+kpp, (D.6)

where «; > 0 measures the strength of the feedback. Combining Equations (D.3) and (D.6) gives

= — + y
P

provided k4, < 1. For a pure flow shock,

1,6
El=——.
M I —kpdy

The direct confusion in Proposition 12 initiates the price response, while inference from prices
amplifies it through a geometric feedback multiplier. If perceived news depended only on p, without
the direct term 6 f, the baseline solution p = 0 would remain an equilibrium whenever x4, < 1.
This is why confusion about the source of the initial innovation, rather than price extrapolation
alone, is necessary to generate price impact locally around the benchmark. The quantitative model
below includes the direct-confusion channel but not this additional price-feedback mechanism.

D.2 Extension of the dynamic model

We next introduce the same form of confusion into the dynamic model of Section 3. To keep
the extension tractable, all investors share the same distorted beliefs. The objective processes for
aggregate endowment, dividends, and the passive portfolio share remain unchanged.

A belief state. Recall that Z;, = (Z;,, Z>;), where Z;; is the fundamental innovation and Z;;
is the non-fundamental portfolio-flow innovation. Define the non-fundamental innovation to the
passive portfolio share as

dFt = O'QP’Z de’,.
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We introduce a belief state m; that follows
dm, = —Kmyhi; dt + QdFt,

where «,, > 0 governs the persistence of distorted beliefs and 6 > 0 measures the extent to which
investors interpret a non-fundamental flow innovation as cash-flow news. A positive realization of
dZ,  raises perceived expected cash-flow growth, even though it does not change current endowment
or dividends. Subsequent observations gradually undo this inference at rate «,,.

This formulation captures confusion about news regarding future payouts rather than confusion
about observed current payouts. It therefore preserves the objective cash-flow processes

dy, dD
TIZ/,tdt+O'1dZU, Ft:,udt+¢0'1dZ1,t.

t t

The belief state affects decisions but does not alter aggregate resources.

Subjective beliefs. Let P denote the objective probability measure and let P denote investors’
common subjective probability measure. Define the belief distortion

hl = (ﬁ90) 5
o1

and the subjective Brownian motion
dZ, = dZ; — h] dt. (D.7)

Under the usual integrability condition, Z, is a Brownian motion under P. Rewriting the endowment
process under investors’ beliefs gives

dy _
—Yt = (u+m)dt+o1dZ,,. (D.8)
t

Similarly, investors perceive expected dividend growth to be y + ¢my;:

dD N
o L= (u+ ¢m,) dt + poy dZy,. (D.9)
t

Thus, a flow innovation is interpreted as news about expected aggregate growth, and the cash-
flow leverage of equity magnifies its perceived effect on dividends. Beliefs about the residual
corporate-debt payout B; = Y; — D; are inherited from Equations (D.8) and (D.9).

Consider an asset with objective return dynamics

de’[ = MRyt dt + ORy.t dZt
Under investors’ beliefs, the same observed return process is written as

de,l = (/le,t + O-Rk’th;r) dt + O-Rk,l' le.
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Consequently, the vector of perceived risk premia is
o= m+ 2 = E0 M =1+ hy.

The vector 1, continues to describe the vector of objective market prices of risk, while 7; describes
the compensation for risk perceived by investors.

Investors’ problems. Investor j evaluates utility under the subjective measure and solves

Vi = max Et [/ fi(Cjs, Vi) ds

G

subject to the same type-specific investment set £2; ; as in the baseline model. Under the subjective
measure, the investor perceives the wealth dynamics as

dW; T
= |r; +7Tt (Zj,[ -

Wj,l‘

dt + Tjt dZ[,

Jot

where 0 ; = aJTtZ,. Passive investors continue to follow their prescribed portfolio rule, but their
consumption decision reflects the same subjective beliefs as those of active investors.
The optimal risk exposure of an active investor becomes

1 7 1=v;
77t+ J

Ojy = —+ —
ot 1+Vj,t Y lﬁ—l

o> JE€{h L} (D.10)

The change of measure affects conditional drifts but not diffusions, so o, is also the diffusion of
the consumption-wealth ratio under investors’ beliefs. The correspondmg HJB condition is

~ 1 7 2 =
cir=yp+(1-y) ”t+7710'j,t—?||0'j,t|| +&js
The continuation-value term is

v =y loe
-y 2

z — T — T
Ej = Hepr + (L =yj)oc, 107, + Hepr = Heja + 0cihy

Equilibrium. The state vector expands to
X, = (xh,t’xf,t’ap,l’ml) .

An equilibrium consists of prices and allocations such that investors optimize under P, while
all goods and asset markets clear under the objective resource constraints. The market-clearing
conditions are unchanged:

1
Z XjtCjr = —, Z XjtOjt = ORyyt- (D.11)
jEJ pY,l ]E[f
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Actual wealth shares evolve under P according to realized returns and consumption, not according
to the returns investors expected under P. Hence, the objective law of motion remains

dx —Xji

dt

1 w;
= [(m; - U'Ry,t)(o'j,t - O'Ry,t)T - (Cj,z - ) + K
N

ij xj,l

+ (0 —Orya)dZ;, € {h, L} (D.12)

Belief distortions affect realized wealth redistribution through the portfolios and consumption
choices they induce, but they do not mechanically alter realized cash flows.

Setting 8 = 0 and m( = 0 recovers the baseline model. For 6 > 0, a non-fundamental portfolio-
flow innovation changes both passive demand and investors’ perceived investment opportunities.
The latter channel shifts consumption-saving decisions and can therefore generate additional price
impact through goods-market clearing.

D.2.1 The equilibrium system

We now collect the equations needed to compute the behavioral equilibrium. The central
distinction is that optimal decisions use subjective conditional expectations, while market clear-
ing, realized wealth accumulation, and the valuation equations are expressed under the objective
probability measure.

Objective and subjective state generators. Write the objective law of motion of the expanded
state vector as B
dX[ = /'l)?,l‘ dt + O-)?,l‘ dZ[ (D13)

Under investors’ beliefs, the same process satisfies
dX, Zﬁf’t dt+0—§,t dz;, ﬁf,t = ,ujf,t"‘o'i,;h:-
Hence, for any twice continuously differentiable function g(X,), the objective and subjective

infinitesimal generators are

1
Lg=gxpug + St (oyo%gxx) ,

Zg =Lg+ gxaghT.

The diffusion is identical under the two measures. Only the drift changes.
For a positive function g, define its objective drift and diffusion by

d
ﬁ = /Jg,t dt + O-g,t dZt

8t
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[t0’s lemma gives

8x 1
Her = ?Nf,l + itr (O'YJO';?—JgX)() , (D.14)
o = %Xa@, (D.15)
ﬁg,t = /,lg,t + O-g,lh;—' (D16)

Equations (D.14)—(D.16) provide the derivatives entering the subjective HIB equations and the
objective valuation equations.

Market price of risk. Let x,; = x; + x¢; = 1 —x,; and define

Risk-market clearing requires

Vs = 1 —xpiap,
a,t = .
Xa,t
Xj’[
x—O'j,, = Xa.tORy.t- (D.17)
jethey "

Define average effective risk aversion and average hedging demand as

-1

y _ .Xj,t 1
a,t = - T N ’
jE{h,f} xa,t YJ(I + V].,t)
-1
H . = X 1= oo
it = -
¢ Xar W =1 1+vj,

Substituting Equation (D.10) into Equation (D.17) gives the perceived market price of risk:

771 =Yayu [Xa,zO'Ry,t - wa,t] .

The objective market price of risk is therefore

Nt = Yau [)(a,tO'Ry,t - 7”(a,z] = hy. (D.18)

Relative to the baseline model, risk-market clearing determines the compensation investors perceive.
Optimism about future cash flows lowers the objective compensation required to induce them to

hold the outstanding risk.

Interest rate. Define

&

R

2,

jeg

Z xj,tfj,t,

jeg

Vi 2
?H‘Tj,t” s
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and let
_ T _ =~
b; = O-Ry,tht =TNys — Tyt

Wealth-weighting the subjective HIB equations and imposing goods-market clearing gives
1 ~
o =yp+(1—y) [r+ryv,+b —-R]+&. (D.19)
St

The objective pricing identity for the aggregate endowment claim is

1
—— =r+ Ty — UpPyss (D.20)
Py

where up, ; 18 the objective expected capital-gain rate. Combining Equations (D.19) and (D.20)
yields

ro=p o+ (up + &)+ =g ™YR =7y = (L= g7 b (D.21)
The final term is new. When investors interpret a flow innovation as favorable cash-flow news, their

perceived return on aggregate wealth exceeds its objective expected return, shifting their desired
consumption-saving choice.

The objective pricing kernel. The preceding equations can also be obtained directly from the
stochastic discount factor. Let L; denote the likelihood-ratio process associated with investors’
beliefs. Given Equation (D.7), it satisfies

dL
_t = h[ dZ[
L

t
Let A, denote the SDF under investors’ subjective measure:
dA _ =
~_t = —rtdt —de,.
Ay

The objective state-price density is A; = LA, Itd’s product rule gives

dA -
Tt =-r dt — (77[ — hl‘) dZ[ = —r; dt — 1N dZt
1

This verifies that the objective valuation equations use 1, = 177; — h;, not the perceived market price
of risk 7;.

Valuation equations. For k € {Y,D},let¢y = 1 and ¢p = ¢. Write py; = pi(X;) and compute
its objective drift and diffusion from Equations (D.14) and (D.15). Return volatility is

ORt = PkO + Oppt-
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The objective valuation equation is

1 T -
PP (ko + o) = (u + Upir t ¢kcmpk,t) :
The same equation results under the subjective measure. Under that representation, expected
cash-flow growth rises by ¢roh/, the subjective drift of the valuation ratio rises by o, (h/,
and perceived expected returns rise by og, k. Because og,; = ¢ro + Op,.1» these three belief
terms cancel exactly in the pricing identity. Beliefs nevertheless affect prices through equilibrium
consumption, portfolios, the interest rate, and the objective market price of risk.

State dynamics and closure. Under the objective measure, the passive portfolio share and belief
state satisfy

dap’t =Kp (5 - ap’[) dr + O-ap dZt,

dm; = —km; dt + 00,2 dZy;.

The objective wealth-share dynamics are given by Equation (D.12). Together, these equations
determine uz, and oy ,.

Empirical discipline. The belief loading can be disciplined using the response of dividend-
growth expectations to non-fundamental price movements estimated by Chaudhry (2025). Along
a pure portfolio-flow innovation, our specification implies

dlog(Pp,/D:)

F =
b = JdF, ’

where 7, DF is the response of the log price-dividend ratio per unit of the passive-share innovation
dF;. This differs from the headline price-impact coeflicient, whose flow is additionally scaled by
the passive sector’s lagged wealth share. The model counterpart of Chaudhry’s estimate is therefore

O + gm,)[0dF, _ 46
d10g(Pp,/D)/0dF, ~ I}

@model =

Chaudhry’s preferred average-treatment-effect estimate implies a target of @mogel = 0.12, while
the flow-induced-trading local-treatment estimate of 0.206 provides a higher-response alternative.
We calibrate 6 in the economy with homogeneous risk aversion and slack leverage constraints,
which isolates the belief-distortion mechanism. The value 6 = 0.08 implies amoge; = 0.121,
closely matching Chaudhry’s preferred estimate of 0.12. We then hold 6 fixed when introducing
preference heterogeneity and the leverage constraint. This calibration matches the response to a
flow-induced price movement without making the belief state respond directly to the equity price.
Doing so would introduce an additional contemporaneous fixed point between beliefs and equity
valuation.

The computational problem therefore consists of three HIB equations and one aggregate-
valuation equation for

{ep(X), en(X), ce(X), pr(X)}
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followed by the valuation equation for p D()? ). The number of unknown functions is unchanged
relative to the baseline model, but each function depends on the additional state m. At every
state, Equations (D.10), (D.18), (D.21), and (D.11) determine portfolios, the objective market price
of risk, the interest rate, and the aggregate valuation ratio. Equations (D.13)—(D.16) supply the
objective derivatives used in simulation and valuation and the subjective derivatives used in the
HJB equations.

When 6 = 0 and m = 0, we have h = 0, 7 = n, uy = py, and b = 0. Every equation
then reduces to its baseline counterpart. This provides a direct code-level check of the behavioral
implementation.

E Closed-Form Perturbation Results

This appendix specializes the general perturbation system in Appendix A.3 to obtain the closed-
form results used in Section 4. We first derive the solution without preference heterogeneity or
leverage constraints and then show that the endogenous response of the wealth distribution affects
price impact only at a higher order.

E.1 Passive demand without preference heterogeneity or leverage constraints

We now specialize the general second-order system to the case used in Propositions 4 and 5.
Suppose ¥; = 0 for every j € 7, the leverage constraint is slack, and the mean passive portfolio
share equals its benchmark value. The first-order exposure coeflicients are

X
A P A .
mp1 = @, mj1 = —x—ap, jeA{h,t},
a

where x, = 1 — x,,. Therefore,
X
2 : 2 _ P a2
ijjJ = x—ap.
jeg “

The fixed-share second-order correction to the payout yield is therefore

g Ylell? 2 A2
Wa= (=g )T ) aym = dya,
Jeg

where

X
df =5 (1= )yllolPL.

a

| =

Define
M,=(1-y)o,0", V, = 6'1,6';.

The general coefficient equations in Appendix A.3.4 imply

T _ T T A T A2
Yy, =dy + bya, + dyap,
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where

4l = dp 0
Y d, + 2k, Y
o 2di M,
Y — 5 .
dp +Kp
r bIM, + dlV,
aY -_ —.
dP

Only the slope of y§ , With respect to &, matters for price impact:

oyl M
Tt =2 ay+ .
p P P

The variance term V), affects only the constant coeflicient ag; and therefore does not enter the
derivative with respect to &@,,.
A normalized passive flow is f; = x,&, €. Since yy = p;l and yy o = dp, its price impact is

T
£ T

+0(€?).

8_ ——
Y ~
d, 0@, x,

Using @p, = 1+ @p € and o, = € gives

S e i PR 2o
Y.t dp +2kp xq4 Pt dy +kp

0'%0'T +0(€?),

which proves Proposition 4.
The diffusion of the valuation ratio then implies

-1 3
ORy.t = O +Xp1Ey,00q, + O(e”).

Substituting this expression into the active investors’ optimal exposure and imposing aggregate
exposure clearing yields

M = YXau0 + (1 = Ha)yxp 8700, + O(€),

where

l—x’ta N 1—')/_1 l/’
Xa,t #’ Ha,l - 1 |\ 1 .
Xa,t v - 1 Xa,t
Consequently,
ny;=n0" + yxp,,s;,’lto'o,l,0'T +0(€).

Finally, aggregating the consumption-wealth conditions and using goods-market clearing gives

yllor|* xp.s
2 xa,t

re=rt e (1-y @pa = 1 = (=)™ +0(E).

115



These expressions establish Proposition 5.

E.2 The role of the wealth distribution

The aggregate market elasticity computed above is a partial derivative: it changes the passive
portfolio share while holding the wealth distribution fixed. A portfolio-flow shock, however,
also changes wealth shares because passive and active investors have different exposures to the
risky claim. We now show that, in the special case without preference heterogeneity or leverage
constraints, this wealth-distribution channel is one order smaller than the direct portfolio-flow
channel.

Let x,, denote the wealth share of passive investors and x, = 1 — x,, the wealth share of active
investors. Because passive investors hold the portfolio share @, their wealth-share diffusion is

Oxpt = Xpit (0'17,1 - O'Ry,t) =Xpi (517,1 - 1) ORy.t-
Using @, = 1 + &, € and og,, = o + O(€?), this gives
— A 3
Ox,pt = XpsQp o€+ O(€).

Thus, the wealth-distribution state moves in response to the same aggregate return shock that
redistributes wealth between passive and active investors.
The payout yield of the aggregate claim satisfies

Yy (Xp, @p3 €) = yyo+ yy,(xp, &p)€ + O().

Therefore, allowing both x,, and @, to move, its diffusion is
G
P A 2 3 _.T
Oyyy = —— 0,6 0(€), G,= Yy 2.4,
Yr,0

The leading term is the direct portfolio-flow channel studied above. Because oy,; = O(e),
endogenous wealth redistribution enters only at the next order. Consequently, the diffusion of the
aggregate claim’s valuation ratio is

Opyit = —Tpoé'pez + 0(63).

Using the aggregate market elasticity relation

we can write
_ -1 3
Tpys = Xp€y ,0a, + O(€).

Thus, to the order at which aggregate market elasticity is computed, the equilibrium price response
equals the direct effect obtained by holding the wealth distribution fixed. The endogenous movement
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in the wealth distribution contributes only at the next order.

F Proofs of Propositions 6 and 7

F.1 Proof of Proposition 6

Proof. We firstderive price impact for a fixed passive portfolio share, holding the wealth distribution
fixed. Write the first-order risk exposure of investor j as

O'J"] = mj,lo'.

The passive investor’s exposure is
mp1 = @,. (F.1)

The second-order correction to the aggregate payout yield that depends on these exposures is
_ 1 R
y10/,2 =(1-y yllol? Z X (zmi] + )/jm]‘,l) . (F.2)
g
G

Slack leverage constraint. When the leverage constraint is slack, all active investors are uncon-
strained, so x, = 0 and x, = x, = x;, + x¢. Define the wealth-weighted average perturbation in risk
aversion among unconstrained active investors by

x .
jelhty ™"
The first-order solution gives
X
miy =E'[9;] - Lap =95 je{ht} (E.3)
u

Differentiating Equation (F.2) with respect to &, and using Equations (F.1) and (F.3) yields

Yy 5 B ¢

(0
= (=g yliolite, | = +9, ~ 13,1 (F4)
u

o0a,
Since y; = y(1 + ¥;€), define
—B4[vy;
Egpt =1-x, Yo~ = il )] .
Y
Equation (F.4) can then be written as

ayy X, @p — A
L2 - 1=y Nyl P2 (F.5)
oa, Xy €
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Binding leverage constraint. When the constraint of type ¢ binds, x, = x¢, x, = xp, and
E“[v;] = yn. The constrained investor’s first-order exposure is m,; = -, while market clearing
implies

S _xp&p + xcé"

Xu
Differentiating Equation (F.2) now gives
6y‘} 2 1-x X
=== 1=y YllolPxy |[——ap + =G + 9, ~ |- (F.6)
(9&’[, u u
In this regime, define
aoptzl_ Xu yp_Eu[’)/j]_ Xe (E _ )
P 1 —x, Y 1—x. \lo
Using o = ||o||(1 + & ¢€), Equation (F.6) becomes
Yy, | —x. @~ @)
=== (= Dyl P, ———. (E7)
@, Xy €
Equation (F.7) also nests Equation (F.5) when x, = 0 and x,, = x,.
Because f; = x,ap,€ and yy = p;,l with yy o = d,, fixed-share price impact is
0
1 ayy 2 €
0 \-1 ; 2
=—-— —+0
&r,) 4,94, x, 7o)
2 1 —
(1 =yt = x (a;’}“ —a,,) +0(e2). (E.8)
dp Xy

We next introduce the mean-reverting passive portfolio share. Holding the wealth distribution
fixed, write the fixed-share payout-yield correction as

o _ 0 0 A 0 A2
yY,z—ay"'byap"‘dyap-

Equation (F.8) implies
2y _ oy lolP - x
xpdp dp Xy
b 249
——Le= =L (@r-1). (F.9)
xXpdp xpdp

The general second-order coeflicient equations in Appendix A.3.4 apply pointwise in the wealth
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distribution and give

T _ dp 0
Y d, + 2k, Y
d 2dT
b= —Lp)+ —L M, (F.10)

= Y
dy +kp dy + kp

where
M, =kpd+ (1-y)o,0".

The constant coefficient does not enter price impact. Therefore,

1
o7} = == (2d]ay, + b]) <+ O(&)).
’ dp Xpt
Substituting Equations (F.9) and (F.10), and using
ap; =1 +a,;,€, a=1+ae, Ta, = O pE,
gives
—opt —
sl = (1—u ) Mo lP 1= Xer | o, @y @ (= Dow, 0’| o)

Y, dp+2Kp  Xuy pt TP dp + K dp + k) ’
which is Equation (25). [
F.2 Proof of Proposition 7
Proof. The equity valuation ratio satisfies

=r+n(po+0p,) - (,u + Upp + ¢0'0'[,TDJ) . (F.11)

PD.t

At the benchmark, the valuation ratio is constant and therefore

1
dp=—=r"+¢n'c’ —pu.

=

D

Let f; = x,:(a@,, — 1) denote the normalized passive flow. Proposition 3 implies

or _ d(noT) _
big ) o
dfi dfi
It follows that the required return on equity responds according to
9 . .
o7 (et dmoT) = ~(0 = D¢, (F.12)
fi
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To compute the valuation response, write the component of the first-order equity valuation ratio
that depends on passive demand as

Pp: = pp + bp(x;)&p € + terms independent of &, + O(€?). (F.13)
The passive portfolio share satisfies
da,; = k,(@ — &,;)dt + 0,dZ;.
Consequently, the component of u,,, ; proportional to &, ;€ is
—Kkpdpbp (x;)@p €. (F.14)

The diffusion &, contributes to terms independent of the current value of &, and therefore does
not affect the slope bp (x;).
Expanding the left side of Equation (F.11) gives

— =dp - d%bD (x/)@p, € + terms independent of &, ; + 0(62).
PD,

Using f; = xp,@p €, Equations (F.12) and (F.14) imply that matching the coefficient on @), ;€ yields

~dpbp () = =(¢ = Dxpidy) +Kpdpbp (%)

Therefore,
(¢ - 1)xp,t{r_,zl

P = G+ )

(F.15)

Finally, Equations (F.13) and (F.15) give

el = LalOgPD,t
D.t x[,,, 65[),;
_ dpbp(x;) +0(e)
xp,,
¢—1

dD+Kp

(i +0Ce),

which proves the result. ]

G Details of Section 6

G.1 Flow of Funds aggregation

This appendix describes the procedure used in Section 6.1 to aggregate Flow of Funds (FoF)
sectors into the three ultimate sectors of the model: passive, high-risk-aversion active, and low-
risk-aversion active. We follow the aggregation in Koijen et al. (2024), drop sectors with no or
minimal equity holdings, and route pass-through vehicles to their ultimate end investors. ETFs
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(L.124) and closed-end funds (L.123) are aggregated onto the household balance sheet (L.101);
mutual-fund holdings (L.122) are split across end investors using the FoF’s breakdown, with
the household portion kept separate. Defined-contribution pensions (L.118c, L.119¢, L.120c) are
routed to households. Hedge funds are separated out using Table B.101.f for domestic funds and the
Enhanced Financial Accounts for foreign funds, and the corresponding holdings are subtracted from
the household (L.101) and rest-of-the-world (L.133) balance sheets. The remaining insurance and
pension sectors (L.115, L.116, L.118b, L.119b, L.120b) are aggregated into a single long-horizon
sector. The three ultimate sectors correspond, respectively, to passive (households and non-profits
net of hedge funds, government, monetary authority, and money-market funds), high-risk-aversion
active (insurance, pensions, and rest-of-the-world net of hedge funds), and low-risk-aversion active
(hedge funds, broker-dealers, and other short-horizon intermediaries). The leverage constraint
applies to the low-risk-aversion active sector but binds only occasionally.

G.2 Constructing quarterly equity flows

This appendix describes how we construct the quarterly aggregate equity flow series plotted
in Figure A.1 and used to discipline the passive-demand process in Section 6.1. The construction
follows Appendix D of Gabaix and Koijen (2023) and replicates their Figure D.7.

The raw inputs are sectoral dollar values in equity from the U.S. Flow of Funds (FoF) at quarterly
frequency.

For each FoF sector j and quarter ¢, let V; ; be the dollar value of equity holdings at the end of
the quarter. We first infer sector-specific betas §; from the time-series regressions

lOg(VjJ/Vj’t_l) =aj + ﬁijtt + Ej,t'

where Mkt; is the CRSP market return factor. We then impute the “active” dollar holdings

change as
AFF, =V, = V;,1(1 + BMkt,).

Note that this adjustment removes mechanical revaluation effects. Let AF/™ denote the
corresponding dollar net issuance of equity by U.S. firms (positive for net issuance, negative for
net repurchases), and let E;_; denote the aggregate U.S. equity market capitalization at the end of
quarter t — 1. We aggregate FoF sectors into the same set of investor groups used in our Flow of
Funds aggregation (Appendix G.1), and treat the corporate sector as an additional “investor” on the
issuance side.

We scale each dollar flow by lagged aggregate market capitalization to obtain a unitless rebal-
ancing measure, AFF ./ Ei—1, that is comparable across sectors and over time. The aggregate gross
flow is one half of the sum of absolute scaled flows,

Gross __ Zj |AF]€| + |AFfFirm|
t B 2E ’

where the division by two avoids double counting: each dollar of equity bought by one sector is
matched by a dollar sold by another, so the total absolute trade exceeds the equity actually reallocated
by a factor of two. We refer to y5'* as the gross flow. This is the blue line in Figure A.1 and
provides the empirical target for quarterly gross-flow volatility in the model.
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Figure A.1. Quarterly flows and return volatility.

The figure plots quarterly aggregate equity flows in blue and realized return volatility in red. Quarterly flows are
scaled by lagged aggregate market capitalization. Both series are shown as four-quarter centered moving averages over
1952.Q2-2022.Q1; the calibration uses the 1993.Q1-2018.Q4 subsample described below. Source: Flow of Funds
and CRSP.

Net firm issuance also reallocates equity risk: when firms issue (repurchase) shares, equity risk
is created (redeemed) outside the existing investor base. We measure this component separately as
the absolute net flow,

Firm
AbsNet _ M
p = .
Eiy
The difference y&ross — yAPSNet meagures the equity risk that is reallocated across investor sectors at

date ¢, as opposed to created or destroyed by corporate actions.

We use the FoF sample from 1993.Q1 to 2018.Q4, the period over which the underlying sectoral
series are most reliable. Following Gabaix and Koijen (2023), we merge the mutual-fund and ETF
sectors to mitigate the volatility of ETF flows in the early years of the sample, and winsorize the
cross section of scaled flows at the 5th and 95th percentiles over 1993.Q1-2006.Q4 to limit the
influence of outliers in the early part of the sample. For consistency with our model, where the
passive sector is exogenous and other sectors clear the market, we treat the corporate issuance term
symmetrically with sectoral flows when computing yS™s*,

To target the volatility of passive demand, we use y©™ as a model-consistent measure of
quarterly equity-risk reallocation. Concretely, we calibrate ||, || so that the standard deviation of
simulated quarterly gross flows in the model matches the standard deviation of y57° in the data.
Normalizing flows by market capitalization makes them comparable across time and between the
data and model. For the correlation parameter v, we use the contemporaneous correlation between
annual changes in the passive portfolio share implied by our FoF aggregation and annual real CRSP
dividend growth. We measure the annual portfolio share at year-end and use the 1993-2018 sample.
The estimated correlation is 0.08.
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We discipline the persistence of passive demand using the household-level evidence of Brun-
nermeier and Nagel (2008). They construct the change in a household’s risky-asset share that would
arise under complete portfolio inertia and estimate that approximately 0.743 of this passive change
remains over a five-year interval and 0.754 remains over a two-year interval. In our continuous-time
specification, a deviation of the passive portfolio share from its long-run mean survives for A years
at rate exp(—«,A). The two estimates therefore imply

_10g(0.743) 0,059 and _ log(0.754)

=0.141.
5 2 0

We accordingly view «, € [0.06,0.14] as the range consistent with their evidence on household
portfolio inertia.

G.3 Numerical methodology

We solve the rational and behavioral economies using the neural-network method of Duarte
et al. (2024), implemented with vectorized automatic differentiation as in Gopalakrishna and Wu
(2026). The solution has two stages. The first stage solves jointly for consumption, portfolios, the
interest rate, and the valuation of the aggregate endowment claim. Conditional on this equilibrium,
the second stage prices the dividend claim. The same procedure applies to all four economies
considered in Section 6; preference heterogeneity and the leverage constraint change the equilibrium
conditions imposed at each state, while belief distortions add one state variable.

G.3.1 Aggregate equilibrium

In the rational economy, the state vector is
X = (x¢,xp, @p), xp =1—x¢—xp.
We approximate one positive consumption—wealth ratio for each investor type:
c;(X) = ) exp(NN;(X;0)), je{p, ht} (G.1)

where c(} is a constant used to center the network at initialization. Goods-market clearing then

determines the aggregate price-dividend ratio directly:
-1

pr(X) = | xjc;(X)| . (G.2)
JeT

Thus, py is not an additional function to be approximated.

Given the networks and their first and second derivatives, we recover the remaining equilibrium
objects state by state. The investors’ portfolio first-order conditions, risk-market clearing, and Itd
consistency of Equation (G.2) form a linear system for the active investors’ risk exposures, the
return volatility of the aggregate claim, and the market price of risk. When the low-risk-aversion
investor’s constraint binds, we solve simultaneously for its multiplier by imposing complementary
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slackness. The aggregate pricing equation then determines the risk-free rate, and the portfolio
and consumption choices imply the drift and diffusion of the wealth distribution. Because these
equilibrium conditions are solved algebraically at every state, the only residual conditions used for
training are the three consumption HIB equations. We minimize their mean squared normalized
residuals over states drawn from the interior of the wealth-share simplex and from the calibrated
support of passive demand.

Each consumption—wealth network is a fully connected feed-forward network with three hidden
layers of 32 neurons and SiLLU activation functions. The exponential transformation in Equa-
tion (G.1) guarantees positivity, while the constants c? center the networks near the corresponding
state-independent solution at initialization. We draw each training batch using Latin-hypercube
sampling over the wealth-share simplex, imposing a small interior floor on each wealth share, and
sample passive demand over its calibrated support. The behavioral model additionally samples the
belief state over its training support. First and second derivatives of the networks with respect to
the state variables are computed by automatic differentiation.

Let R;HB(S ; ®) denote investor j’s HIB residual at state S, after the portfolio first-order con-
ditions, market-clearing conditions, and It6 consistency conditions have been solved at that state.
The first-stage objective is

_ 1 ?
L1(0) = NZ

n=1 je{p.h,l}

RIP(57;0)
P

(G.3)

Normalizing by the rate of time preference puts the three residuals on a common relative scale. We
minimize Equation (G.3) with ADAM and clipped gradients, using fresh state draws at each update
and a smoothly declining learning rate. The portfolio and market-clearing equations do not enter
the loss because they are imposed directly, up to numerical precision, at every training state.

The first-stage calculation can be summarized as follows:

Algorithm 1 Aggregate-equilibrium training.
1: Initialize the three consumption—wealth networks with parameters ©.
2:. fork=1,...,K;do
3:  Draw a batch of states {S”};V:l.
Evaluate c;(S") and their first and second derivatives.
Use goods-market clearing to recover py (S").
Solve the portfolio first-order conditions, risk-market clearing, and It consistency for port-
folios, return volatility, and the market price of risk.
7:  Recover the interest rate and the drift and diffusion of the state vector.
8:  Evaluate the three HJB residuals and the loss in Equation (G.3).
9:  Update O using one ADAM step.
10: end for

AN A

The behavioral economy uses the expanded state vector

X = (x¢,xp, ap, m).
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The approximated objects remain the three consumption—wealth ratios in Equation (G.1), now
evaluated at X. Portfolio and consumption optimality use the subjective generator and perceived
market price of risk derived in Appendix D.2.1; market clearing, realized wealth dynamics, and
valuation use the objective measure. Goods-market clearing continues to determine py directly.
Hence, the belief distortion increases the dimension of the state space from three to four but does
not increase the number of unknown equilibrium functions. Setting m = 0 and 6 = O reduces every
equation to its rational counterpart, providing a direct implementation check.

G.3.2 Valuation of the dividend claim

Conditional on the first-stage solution, we approximate the dividend claim’s price-dividend
ratio pp = Pp/D with a separate positive neural network. For either state vector S € {X, X}, write

dpp(S;)
pp(S:)

The objective pricing condition implies

= ﬂpD,t dt + O-pD,t dZt

0=1+pp [,u+,upD+¢0'UpTD—r—n(gbo‘+<TpD)T]. (G.4)

All coeflicients in this linear valuation equation are supplied by the first-stage equilibrium. The
corporate-bond claim is then the residual claim on aggregate output. In the behavioral economy,
Equation (G.4) is evaluated under the objective measure; the subjective cash-flow and valuation
drifts generate the same pricing equation because the change-of-measure terms cancel, as shown
in Appendix D.2.1.

The valuation network has the same three-layer architecture as the consumption—wealth net-
works and uses an exponential output transformation to impose pp > 0. Holding the first-stage
networks fixed, we evaluate the coeflicients in Equation (G.4) on a global set of collocation states.
Automatic differentiation supplies the first and second derivatives needed to compute i, and o,
through It6’s lemma. If 7?};‘1(5; ®p) denotes the resulting pricing residual, we train the valuation
network by minimizing the mean squared relative residual

2
~ 1 <h (REN(S™©p)
L0 =5 2\ Spismen) ) @

Thus, the valuation stage updates only ®p; none of the aggregate-equilibrium objects are retrained.
As a solution diagnostic, we evaluate both stages on states not used in the corresponding param-
eter update. We also compare the dividend claim’s network value with a forward Monte Carlo
present-value calculation using the model’s stochastic discount factor and verify that the discounted
terminal-value contribution becomes small at long horizons.

The valuation stage is:
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Algorithm 2 Dividend-claim valuation.
1: Load and freeze the trained aggregate-equilibrium networks.
2: Initialize the dividend price—dividend-ratio network with parameters ®p.
3:fork=1,...,K>do
:  Draw a batch from the valuation collocation states.

4
5:  Evaluate pp and its first and second state derivatives.

6:  Recover u,, and 0, using It6’s lemma.

7 Evaluate Equation (G.4) and the loss in Equation (G.5).
8:  Update ®p using one ADAM step.

9: end for

G.3.3 Simulation and reported statistics

After solving each economy, we simulate the state variables and recover prices, returns, port-
folios, and consumption at each simulated state. The unconditional moments in Tables 2—4 are
computed from these simulated panels after discarding the burn-in observations. Price impact
is estimated at quarterly frequency using Equation (26), instrumenting aggregate flows with the
component of the passive-demand innovation orthogonal to the fundamental shock. The impulse
responses, Campbell-Shiller decomposition, state-dependent price-impact estimates, and return-
predictability regressions use the same saved solutions and simulation panels.

The replication package separates the computationally intensive solution of the four economies
from the simulation and post-processing steps. Conditional on the saved solutions, it reproduces
the tables, impulse responses, Campbell-Shiller decomposition, state-dependent price-impact es-
timates, and return-predictability results reported in Section 6.
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