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Abstract

I construct a dynamic economy in which agents are interconnected: the output
produced by one agent is the consumption good of another. I show that this economy
can generate recessions which resemble traffic jams. At the micro level, each individual
agent waits for his own income to increase before he increases his spending. However,
his spending behavior affects the income of another agent. Thus, the spending behav-
ior of agents during recessions resembles the stop-and-go behavior of vehicles during
traffic jams. Furthermore, these traffic jam recessions are not caused by large aggre-
gate shocks. Instead, in certain parts of the parameter space, a small pertubation or
individual shock is amplified as its impact cascades from one agent to another. These
dynamics eventually result in a stable recessionary equilibrium in which aggregate out-
put, consumption, and employment remain low for many periods. Thus, much like in
traffic james, agents cannot identify any large exogenous shock that caused the reces-
sion. Finally, I provide conditions under which these traffic jam recessions are most
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1 Introduction

Are recessions similar to traffic jams? Consider the following two introspective observations.

First, driver behavior seems similar to that of economic agents. In traffic jams, one often
gets the feeling that if all cars just drove forward at a slow but steady pace, we would all get
out of the traffic jam. However, this takes coordination and it is in fact not a good description
of how drivers actually behave. Instead, in traffic jams, we observe what is known as “stop-
and-go” behavior. An individual driver waits for the car in front to move forward before he
moves forward. This opens up space for the car behind him, in which case that car moves
forward. Hence, in traffic jams, all cars are simply waiting for the space to open up ahead of
them before they move. One sees clearly that the actions of these drivers are not based on
the entire state of the highway', but instead are based on their own very local conditions.
Similarly, in recessions we observe another form of “stop-and-go” behavior. Households wait
for their income to increase before they increase their consumption spending. Firms wait
for sales to pick up before they increase production or employ more workers. It seems as
though the actions of economic agents, too, are not based on the entire state of the aggregate
economy, but instead are based on their own individual situations or constraints. And again,
one gets the feeling that if all households simply spent more and if all firms simply employed
more workers, the recession would come to an end. Yet, this takes coordination; instead, for
each individual economic agent and for each individual driver, local interactions matter first
and foremost.

Second, traffic jams, like recessions, do not seem to always be driven by large exogenous
shocks. Sometimes traffic jams are caused by something fundamental-an obstruction on the
road or a car crash. However, more often than not traffic jams seem to occur spontaneously, or
at least without any underlying cause-perhaps due to some slight, unobserved perturbation.?
The traffic engineers call these “phantom jams” as drivers in the jam cannot seem to identify
any particular cause of the jam. Furthermore, these phantom jams seem more likely to occur
when traffic dense.

Similiarly, the underlying causes of business cyles seem to be equally elusive. While the
standard approach to modelling business cycles is to build dynamic models of rational agents
and then to analyze the model’s equilibrium response to exogenous aggregate shocks, this
approach is in some ways unsatisfactory. As John Cochrane (1994) writes, “it is difficult to

find large, identifiable, exogenous shocks” in the data. Modigliani (1977) and Hall (1980)

IThis could be due either to the fact that drivers don’t know what’s going on in the entire highway, or
the simple physical constraint that they can’t hit the car ahead of them.
2In fact, this has also been shown in some experiments.



contend that standard equilibrium models may leave too much unexplained. Furthermore,
during and after actual recessions, it is not as if firm executives, consumers, central bankers,
or even economists are easily able to identify the large aggregate shocks driving each episode.®
Thus, although standard general equilibrium models rely on aggregate shocks as the main
drivers of fluctuations, it is difficult both through introspection and by observation of the data
to be fully satisfied with this modelling approach. Much like traffic jams, macroeconomic
recessions are often “phantom”.

In this paper I construct a model in which recessions resemble traffic jams in these two
respects. Agents are arranged in a network such that the output produced by one agent
is the consumption good of another. During normal times agents receive steady streams
of income and as a result their consumption is a steady flow. However, during recessions,
agents exhibit stop-and-go behavior: each agent ¢ waits for his own income to increase before
increasing his spending. But, this implies that agent ¢ — 1, who produces the consumption
good for agent i, is experiencing a drop in income, and hence also not spending. If agent
1 — 1 isn’t spending, this affects the income of agent 7 — 2, and so on. Thus, agents are all
locally waiting for their prospects to improve, while their non-spending behavior is affecting
the income of others. Thus, the model in some way shares the same spirit of the earlier
literature on Keynesian coordination failures, but through a very different mechanism and
modeling technique.

Second, in this model recessions are driven not by large aggregate shocks, but instead
by small perturbations, or local shocks. These individual-specific or local shocks may have
reverberating effects so that the economy eventually finds itself in a recession. However,
these perturbations could be so small that they would not be identified as aggregate shocks
in the data, nor would all the agents in the model be aware of them. Furthermore, in this
model small perturbations do not always lead to recessions. Under certain conditions, these
perturbations die out and the equilibrium converges back to the “normal times” equilibrium.
Under certain other conditions, however, these perturbations are amplified, leading to pro-
longed traffic jam recessions. Thus, in sharp contrast to standard equilibrium models, this
model could potentially identify conditions under which recessions are more likely to occur,
rather than simply attributing them to unpredictable exogenous shocks. Furthermore, this
model may allow for new policy insights designed to end the traffic-jam recession and bring

the economy back to the normal times regime.

3Sure, for certain recessions, such as the oil price recessions of the 70s or the Volcker recession in the early
80s, we have some idea of the large aggregate shocks behind these aggregate declines. However, I would
argue that for most business cyles fluctuations this is not the case. As Hall (1977) points out, only rarely
do we find obvious candidates such as the oil shocks in the 70s. Even if we consider the latest recession, the
fall in the value of the housing market was only a negligible fraction of total U.S. GDP.



Framework. First, I draw on the literature on traffic flow in engineering. In this literature
one of the most successful and widely accepted models of simulating traffic is called the
Optimal Velocity Model introduced by Bando et al (1995). This is a car-following model
in which N cars follow each other on a circular road of length L; car i follows car i + 1.
The bumper-to-bumper distance between car ¢ and car ¢ + 1 is called car i’s “headway”. In
car-following models, cars are given a behavioral equation which dictates their acceleration
or speed as a function of nearest-neighbor stimuli (see survey of the literature by Orosz et
al 2006). The innovation in Bando et al (1995) is the introduction of a particular form for
this behavioral equation—it imposes that each car’s acceleration is an increasing function of
its headway. If a car’s headway is very large, the car speeds up, if it is too small, the car
slows down and potentially comes to a stop.

The results of this simple model are quite striking. This model can produce both uniform
traffic flow as well as a stop-and-go waves which resemble traffic jams. In the uniform-
flow equilibrium, all cars follow each other around the circle at equal velocity and at equal
speed. This equilibrium is unique and globally stable in a particular region of the parameter
space, implying that the effects of any small perturbation eventually die out and the system
converges back to uniform flow. The uniform flow equilibrium, however, loses stability when
a certain parameter is varied; at this point a Hopf bifurcation of the dynamical system occurs
meaning that an individual vehicle limit cycle becomes stable.® Here, what emerges instead
are travelling waves which resemble the stop-and-go behavior in traffic jams. Individual cars
converge to a limit cycle: cars oscillate between facing low headway and slowing down to a
stop (entering a traffic jam), and facing large headway and speeding up (exiting the traffic
jam). In this equilibrium, there are many cars sitting in the traffic jam, waiting for their
headway to increase before moving forward, implying that aggregate velocity has decreased
relative to that in the uniform-flow. Furthermore, due to the instability of the uniform-
flow equilibrium and the stability of the stop-and-go solution, the transition path seems
compelling: small perturbations develop into large traffic jams as their effects cascade down
the line of cars.

With this model in mind, I then build a similar model within an economic environment.
I construct a dynamic economy in which agents are inter-connected: the output produced by
one agent is the consumption good of another. I then show how this environment is similar
to that in the traffic model. In this analogy, the expenditure of each agent is similar to their
velocity. Given this interpretation, I show that headway in the model is equal to cash-on-

hand at the beginning of the period. Thus, the resources an agent spends on consumption

*However, note that the aggregate behavior is not in a limit cycle. Only that of individual cars.



in a given period becomes the income for the next agent (the producer of that good) the
following period. This increases the latter agent’s cash-on-hand in the following period,
which he may then choose to spend on consumption, therefore moving those resources to the
next agent. And so on. This is analagous to the idea that whenever a car moves forward,
this increases the headway for the car behind him, in which case that car may move forward.

Now, in the traffic model there is a behavioral equation which dictates the behavior of
cars—cars are supposed to accelerate when headway is large, and decelerate when headway is
low. The next step in the economic model then is to see whether the behavior of the agents in
the model can match the behavior of cars in the traffic model. Here, I take two approaches.
First, in the economic model I start by allowing for arbitrary consumption functions and then
derive under what conditions these functions can lead to traffic jam recessions. To understand
this, note that in the traffic model, depending on the parameters of the behavioral equation,
either the uniform flow equilibrium or the stop-and-go solution is stable. In particular, what
matters is the slope of the acceleration of the car with respect to the headway. When this
slope is sufficiently low, uniform flow is stable; when this slope is sufficiently high, uniform
flow loses stability and the traffic jam occurs. This slope is analogous in the economic
model to the marginal propensity to consume out of current cash-in-hand. I formalize this
condition, and show that when the marginal propensity to consume out of cash-in-hand is
very high, the economy can fall into a traffic jam recession. I then simulate the economy and
analyze the transitional paths. I find this preliminar exercise useful-once one understands
the general properties consumption functions must have in order to generate traffic jams
recessions, I can then provide guidance as to what conditions in terms of microfoundations:
preferences, information, constraints, etc. would allow for policy functions of this shape as
an optimal response to the household’s problem.

Second, I then attempt to construct from micro-foundations optimal household policy
functions such that the consumption function satisfies these properties. The starting point
is a model without any credit or borrowing constraints. I show that with permanent income
consumers, one can acheive a policy function which is similar to the behavior equation in the
traffic model. This is because whenever an agent observes an income shock, if he believes
income is a random walk, his consumption will also increase as an optimal response to the
increase in his permanent income. As in Hall (1977), under certain preferences, this implies
that his own consumption follows a random walk, which therefore implies that the income of
the following agent is a random walk. In this model, however, the slope of this consumpion
policy function is not high enough to generate traffic jams. In order to generate traffic jams, a
higher marginal propensity to consume is needed. I thus explore the case of quasi-hyperbolic

agents. In this case, I show that depending upon parameters, one can obtain a high enough

4



marginal propensity to consume such that a traffic jam recession occurs.

Finally, I consider a variant with borrowing constraints. In my opinion, this is the most
natural microfoundation, as we well know that this leads to high marginal propensities to
consume when agents are close to their borrowing constraints. The model here is similar to a
consumption savings model with idiosyncratic income (labor) risk, as in Aiyagari, Huggett,
Bewley. However, in contrast to these papers, the income risk here is endogenous—the income
of one agent depends on the consumption behavior of another. In this version of the model
the state space unfortunately blows up as agents are trying to forecast the shocks of all other
agents and must keep track of entire distributions. Hence, in order to simplify the problem,
I assume that agents have a constrained information capacity as in Sims (2003), Gabaix
(2011), Woodford (2012). Households thus cannot keep track of entire state of the world,
and instead can only keep track and form expectations over a finite number of moments.
I thus define an approximate equilibrium as in Krussell-Smith () and then simulate the
economy with borrowing constraints. I show that this environment can easily lead to traffic

jam recessions.

Related literature. This paper is firstly related to the engineering literature on traffic
flow. Finally, in terms of the traffic literature, I borrow the models of Traffic Bando et. al.
(1995). This model has been used extensively throught that literature. See, e.g. Gasser
et. al. (2004), Orosz Stepan (2006), Orosz et. al. (2009) In car-following models, discrete
entities move in continuous time and continuous space’

In economics, my paper is most closely related to Jovanovic (1987 and working pa-
per 1983) and the “sandpile” models Scheinkman and Woodford (1994) and Bak, Chen,
Scheinkman, Woodford (1993). In fact, in his 1983 working paper version, Jovanovic ex-
plores an environoment very similar to this one: agents are arranged in a circle and each
agent consumes the good produced by the agent to his left. Jovanovic shows that with in-
dependent agent-specific preference shocks and without any aid of aggregate shocks, in this
economy he can produce aggregate fluctuations!

This paper is also related to the self-organized criticality literature. The “Sandpile Model”
of Scheinkman and Woodford (1994) and Bak, Chen, Scheinkman, Woodford (1993). In
these models there is some low frequency movement that takes you into the Bifurcation
range. Stresses the importance of supply chain linkages.

Furthermore, the results of this model have the flavor of Keynesian Coordination Failures;

it thus complements the literature on multiple equilibria and sunspot fluctuations. See, e.g.
Shell (1977), Azariadis (1981), Azariadis and Guesnerie (1986), Benhabib and Farmer (1994,

SThere is another literature called continuum or macroscopic models. These models characterize traffic
in terms of density and velocity fields use partial differential equations.



1999), Cass and Shell (1983), Cooper and John (1988), Farmer (1993), Farmer and Woodford
(1997), and Woodford (1991). The results of the traffic model can be interpreted as a
coordination failure: the network structure and decentralized trading prevents households
from coordinating on spending more and generating more income. However, unlike this
previous literature, the coordination failure does not originate from any of the familiar sources
(externalities and non-convexities), nor is there ever more than one stable equilibria. Also,
Roberts (), and Jones and Manuelli ().

Furthermore, the methodology used in this paper is that of dynamical systems, limit
cycles and Hopf Bifurcations; it is thus partly related to an older literature in dynamic general
equilibrium theory, studying whether rational behavior can give rise to endogenous aggregate
fluctuations. See, for example, Magill (1979), Boldrin and Montrucchio (1986), Scheinkman
(1984) Boldrin and Deneckere (1987). Turnpike theorem. This work is surveyed in Boldrin
and Woodford (1990). These papers look at representative agent growth models with a
unique perfect-foresight equilbrium. They find that deterministic dynamical systems can
generate both periodic limit cycles as well as chaotic dynamics that can look very irregular.
In this model, rather, on the aggregate there are no endogenous fluctuations—there are limit
cycles only at the individual level.

Finally, in this paper fluctuations are driven by small shocks to individual agents, rather
than aggregate shocks. In this sense, this paper shares the spirit of the early literature on
real business cycles and the role of intersectoral linkages and sectoral shocks. Beginning
with Long and Plosser’s (1983) multi-sectoral model of real business cycles, a debate then
ensued between Horvath (1998, 2000) and Dupor (1999) over whether sectoral shocks could
lead to strong observable aggregate TFP shocks. More recently, this work has been extended
and generalized by Acemoglu et al. (2011), for arbitrary production networks. Finally, the
results of the Acemoglu et. al. paper are related to that of Gabaix (2011), who shows that
firm level shocks may translate into aggregate fluctuations when the firm size distribution
is power law distributed, i.e. sufficiently heavy-tailed. La’O and Bigio (2013) build on the
production network literature and show how financial frictions within firms affect other firms

within the network. Finally, there is the Credit Chains model of kiyotaki moore.

Layout. This paper is organized as follows. Section 2 first introduces the basic workhorse
traffic model from the traffic literature. Section 3 then sets up the economic environment
with the goal of reproducing traffic-jam recessions. Section 4 partially characterizes the
competitive equilibrium within this environment. Section 5 relates the economic model to the
traffic model and explores the implications of an exogenously imposed behavioral equation

on households. Next, Section 6 then looks at what is needed in terms of microfoundations of



the household’s problem in order to obtain a policy function that resembles the behavioral
equation imposed previously and analyzes whether this policy function produces “traffic-jam”
like recessions. Finally, Section 7 considers a variant of the model with borrowing constraints
and demonstrates how one may obtain expenditure policy functions for individual households

in this environment. Section 8 then concludes. All proofs are in the Appendix.

2 The Traffic Model

In this section I present the simple traffic model that can produce both uniform flow and
stop-and-go traffic. There are two general approaches to modeling traffic. One is continous
models in which traffic is described via a continuous density distribution and a continuous
velocity distribution over location and time. The other method of modelling traffic is to
consider a car-following model. In car-following models, discrete entities move in continuous
time and continuous space. I follow the latter approach. The rest of this section mirrors the
exposition on car-following models found in Orosz et al (2006, 2009).

Consider a model of N cars indexed by ¢ € {1,2,..., N}. Here, car i follows car i + 1.
Let z;; denote the position of car 7 at time ¢, let v;; denote the velocity of car i at time ¢
and let v;, denote the acceleration of car 7 at time ¢. Finally, let h;; be bumper-to-bumper
distance between car ¢ and car ¢ + 1, also calle dthe headway:

hi,t = Ti+1,t — Tit — l
where [ is length of car. For simplicity and without loss of generality, we take [ — 0. See

Figure 2.

6See, e.g. Lighthill & Whitham (1955).



Car following model

One must also specify boundary conditions. For simplicity, we place these N cars on a
circular road of length L. This yields the following equation Zfil hiy = L.

Finally, to complete the model we need a car-following rule, that is, the velocity or the
acceleration of each car has to be given as the function of stimuli—these are usually headway,
the velocity difference, or the vehicle’s own velocity. As economists, we can think of this as
simply a behavioral equation for each car. Here, I will follow a class of models that has been
extensively studied and widely accepted in the traffic literature called the “Optimal Velocity
Model” (Bando et. al, 1995). See (Bando et al. 1998, Gasser et al 2004, Orosz et al. 2004)

In this class of models, the acceleration of vehicle 7 is given by
Vit =« % (hi,t) - Ui,t) (1)

where a@ > 0 is a constant, and V' is a continuous, monotonically increasing function of
vehicle i’s headway h;;.” This equation was proposed by Bando et al (1995) and has proved
quite successful. Despite its simplicity, this model can produce qualitatively almost all kinds
of traffic behaviour, including uniform traffic flow as well as stop-and-go waves.

Equation (1) deserves some comment. First, the assumption here is that the acceleration
of vehicle 7 is a function only of nearby stimuli-the vehicle’s own velocity and its headway

(its distance to the nearest car). These are called nearest-neighbor interactions. That is,

TA more general version often studied is given by ©;; = a(V (hit) —vis) + W (hlt) Here, I follow
Bando et. al. 1995 and Gasser et al. 2004 and set W = 0.



each car’s individual state is strictly smaller than the aggregate state.®

Next, this model is entitled the optimal velocitiy model (OVM) and V (-) is called the
optimal velocity function. However, note that in the usual economic sense, there is nothing
necessarily “optimal” about it. That is, equation (1) is not the result of any optimization
problem on the part of the agents nor a planner; instead, this behavior is simply imposed.
The reason one might call it optimal is that V (h;;) can be thought of as the “optimal
velocity” a driver would like to have given its current headway h; ;. If this optimal velocity
V' (h;+) is greater than the car’s current velocity v; 4, the car speeds up. Conversely, if V' (h; ;)
is less than the car’s current velocity v;,, the car slows down. Finally, o > 0 is called the
relaxation parameter; it dictates how sensitive the driver’s acceleration is to this difference
in optimal and current velocity.

Finally, the optimal velocity function V' satisfies the following properties: (i) it is con-
tiuous, non-negative, and monotonically increasing, (ii) it approaches a maximum velocity
for large headway limj .o, V (h) = v® where v° acts as a desired speed limit, and (iii) it is
zero for small headway. A simple example of the optimal velocity function is given by the

following specification, used in Orosz et. al (2009)

0 it hel0,1)
V (h) =

=1)% .
S i he [L00)

0

This is rescaled by v”. Figure 2 plots this function and its first derivative. Note that the

rescaled speed limit is 1.

The optimal velocity function and its first derivative. Source: Orosz et al ()

8There exist extensions in which stimuli also include next-nearest neighbour interactions (Wilson et al
2004). In muti-look-ahead models, drivers respond to the motion of more than one vehicle ahead. These can
increase the linear stability of the uniform flow.



Therefore, equilibrium of this traffic model is given by the following set of ODEs

hiy = Ti1p—Tiy, Vi€ {l,...N} 2)
e (3)
Uir = a[V(hiy) —vig], Vie{l,...N} (4)

where Zf\il hiy = L. The first equation simply describes the relation between positions and
headway, the second condition gives us periodic boundary conditions, and the third equation
are the behavioral equations for the cars. Finally, as mentioned before This behavioral
equation is useful as it can produce both uniform flow and stop-and-go traffic, which I will
describe next.

Uniform Flow Equilibrium. This system admits a uniform flow equilibrium. The de-
finition of the uniform flow equilibrium is an equilibrium which satisfies (2)-(4) in which
the velocities and the headways of all cars are constant (time-independent): h;; = h* and
vy = v*,Vi € {1,... N}. In this equilibrium, all cars travel at same velocity, equally spaced.
Characterizing the uniform flow is quite simple. If all cars are equally spaced, then h* = L/N.
Furthermore, in order for all cars to be travelling at constant velocity, in order for equation
(4) to hold, we must have that 0 = V (h*) — v*. Thus, the uniform flow equilibrium is

characterized by
his=h*=L/N, wvy=v"=V(L/N), Vie{l,...N}

As will be discussed next, the uniform flow equilibrium is unique and globally stable in part
of parameter space. This implies that one may start cars in any position and at any velocity,
and as long as they behave according to the optimal velocity equation, over time these cars

will converge to the uniform flow equilibrium. This is demonstrated in the following figure.
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Convergence to Uniform-Flow

Bifurcations of the Uniform Flow. We now consider the stability of the uniform flow.
We find that the uniform flow equilibrium is stable in part of parameter space, however the
uniform equilibrium may lose stability when the parameter h* is varied. In order to see
this, one needs to linearize the system around uniform-flow equilibrium and consider the
eigenvalues A € C. To conserve on space, the linear stability analysis is restricted to the

appendix; here, I will simply present the result.

Proposition 1. The uniform flow equilibrium is stable if and only if
! * 1
% (h ) < 50[

The proof is in the Appendix. In the terminology of dynamical systems, when crossing
the stability curve at V' (h*) = fa, a (subcritical) Hopf bifurcation takes place. At this
point a pair of complex conjugate eigenvalues cross the imaginary axis, A = iw. Once this
occurs, the uniform flow becomes unstable and instead, travelling waves with frequency w
appear. That is, the stable equilibrium is a the limit cycle for each vehicle.

Figure 2 summarizes this information by ploting the linear stability diagrams. The top
panel of Figure 2 plots the stability diagram in terms of the (V' (h*), «) space. The domain
in which the uniform flow is linearly stable i3 shaded. When V' (h*) < Z« the uniform flow
equilibrium loses stability and a Hopf bifurcation occurs; the arrows represent the increase
in wave number k. Using the derivative of the OV function, one may transform the stability
diagrams from the (V' (h*),«) plane to the (h*, «) plane, thus the bottom panel of Figure

2 plots the linear stability in terms of the (h*, «) space. From this, we see that when traffic

11



is sufficiently dense, i.e. when h* is low enough (approaching from above), the uniform flow

equilibrium loses stability.

Source: Orosz et al. ()

Stop-and-Go Waves. Thus, when V' (h*) is sufficiently high relative to «, the uniform
flow equilibrium loses its stability. When this occurs, what emerges instead are travelling
waves which resemble the stop-and-go behavior in traffic jams. Individual cars converge to a
limit cycle, an oscillatory solution. See Figure (). Cars oscillate between facing low headway
and slowing down to a very low speed or to a stop, sitting in a traffic jam waiting for their
headway to increase, and then facing large headway and speeding up until they hit the traffic

jam again.
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Furthermore, this limit cycle is stable in this region, hence any small perturbation thus takes
cars into the oscillatory solution. The following figure illustrates this convergence to an to

an oscillatory solution.

Finally Figure 2 plots the trajectories of multiple vehicles. The y-axis is the position of
each vehicle, plotted as a function of time ¢. Each blue line is the trajectory of an individual
vehicle. The vehicle enters the traffic jam, is stuck there for a while, and then when its
headway opens up, the car speeds up. The red line indicates the stop-front of the jam and

the green line indicates the go-front of the jam.
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To summarize, when V' (h*) is sufficiently high, or when traffic is sufficiently dense, a
traffic jam can emerge. At the micro level, individual cars enter a traffic jam in which they
wait for their headway to increase before moving. At the macro level, aggregate velocity and
headway have fallen relative to the uniform flow equilibrium. Furthermore, small perturba-
tions develop into large traffic jams; “tiny fluctuations may develop into stop-and-go waves

999

as they cascade back along the highway, i.e. ‘tiny actions have large effects™ (Orosz et al,
2009). The traffic engineering literature describes these as “phantom jams” in the sense that

drivers cannot see any cause of the jam even after they’ve left the congested region.

3 The Economic Model

In this paper I build an economic model in which recessions can resemble traffic jams.
Hence, with the traffic model presented above in mind, in this section I attempt to construct
a similar model within an economic environment. In the dynamic economy which I present
next, agents are inter-connected: the output produced by one agent is the consumption good
of another. In this way, the actions and incentives of agents are very much connected in a

way similar to that in the traffic model.

The Model. Time is discrete and indexed by ¢.

Geography. There are N households indexed by i € {1,..., N}. These households live
on N islands and each household is composed of a producer and a consumer. While the
consumer of household 7 lives and consumes on island ¢, the producer of household i lives
and produces on island ¢+ 1. This implies that for any island ¢, consumer ¢ and producer ¢ — 1
co-habitate this island. In particular, the good produced by household 7 — 1 is consumed

by household i. These households are therefore arranged in a circular network such that
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household i consumes the output produced by household i — 1.7 T will from here on refer to
these agents as circle producers and circle consumers.

There is also a mainland household. This mainland household consumes only the nu-
meraire and supplies labor to the producers on all islands.

Commodity Space. There are N + 1 consumption goods. First, there are the N different
commodities which the N households consume and produce. Consumer i consumes the
commodity produced by household ¢ — 1. Furthermore, these commodities are perishable,
and hence cannot be stored over periods.

There is also a numeraire good, consumed by all households (including the mainland
household), and is produced by the mainland household. The numeraire good facilitates
trade among islands and can be used to purchase labor.

Timing. At the beginning of each period, each household receives profits from its producer
from the previous period. Once each household receives last period’s profits, the goods
market on each island takes place. The consumer makes consumption and savings decisions,
the producer on that island produces the consumption good, and prices adjust so as to clear
markets within each island. The household pays the producer for the consumption good
in units of numeraire and the producer on each island sends his profits back to his own
consumer to be received at the beginning of next period. These profits gain an interest rate
as they are transfered to the following period.

Circle Household Preferences. The utility of household 7 is given by
Eo Y B'u(ca)
t=0

where [ is the household’s discount factor and w (c) is a strictly increasing, concave, one-
period utility function satisfying the Inada conditions. Consumption c¢; is a composite

consumption basket.

1—y
C.
it 0 1-0
u(cy) = where Cit = Yi_1.47;

composed of y?_, ;, that is the output of household 7 — 1 at time ¢, and the numeraire good,
which is denoted ¢;;. The household’s budget constraint (in terms of the numeraire) is given
by

Dic14Yi—1t + Gt + aie = (L +1) (mi0-1 + @ir—1) (5)

The left hand side is expenditure on consumption goods and savings in the bond, where

9 And household 1 consumes the output of household N.
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pi—1. is the price of the good produced by producer i — 1 at time ¢ and a; are its bond
holdings. The right hand side is composed of 7;,_; are the profits the household receives
from its producer from last period as well as bond holdings from the previous period. Both
sources of savings from last period invested in some fund, in which they get some return
(14 r) next period.

Circle Producers. Producer i’s production function is given by

1l
Yit = Ny

where n;; is the labor it employs and « € (0,1). One can think of this as a constant-returns-
to-scale production function of y;; = k%nj, ® where the producer is endowed with one unit

of captial k;; = 1. Each producer maximizes per-period profits given by
Tt = DitYit — WNit

where p;; is the price of the good produced by firm i and w; is the economy-wide wage rate.
Mainland Household. The mainland household consumes only the numeraire, produces
the numeraire good, and supplies labor to the circle producers. The preferences of this

household are given by

Bo ' |u(@) — xin—h
t=0

where B is the mainland household’s discount factor, §; is its consumption of the numeraire,
fi; is its labor, and h is its effort in producing the numeraire. The mainland household

maximizes its utility subject to its budget constraint.
Cjt + glt = wtﬁt + iLt + (1 + Tt) Elt_l (6)

Hence, the production function of the numeraire good is simply linear in the mainland
household’s effort.
Market clearing. The consumption of any commodity must be equal to the amount

produced y;_1; since there is no storage. In terms of the numeraire
g + Z qit = hy

The amount produced by the mainland household is equal to the amount consumed. Labor
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market clearing is given by
ng = Z Nt

Finally, the economy is closed so that the aggregate amount of bonds is equal to zero.

Z&i7t+dt+2&§tzo

el i€l

where aﬁ , is the savings of the producer 7 in period ¢.

Remarks. Linearity in the mainland household’s utility means that interest rates and wage
rates are constant. This household is primarily here to price the interest rate at a constant
price, the wage rate and at a constant price, and to produce the numeraire. This becomes
useful later on as agents have different information sets, however, they will not learn anything
from economy-wide prices.

For good measure, I check the adding up-constraints. The household’s end-of-period

budget constraint in the numeraire is given by (5)
Dic14Yi—1t + Gt +aie = (L +1) (mi—1 +ai—1) Vi

the left-hand side is consumption today and bonds. The mainland household’s budget con-
straint is given by (6). Finally each producer has the following end-of-period budget con-
straint

Sie =T+ 1 +7r)si1— A +r)my Vi

because that profit cannot be used for consumption yet, it just sits on the producer’s balance
sheet until the household gets it next period. i.e. this is savings by firms. On the left hand
side is its savings. On the right hand side, it has its profits, it has its savings from last
period, and finally it pays (1 + 7)m;; to the household. Adding up the budget constraints
for the households, the mainland household and the firms, we get that

g + Zpi—uyz'—l,t + Z it + Z aig + G + Z al, = wiy+h+ Z (T+7) (mig1 +aiw) + (1+71)a,

el i€l el el i€l

+ Z (7Tz‘t +(1+47) af,tfl —(1+7) Wi,t—l)

icl

Using the fact that ., mi = > ;o) Dislit—> ;e Wenir, and labor market clearing  ,; wen; =
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wyny, this gives us

cjt—i—Zqit—l—Zai,t—i—dt—l—Zaﬁt =+ (1+7) <Za"’t1 +&t1+2a£t_1>

iel iel icl el el

Next, the aggregate amount of savings must equal zero ).  a;¢ + a; + >,  a;, = 0, this

q~t+ZQit:iLt

Therefore, Walras’s law holds. If all other markets clear, then the last market (here, that of

the numeraire) must clear.

leaves us with

Furthermore, note that I need consumption of household 7 to be equal to production
of household 7 — 1. This implies that the consumption and investment goods are different
in order for islands to produce different amounts. To understand this, suppose the oppo-
site: that production can be used either as consumption or investment. Now consider the
following. Island ¢ produces y;. Island i + 1 buys this production y; and uses it either for
consumption or investment. If island ¢ + 1 has its own income and its own saved goods, all
of that is spent on consumption and investment. That is, suppose whatever cash-in-hand
i+ 11is hiy1 = (1 +7)(yir1 + air1). Then household i + 1 can spend this cash-on-hand on

either either on c or a

cta = (147)(y+a)
c+(a—(1+mr)a) = vy
ct+x = y

Household ¢ + 1 purchases ¢ + x from household 7. But this implies that household ¢ must
have produced y; too. So in the end, all households produce the same ammount y. This
is why I disconnect the consumption and investment goods from one another and therefore
introduce another good used for trade-the numeraire.

Next, why do I need a numeraire good. I need some good which can be used to facilitate
trade across all households. Rather than complicate matters with money an nominal price
determination, I opted for a numeraire good which all househoulds consume.

Next, one might wonder as to why I need labor and wages, and that only capital income

goes to the household. Suppose all production is done by the household. This gets messy
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because the objective of the producer will then look like this:
max B\ p11 (1 +7) piyar — v ()

In this case, the producer’s current cost of producing depends on today’s disutility of labor.
however, the marginal revenue depends on the marginal utility of consumption tomorrow,
because that’s when this enters the budget constraint of the household. That is, the producer
is trying to predict tomorrow’s marginal utility of its own household versus today’s disutility
of labor. This would looking at the marginal utility of the household behind him. no
good. the reason i don’t have this problem later is because the wage rate is equal across all
households.

Even if we have workers from own islands, these workers get their wages today. hence
the don’t have to predict anything in terms of marginal utility tomorrow. And the producer
just maximizes profits max U’ (¢; +11) m; which reduces to the problem of max 7;;. If instead
the workers got their wages tomorrow, would they be predicting their wages for tomorrow?
yes, but it’s ok. see below.

This leads to a purpose for having the mainland household. Mainland household. This
will be good because then it will be such that the wage is fixed. Furthermore, note that I
allow for an intermediate good that is used in production rather than own household labor.
The reason for this is that the state space blows up otherwise.

Finally, another question is about why income comes a period later. Otherwise, all
markets clear instantaneously. In the appendix I provide the case where income comes all

at once.

4 Equilibrium Characterization

Although I have not introduced any shocks or imperfect information into economy, I will give
a more general definition for equilibrium that allows for household and firm expectations. I

define an equilibrium as follows.

Definition 1. A competitive equilibrium is a collection of allocation and price functions such
that

(i) given current prices and expectations of future prices and income, allocations are
optimal for households and firms given their expectations.

(ii) prices clear all markets
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This is a standard definition of equilibrium for this economy. Within each island is a
Walrasian equilibrium—prices clear all markets within each island.

I now characterize the equilibrium of this economy. First, consider the optimal consump-
tion and labor decisions of the mainland household. Due to linearity in h;, the mainland

household’s Euler Equation and intratemporal condition are given by

1=(01+mr)p and X = wy

while its consumption of the numeraire is pinned down by w' (¢;) = 1. Therefore, the
economy-wide interest rate is constant at 1 +r = 1/ 3 and the wage rate is constant at
X, pinned down by the mainland household’s optimality conditions.

Next, consider the typical circle producer. The producer maximizes profits given by
max p; Y — wyng subject to the production function y; = n}t_o‘. Producer optimality is
hence given by

Yit
pit(l_a)n_it:wt
Due to the Cobb-Douglass (iso-elastic) specification of the production function, profits are
thus proportional to expenditure on the produced good 7;; = ap;yis.

Finally, consider the typical circle consumer. This gives us the household’s intratemporal

condition
uy (cit) 0 qu

Di-1t = =
' ug (Cit) 1—0yi—1y

as well as the household’s Euler Equation

G
ul (Cit) —t = Eztﬁ (]. + Tt) ul (Cit—l-l)
qit Qit+1

Cit+1

We conclude that a set of allocations and prices constitute an equilibrium if and only if

the following hold: (i) the mainland households pin down wage rate and interest rate
wy=x and 147, =1/3 forallt (7)
and v’ () = 1, (ii) firm optimality is satisfied

pi (1= ) 2 — (8)
Mt
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where y; = n, (iii) and circle household optimality conditions

0 Qit

i1y = — 9

Pi—14 1_ 9y¢71,t ( )
Cit Cit+1

uw (cit) — = By [B (14 1) u (Cittr) (10)
qit Qit+1

as well as the market clearing conditions.

One may reduce these conditions further and state the equilibrium in terms of alloca-
tions alone. Combining the mainland household’s intratemporal condition w; = y, with the
firm optimality condition, along with the optimality condition for the household between
consumption of ¢ and y, we may obtain the following intratemporal condition.

l—a ¢ 1/(1-a)
X 1 _ eql‘f‘l,t - /y@t

Thus, we can pin down production of the commodity y;_1; as a function of g;;. This implies

that the optimal consumption of the specialty good in terms of consumption of the numeraire

(11—« 0 -
Yi—14 = N — qut

Furthermore, note that given the producers problem, profits are proportional to expen-

is given by

diture on that good m; = apyy;. That is, profits are revenue times the capital’s share of

output. This implies that the budget constraint can be rewritten as

Pic14Yim1p + Qe + @ip = (L +7¢) (Qpii—1Yip—1 + Gir—1)

where expenditure on the specialized good p;_1 1yi—1,: = ﬁ%t is proportional to expenditure

on the numeraire ¢;;. and using the optimality condition () we get that

1

Pa—7 + Qi = (1 -+ Tt) (Oé

i +CLZ'_
1—0 Git1,t tl)

0
1-460
Let expenditure be denoted by z;; = p;—1.4¥i—1++ ¢ of household 7 on consumption in period

t. Then, it is straightforward to show that

1
Zit = Pi—1,tYi-14 T Qit = qu‘t
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Since consumption of household 7 is equal to output of household i — 1, we have that
Pi—14Yi—1t = 0z and gy = (1 - 9) Zit
this implies that

Tt = QP tYie = 05921'+1,t

Therefore, the budget constraint can be re-written as
Zip + @iy = (14 7) (0bz514-1 + Qit—1)

Hence, the budget constraint can be written solely in terms of total expenditure alone. This
representation will be useful for the rest of the analysis.
For simplicity let us assume that u(c¢) = loge. In this case, the Euler equation (10)

reduces to
-1 1
G = By (1+7) B

Using the fact that ¢;; = (1 — 6) z;, one may rewrite this equation as
1 _ ~1
2y = (1+7) BBz

We can thus condense the equilibrium characterization to the following

Proposition 2. Let z;; = pi—1+Yi—1+ + ¢i+ denote household i’s time t expenditure on the
consumption basket. The equilibrium expenditure in this economy is the fixed point to the

following two equations: (i) the Euler Equation of each circle household
2zt = (1+7) BBaziy (11)
and (ii) the budget constraint of each circle household
Zip + @iy = (14 7) (0f2414-1 + Qit—1) (12)

where 1 +7=1/3.

Given equilibrium expenditure one can then easily back out the individual components
of consumption ¢;; and y;;.Proposition 4 represents the equilibrium as a fixed point in the
expenditure of each household z; in terms of each household’s Euler Equation and the
household’s budget constraint. The budget constraint is simply a physical constraint which

cannot be violated. The Euler equation, however, describes the optimal behavior or the

22



household in terms of its consumption, or expenditure, path. given it’s expectations of
future expenditure. This obviously interacts with the budget constraint, as both current
and future expenditure must

Therefore this economy reduces to an economy which looks very similar to conventional
consumption-savings models. However, the main difference is that the expenditure of one
agent becomes the income of another. This is apparent from the budget constraint (12); the

expenditure of household 7 + 1 at time ¢ — 1 becomes the income of household 7 at time .

5 Relation to the Traffic Model

I now show how this economic environment is similar in many ways to the traffic model
environment presented in Section 2. In this analogy, the expenditure of each circle consumer
is similar to the velocity of each car. Thus, the resources any agent spends on consumption
in a given period becomes the income for the next agent (the producer of that good) the
following period. This increases the latter agent’s cash-on-hand in the following period,
which he may then choose to spend on consumption, therefore transfering this wealth to
the next agent. And so on. Thus, the transferal of resources or wealth from one agent to
another is analagous to the idea that whenever a car moves forward it gives space to the car
behind it. this increases the headway for the car behind him, in which case that car may

move forward.

Here, I will now make these ideas more concrete and show how closely these ideas are
aligned. how the economic model outlined above is similar to the traffic model
Position, Velocity, and Acceleration. Let x;; denote the value of all expenditure up

through period ¢
t i1

pe= Y (L4rY 2+ Y (147) ar (13)

§=0 k=1

where, as before, z; = p;_1.:Yi—1+ + ¢+ denotes the expenditure on household i’s composite
consumption basket. Thus, I say that x;; denotes the “position” of household i at end of
period t. One can think of this as the amount of numeraire the consumer has used. We can
think of this position as if agents hold pieces of numeraire. Each unit of numeraire has a
number on it, so as a household receives more income, it holds a higher numbered piece of
the numeraire.

I define a discounted time-derivative operator as follows
A=1—-(1+nr)L
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where L is the lag operator. It is straight-forward to show that the velocity of agent i at

time ¢, or the first (discounted) time-derivative of x;, is equal to expenditure this period.
Vi = Az =24 — (L+7) 21 = 2y

This is shown in the appendix. Furthermore, the acceleration of household 7 is simply just

the household’s change in expenditure: Azy; = z; — (1 4+7) zi_1.

Headway. I now consider the analog of headway, the bumper-to-bumper distance between
cars in the traffic model. In the traffic model headway of car ¢ was defined as the difference
in position between car ¢ and car ¢ + 1. In the economic model, I define the headway of
household 7 at time ¢ as a particular difference in position (distance) between that household

and the household in front of it. This difference is defined as follows.
hiy = aexi+1,t — Tt

Given this definition along with the sequence of budget constraints in (12), weobtain the

following characterization of headway

Lemma 1. Headway at the beginning of the period is equal to the household’s resources before
consuming or investing

hig—1 = alzip1 41 + a1

Headway is thereby the household’s income and assets at the beginning of the period,
before making consumption and investment decisions. This implies that one can rewrite the

sequence of budget constraints as follows
Zig + aip = (1 +7) higy (14)

The intuition for this is fairly simple. Suppose household i starts out with assets at time
0. When household 1 buys some goods from household 0, household 1 transfers resources to
household 0. Thus, at the beginning of the following period, household 0 can consume using

its assets and its income from the previous period.

Boundary Condition. In the traffic model, there was a boundary condition given by
> ics hit = L. The cars were arranged on a circle of fixed length L. Thus, the aggregate
amount of headway remained constant—the length of the circle never shrank nor expanded.
In the economic model, the circle is also closed (since household N purchases goods from

producer 1) so that a boundary condition must exist in every period. However, aggregate
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headway can change over time. Headway grows due to interest made on assets, and shrinks
as the numeraire leaves the system and is transferred to the mainland worker sector. First,

I define the aggregate headway at time t as the sum over all households’ headways.
H, = Z hiy = Z (abz14 + a;4)
iel iel

It is then easy to obtain a law of motion for aggregate headway. Plugging in for a;, from

the budget constraint (14), a;+ = (14 r) h;4—1 — 2, we obtain
Hy = Z (aBzip1e+ (1 +7) hig—1 — zit)
icl

Letting Z; = )
of aggregate headway

.1 Zit be aggregate expenditure, this leads to the following characterization

Lemma 2. Aggregate headway evolves according to the following law of motion
Ht = (]. + T) Ht—l - (]_ - 069) Zt (15)

where Zy =Y . ziy 15 aggregate expenditure and initial headway given by H_y = Zie 7 hi—1.

iel

Thus, the aggregate amount of headway is changing over time, according to the above
law of motion. Aggregate headway grows because the amount of wealth held within the
circle increases over time due to the fact that the value of bonds increases at the rate of
interest. Yet, at the same time it shrinks as part of the wealth is transferred outside the
circle to the mainland household via paying the workers for their labor input in producing

the specialized good.

Transforming equations to continuous time. In discrete time, the equilibrium is described

by the following equations

zit = Ti— (L+7)xi01
hi,t = 069$z'+1,t — Tt

Ht = (]_ + T) Ht—l — (1 — 049) Zt

These equations closely correspond to those in a discrete-time version of the traffic model.'

Here, instead velocity is interpreted as expenditure, v;; = 2;,, and headway as equivalent to

10See for example the discretized traffic version of the optimal velocity model in Tadaki et al. (1997)
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numeraire-on-hand at the beginning of the period, h;; 1 = afzi 141 + a;p—1."

I now transform these equations () into continuous time such that expenditure is the
usual time derivative of position. In order to do this, I consider the following change of

variables. Letting

PO, S S SN B S
it — o gt — T <t sy Mgt — ——— ¢
BRSO RS 20l BRSO
we may then rewrite equations () as follows
Zig = Ty~ Ty
hz’,t = aefiﬂ,t - i’i,t
[:It - [_A[t,1 = - (1 - 0[9) Zt

And hence, taking the limit as the time increment between periods approaches zero, we get

the following continuous-time analog of equations ()

) = (1)
h (t) = abiiy (t) — 2 (t)
Ht) = —(1—ab)Z(t)

What remains missing from this system is the policy function.

Let me now explain the next steps in my analysis. Proposition () describes the equi-
librium as a fixed point of two sets of equations: the set of Euler equations for the circle
households, and the set of budget constraints. In the analysis thus far, I have only used the
set of budget constraints. There are two equations that must coincide with each other. The
only equation I have not used yet is the Euler Equation. The Euler equation must give a

policy function as in (16). In order to find this convergence, there are two avenues I pursue.

"n fact, one may consider the hypothetical limit in which 7 — 0, and o — 1. In this case, there is
no discounting of time by the mainland household, and both the specialized good share of the consumption
basket and the capital share of output approach one. In this limit, we have that A = 1 — L, which implies
that Az;+ = 2t — Ziz—1, hit = Tit1+ — T ¢, and aggregate H; is constant. Therefore, in this limit, the
equations describing the economy converge exactly to those in a discrete-time version of the traffic model.
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5.1 Reduced-Form Expenditure Policy Functions

Imposing a Policy Function. The optimal velocity equation in the traffic jam model is given
by
0 (t) = o (V (D () — vi (1))

The goal is to obtain a policy function similar to this in the economic model from first
principles. That is, one would ideally want a function governing expenditure behavior that

looks like the following
Zi(t) = G (hi(t), 2 (1)) (16)

with 0G/0h > 0 and 0G/dz < 0.'* Thus, I want expenditure to be increasing in cash-on-
hand. This is related to the household’s marginal propensity to consume. This is similar to
the state variables that we often see in many economic problems.

For now, I simply impose a policy function as in (16). In this sense, I just throw away
the Euler equation, and exogenously impose a policy function, and I then derive what I need
in terms of G in order to obtain traffic jams. One may think of this as a reduced form
expression for the behavior of agents. This is what follows in this section I find this simple
exercise useful as it gives some guidance as to what the policy function must look like and

what properties it must have in order to produce traffic jams.

Equilibrium For now, let’s just impose this function (16) exogenously. Then, the equilib-

rium of this economy is described by the following equations.

Lemma 3. Imposing a policy function as in (16), an equilibrium of the system is given by

= & (t)
= G(hi(t),z(t))

A

= —(1-ad)Z ()

This system is almost the same as the equations describing the traffic system, with the
only difference given by the change in headway.
Uniform Flow Equilibrium. 1 can now derive what one would consider the uniform flow

equilibrium.”® Let me first define the uniform flow equilibrium. Suppose z;; = zZ and h;y; = h

12This is where I apply the so-called want operator.
13Suppose we define the uniform flow equilibrium as follows, 2; (t) = 0, Vi, t. But, plugging this in, we
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Then in terms of our change of variables,
t)y=z(1+r) ", and h(t)=h(1+r)"
which implies
P =-m(@+r)z(1+n)" and h(t)=—In(1+r)h(1+r)"

Plugging this into (15) we get that

In(1+7)

(1 —ab) h

zZ=
Finally, the policy function must also hold. One can linearize around 16 and get that.
2 (t) = Guhy (t) — G224 (1) (17)
Substituting the uniform flow equations () into the linear policy function (), we get that
—In(1+7)z2=Gh -G,z
In order for this to coincide with (), we must have that

Gh In(1+7r)

G.—In(1+7) (1—ab)

Gh _111(1—1—7“)
G.—In(1+7r)  (1-ab)

(Note that In (1 + r) ~ r. This corresponds to the uniform flow-equilibrium in discrete time.)

Proposition 3. In the uniform flow equilibrium, the transformed expenditure and headway
are given by
tt)=z(1+r)", and h(t)=h(1+7r)"

where (1
n(l+r)- -
S GV S S
(1 —ab)
get that 0 = G;sz* — G, %" therefore
3% — @A*
=z

but this implies that A is constant. but this cannot be true since aggregate headway is growing.
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where hg is initial headway at time zero. This is an equilibrium if and only if Gj, and G,

satisfy
Gh In(1+7r)

G.—In(1+7r) (1-—ab)

This describes the uniform flow equilibrium.

Stability. 1 now consider stability of the uniform flow equilibrium. I obtain the following

result

Proposition 4. The uniform flow equilibrium is stable if and only if

1

G < 1+ af

G2

The proof of this is in the Appendix. Thus, for G, low enough, the uniform flow equi-
librium is stable. Otherwise, it is untable. We can see this in the following Bifurcation
Diagram.

To be added: Diagrams of simulations. Transitional Dynamics in both regions.

Therefore, small perturbations can potentially lead to recessions. And these recessions
would be ones in which agents cannot identify any large aggregate shock. Furthermore, from
the the traffic model presented in Section 2, we see that the theory predicts that traffic jams
are more likely to occur under certain conditions—conditions which take us to the other part
of the parameter space. Thus, building an economic model may have implications for when

recessions are more likely to occur.

Next Steps. The next route obviously then is a question of how to microfound a policy
function as in (16) as the result of optimizing behavior of households. The behavior given
by agents is the consumer’s Euler Equation (11). I look at this more seriously in Sections 6
and 7.

Agents care only about local interactions. Could optimizing agents follow a similar
behavioral rule? If so, perhaps the economy could generate behavior at the micro level that
resembles stop-and-go traffic. A decrease in velocity is similar to a decrease in spending.

Finally, waiting for headway to increase would be equivalent to waiting for income to increase.

6 Microfoundations for Expenditure Policy Functions

The rest of this paper is now devoted to finding microfoundations for the type of policy

functions considered in the previous section. The goal is to derive a policy function for
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expenditure that resembles (16), such that it is an increasing function of current headway,
but as the result of optimizing behavior on the behalf of rational consumers. This will depend
on the interaction between the household’s Euler Equation and its budget constraint.

In this section, I explore what elements are minimally needed in terms of the environment
such that we may obtain expenditure policy functions as in (16). This section is organized
into three subsections. In the first subsection, I stay within the deterministic world without
any shocks. I show that one cannot achieve policy functions as in (16) in the absense of
shocks. The intuition for this result is quite obvious. A rational household’s consumption in
any period simply depends on the interest rate, initial wealth, and permanent income.

In the second subsection, I add idiosyncratic income shocks. However, I allow for a full
set of Arrow-Debreu securities so that markets are complete. With idiosyncratic shocks
and no aggregate volatility, agents can insure away all income shocks. Thus, the solution
is the same in the no shock case—expenditure is again not a function of current headway.
Expenditure is only a function of aggregate output, which remains unchanged.

Finally, in the third subsection, I consider an environment with idiosyncratic income
shocks but in which markets are incomplete. Households can only self-insure by saving
in the bond. Furthermore, there is a form of incomplete information: consumers only see

the income that they receive from their own producer.'*

This environment gives rise to
permanent-income consumers who face different permanent incomes everytime there is an
income shock. This yields an expenditure function which is increasing in current income
and asset position. I show how one can eliminate the state variable of the asset position,
and instead write expenditure solely as a function of headway and past expenditure. This
yields an expenditure policy function which does in fact look like the policy function in
(16). Within this environment, I then characterize the uniform flow equilibrium. I analyze
its stability and show that traffic jams cannot occur unless the interest rate is sufficiently
negative.

Thus, what we learn from these exercises is that with fully rational agents, in order to
obtain a policy function such as the one given in Section 5, at the very least there must be
(i) idiosyncratic shocks, (ii) incomplete markets, and (iii) incomplete information. However,
in order to obtain traffic jam-like recessions, these ingredients appear to be necessary but

not sufficient.

14n the appendix I relax this assumption and show what happens when agents also have incomplete
information.
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6.1 No Shocks, Full Information Benchmark

Suppose there are no shocks at all, all agents are identical, and by implication, agents have

complete information. First, consider the Euler equation given by
-1 _ —1
ziy = (1+7) BBz iy

With no shocks, we can eliminate the expectations operator so that.

zZ: =(1+r)p
where 1+ = 1/5.

Therefore, the consumption stream of the circle household depends on which agent, the
circle or the mainland household, is more patient. If the mainland houshold is more patient,
B > f3, then consumption of the circle household decreases over time. If the mainland
household is less patient, 3 < A3, then the consumption of the circle household increases
exponentially over time. For simplicity, let us suppose that households are equally patient
so that (1+7) 8 = 1. We then have that expenditure is constant for each circle household
over time:"”

Zig = Z; (18)

One can then easily back out that consumption of each good is constant as well ¢; = ¢,
Yir = ¥;. It then just becomes a matter of pinning down the optimal level of expenditure.

Iterating the budget constraint forward and imposing no-Ponzi conditions yields the following

[e'e} 1 7 o) 1 7
Z (1——|—7") Zij = (1 + T’) hi,—l + Z <1——{—7“> 04921‘4_17]‘ (19)
Jj=0 7=0

where h_; is the headway at time 0, that is, the wealth that the household starts out with at
time zero. We take this as given. Next, using the result from (18) that optimal expenditure
is constant for both agents ¢ and ¢ + 1 over time, 2; ; = z; and z;41; = Z;11, and simplifying

(19) brings us to the following.

Proposition 5. In a shockless economy, expenditure of each circle houshold is constant over
time and given by

Zi = abzZip +rhi—1 foralli

Suppose all agents have the same initial asset position h_q, then expenditure is also equal

15 Actually, it’s unnecessary that we have v = 1 for this result, but it simplifies things.
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across all agents,and given by

rh_y  for alli,t
Finally, aggregate headway remains constant
hi=h;1 and Hy=H, 1 forallt

with inital asset position h_q for all i.

Thus, agents simply consume their entire amount of income each period, and the annuity
value of their initial wealth. Furthermore, if we impose that agents are symmetric-that is,
they start out with the same asset holdings h_;, then in this case the only equilibrium is
that z, = Z;1 = Z.

From this we learn that in the no shocks benchmark with fully rational consumers there,
are no aggregate fluctuations. This seems fairly obvious. If there are no shocks, agents know
exactly how much to consume every period. They simply consume their steady income, as
well as the annuity value of their initial assets.

Although the traffic model was completely deterministic, i.e. there were no shocks, this
cannot be the case in the economic model. In order to have an expenditure policy function

which depends on current headway, one needs to add shocks.

6.2 Idiosyncratic Income Shocks and Complete Markets

I now assume that there are island-specific shocks, yet no aggregate shocks. To keep the
environment as simple as possible, I add a simple idiosyncratic endowment shock. Suppose
that in every period, agents receive an endowment shock w; so that household i’s time ¢

budget constraint is given by
Zit -+ a@t = (1 + T) (04921'4_1’15_1 -+ Wit -+ ait_l)

One can think of this as follows. Suppose that profits en route to the home island, get hit
with some shock w;;. This shock is i.i.d across agents and Fw; = 0. For simplicity, I suppose
N is large enough so that these wash out, and hence there is approximately no aggregate
uncertainty. Let the aggregate state of the economy be denoted s; = (wig,way, ..., Wnt)
which is simply a vector of all individual island shocks. And let s' = (sg, s1,...,5s;) denote

the history of these states.
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To complete the market, I allow for the following contracts contingent on w;;. Suppose
markets are open at time 0. At time zero, agents can trade Arrow-Debreu securities. Let
n, (s') be the price at time zero of 1 unit of the consumption basket at time ¢ with history

s'. The the budget constraint is therefore given by the following

>3 ) 7 ) = 3 S () v )

t=0 st t=0 st

where y;, denotes income of household ¢ in period ¢, as in

Xu (St) _ { (1 + T) h@_l if t=0

(1 + 7’) (a@ziﬂ,t,l + Wit (St)) for ¢t>0

Again, h;_; is the initial wealth of the households. Given this market with a complete set

of Arrow-Debreu securities, it is straightforward to prove the following.

Proposition 6. With income shocks and complete markets, agents fully insure themselves
against idiosyncratic income shocks. Hence, the equilibrium is the same as in the economy
without shocks. Therefore, expenditure of each circle houshold is constant over time and
gien by

Zi = abzZip +rhi—1 foralli

and aggregate headway is constant
(1) If all agents have the same initial asset position, then expenditure is also equal across

all agents,and given by

1
1—ab

and therefore are invariant to their current headway.

Zzt:,g

rh_y  foralli,t

Thus, with complete markets agents have the same expenditure as in the case with no
aggregate uncertainty. This is a fairly obvious result given what we already know about
Arrow-Debrue markets. Thus, one must add also incomplete markets in order to potentially
get an expenditure policy function which depends on current headway.

Remarks. Suppose instead of adding an endowment shock, I instead wanted to shock
some underlying parameter governing preferences or technology. There are four possible
parameters I could potentially shock. These are (o, 0;, A;, 3;). Shocking any of these pa-
rameters has some drawbacks. So as not to change the definition of headway, I will not
shock «;, 0;. This leaves me with A;, 3;. Shocking A; in only one period changes substitution

effects, which doesn’t really give me a permanent income. Finally, if I shock 3, then one has
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either growing consumption or decreasing consumption paths. Hence, the simplest thing is

to do just a simple endowment shock.

6.3 Idiosyncratic Shocks, Incomplete Markets, Incomplete Info

Now suppose that agents continue to face idiosyncratic endowment shocks, but that markets
are now incomplete. Agents can only self-insure by saving their wealth in the risk-free bond.
Furthermore, consumers only observe their own income and endowment shocks, but they
do not observe the shocks on other islands, including the island on which their producer
lives. In terms of timing and information in the presense of these shocks, I rationalize this
assumption as follows.

At the beginning of each period, the consumer observes his own income. In particular,
consumer ¢ sees all components of his income at time ¢: that is, afz;11,-1 and w;. Producer
1 — 1, who produces for consumer ¢ on island 7 also observes this information. Hence, con-
sumers and producers within an island have the same information, so that markets clear in a
Walrasian matter under this symmetric information set. However, consumers and producers
on island 2 cannot observe at time ¢ the shocks on other islands. That is, consumer ¢ cannot
observe the amount his own producer i is producing on island 7+ 1, and hence does not know
his income in the following period(s). Therefore, he must make his consumption decision in
each period, given his expectation of future income. Furthermore, note that interest rates
and wage rates are constant (due to linear preferences of the mainland household). Hence,
circle consumers and producers learn nothing from current economy-wide prices.

I now characterize the optimal behavior for the circle consumers facing idiosyncratic
shocks but in the absense of complete markets. Consider again the Euler Equation with log
utility given by

7t = (1+7) BBivzi,

Finally, set r such that (obviously need to prove) expenditure also follows a random walk.
Bitzitr1 = 2t

I am doing this just for simplicity. Expected expenditure tomorrow is equal to expenditure
today.
Next, in order pin down today’s expenditure and consumption, one looks at the budget

constraint. The budget constraint is given by

Zit + Q¢ = (1 -+ 7“) (04621'4»17,571 + a1+ wit)
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which includes today’s income shocks. Where E;w; ; = 0 for s > ¢. Letting headway equal
hig—1 = alzip1 41 + ay—1 + wy
I may then rewrite the budget constraint as follows
Zit +aie = (1+7)hi1

Again, following the same steps as before, iterating the budget constraint forward, and using

the fact that E; 2,1 = 2;; and simplifying, we get that
Zip = 0Bz +1hiq

which uses the fact that the expectation of income shocks is equal to zero. This is similar to
that in the no-shock case, except that expenditure is now based on today’s headway rather
than first period wealth.

Finally, substituting in for headway, we have that
it = a@EitzHLt +r (a92i+17t_1 + a1 + wit)

Note that agent ¢ has no more information than... Thus, agent i’s best expectation of
tomorrow’s income is B zi414 = %iy1,4-1. Substituting this into the above equation, we

therefore reach the following

Proposition 7. With income shocks, incomplete markets, and incomplete info, the optimal

policy function of the household is given by
zit = (14+7r)abzip11-1 + 7 (a1 + wit) (20)

Proposition 7 therefore gives the household’s optimal expenditure in period ¢ as a function
of current income and assets. The expenditure function looks like this because households
behave as permanent income consumers. They consume out of their permanent income.

Recall that in the traffic model the state space was simply {hi,t,zi,t,hm}. . Thus,
here we have an extra state in terms of a;_;. It would be good then to get Zfi]d of this
state, which can be done quite easily. I can rewrite (20) as follows. We may use h;;—; =

abziy14-1 + ai—1 + wi, in order to get that
Zit=(147r)hit—1 — (@p—1 + wit)
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Furthermore, using the fact that z;;—1 + ai—1 = (1 + 1) h;j1—2, we can eliminate a;—1 from

the above equation, and obtain
Zig = (L+7) (hig—1 — hig—2) + 2i1 — Wit
Therefore, taking the time deriative A of this, we get that
Zit — (L4+7)zim1 = (L4 7) (hite1 — hiz—2) — T2i—1 — Wit

or
Zit — (1 4+7) zig—1 = (higm1 — (L+7) hig—2) + 7 (hig—1 — Zit—1) — Wit
This leads to the following Lemma.

Lemma 4. With income shocks, incomplete markets, and incomplete information
Azip=Ahig 1+ 7 (hig—1 — 2it—1) — Wit (21)

Therefore, we do indeed get a function that in fact looks much like the policy function.
And hence the state space can be reduced to {Ah; -1, hit—1, zit—1}-

Next, let us characterize the uniform flow equilibrium. Suppose w;; is very small, so that
for a moment I may just ignore it. The uniform flow equilibrium is defined as z;; — 21 = 0
and h; — hy_1 = 0, so that headway increases at a constant rate. From our policy function

(21), we have that in the uniform flow equilibirum
—rhiy = (he—1 — (L+7) hi )
The boundary condition implies
H—-14r)H_1=—(1-ab)Z
where H; = Nh; and Z; = Nz;. Combining this with () gives us that
—rhi_1 = — (1 —ab) z

Solving for z; in the above equation leads us to the following.
Proposition 8. The uniform flow equilibrium is characterized by:

’
1—ab

i1

2y =z =
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and

Hy=Hi1 = Nh

and is globally stable for all positive interest rates, but can become unstable if interest

rates are negative. Need to add stability condition.

Therefore, the uniform-flow equilibrium in this model is always stable, unless interest
rates are sufficiently negative. Thus, one needs a model with a higher marginal propensity
to consume among consumers in order to generate traffic jam recessions.

Now, suppose agents did not have linear utility. In this case

To summarize, in this section, we’ve looked at certain ingredients that appear necessary
in order to get fluctuations. Idiosyncratic shocks, incomplete markets, and incomplete in-
formation all appear to be necessary ingredients for obtaining a policy function as in (16).
However, this is still not enough to obtain traffic jams. If the interest rate is negative enough,
then perhaps it is possible. In the following section, I show how one can obtain traffic jams

with borrowing constraints.

7 Borrowing Constraints

Finally, I consider a variant of the model with borrowing constraints. This seems to be one
of the most natural microfoundations for an expenditure policy function which has a high
marginal propensity to consume when agents are close to their borrowing constraint.

I thus assume that the household faces borrowing constraint a borrowing constraint as

follows

At > —@ (22)

where ¢ is a known constant. One can also think of this as a simple cash-in-hand constraint if
¢ = 0. From a large and extensive literature on consumption-savings models with borrowing
constraints, we know that this type of simple constraint leads to increasing and concave
consumption/expenditure policy functions as well as high marginal propensities to consume
when agents are close to their borrowing constraints. Thus, the model here is similar to a
consumption savings model with idiosyncratic income (labor) risk, as in Aiyagari, Huggett,
Bewley. However, in contrast to these papers, the income risk here is endogenous—the income
of one agent is derived from the consumption behavior of another.

With the added borrowing constraint (5), solving the model becomes a bit intractable.
In particular, the state space of each agent’s problem blows up. Agents must forecast the

shocks of all other agents and hence keep track of entire distribution of individual states.
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Intuitively, imagine each agent’s individual state space is composed of his asset holdings,
his income from this producer, and his idiosyncratic income shock. This determines his
expenditure. However, in order for him to determine his income next period, he must know
the expenditure on the island next to him the current period. But that depend’s on agent
1+ 1’s current asset holdings, income, and idiosyncratic income shock. Hence, he needs to
keep track of that. But in order for him to understand what the income is of agent ¢ + 1,
he must try to understand the state on island ¢ + 2, and so on... Hence, each agent tries to
keep track of all individual states of all islands in the economy. This is clearly an intractable
problem, not only for the economist trying to model the economy, but most likely for the
agent itself.

Hence, in order to simplify the problem and preserve tractability, I assume that each

consumer perceives income z;;1,; as Markov as follows

Zi+l44+1 = 1/) (Zz‘+1,t)

This is clearly a stark assumption. However, it has some underlying economic intuition. That
is, suppose agents have constrained information capacity. A growing literature has tried to
understand limited information capacity as a constraint on agent’s ability to process all in-
formation. Sims (2003) models this as a constraint on the conditional entropy, Woodford
(2012) introduces a variant with reference-dependent choice which closely matches exper-
imental evidence on agent’s attention, while Gabaix (2011) allows agents to have sparse
information sets so that they only keep track of a finite number of state variables. Thus, it
seems likely that households cannot keep track of entire state of the world, and instead can
only keep track and form expectations over a finite number of moments.

Admittedly, I am not solving the ex-ante problem of what agents would pay attention to
with limited information capacity. I am just taking it as given that they only pay attention
to their own income, which seems the most relevant for their own consumption choices.

I thus re-define an approximate equilibrium as in Krussell-Smith () as follows.

Definition 2. A competitive approzimate equilibrium is a collection of allocation and price
functions such that

(i) given current prices and expectations of future prices and income, allocations are
optimal for households and firms

(1) prices clear all markets

(111) household expectations are based on perceived Markov process

Zipr = (2ig1)
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where 1 is the best approximation of the true process

Part (iii) is similar to Krusell-Smith. have not yet defined “best approximation”.

The circle household’s consumption-savings problem thus becomes similar to Bewley

economy
V (2it1,-1, @i, wi) = max (1 — af) log z; + BB;V (241, aj, w))
subject to
zi+a, = (1+7)(abzi01 -1+ a; +w;)
a; > —¢

and where z; .1 evolves according to the law of motion

Zig1 =Y (Zz’+1,—1)

Next, I simulate the economy with borrowing constraints. I obtain policy functions for
asset holdings and expenditure given by the following

&; = d (Zi+1,71, Guwi)

Zp = g(ziJrl,flaaiywi)

where z; increasing in 2;11,-1, a;, and w;.

The parameter values I use for this simple numerical simulationm are as follows. I set
8 =.9, ¢ = 0. The interest rate is set at r = .02. I first allow for exogenous beliefs about
income

Zig = Prig1+E, €~ N(0,02)

numerically approximated with 8 states, p = .2, 0. = .5
Consumption is increasing in Assets and Income
I thus obtain the following expenditure policy functions. The equilibrium expenditure of
household i is given by
CL; = D (Zz'+1,71; Qy, Aiq)

zi = G (Zi+1,—1; A, Ai—l)

Hence, expenditure is increasing in assets and income.

Another way to visualize this is in three dimensions. Expenditure Policy Function
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I thus solve for the general equilibrium fixed point as follows

e start at non-stochastic equilibrium as in the first part of Section ()
e compute equilibrium with shocks to w;;

e approximate true process for z;; with some Markov process 1

e use 1) for beliefs in next iteration

e iterate until ¢ is “close to” true z process

Remarks. will this converge? hopefully.
In the end, what do I get? I obtain a policy function which I use to simulate the economy.
Comments. I can also follow Kimball and Caroll () and obtain this type of function

without a borrowing constraint.

8 Conclusion

I construct a model in which recessions resemble traffic jams. The next steps in this project
are clearly two fold. First, one should check the robustness of this in terms of different
network structures. Clearly the world is not a circle. At the same time, the world is not
a representative household or a representative firm. Third, it would be important to think

about efficiency and policy.
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Empirical Implications. What are some of the empirical implications of this model?
First, more Hand-to-Mouth behavior imply that Recessions more likely. Furthermore, when
Agents close to borrowing constraint — Recessions more likely. This would potentially be a
nice thing to test.

Which recessions could this model potentially apply to? The subprime, The 1907 reces-
sion was presumably caused by one trader trying to corner the gold market.

Furthermore, there is evidence... Reinhart Rogoff. Alan Taylor has recently shown that
this extends to many recessions.

In the Survey of Consumer Finances, the reason for the household’s savings is Liquidity.

Finally, T would like to find data on local interactions and see how to get a flux-like
diagram like that in the traffic literature. This would give some empirical evidence for this

mechanism.
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Appendix

Proof of Proposition 1 Suppose the vehicle policy function is given more generally by
s () = f (ha (8) i (8) 01 (1)) (23)

where V; (t) = ZL’z (t), hz (t) = Ti+1 (t) — X; (t), and hz (t) = Vj11 (t) — U; (t) = j;i—&—l (t) — ZL’Z (t)
The uniform flow equilibrium is defined as an allocation of headways and velocities for

each car in which both are time independent. That is
hi (t) - h*7vi (t) - U*v hz (t) - O7Uz (t) - f (h*7 07 U*)

To analyze the stability of the uniform flow equilibrium, we linearize (23) about the uniform

flow equilibrium. We then have

where
F=0,f(h",0,v"),G =0;f (h*,0,v"),H =—0,f (h*,0,0")

are all assumed to be positive.
Substituting in v; (t) = @; (t), hs (t) = @1 (8) — x5 (), and h; (£) = @41 (£) — @ (t) we get

that for every 1,
5 (t) = F (Zipa (t) = 2 (1) + G (T2 (t) — 2 (1)) — Hi; (1)

Bringing all ¢ on the left side, and 7 4+ 1 on the right side, we get tthe following second order
system
L)+ (G+H)Z )+ F7(t) = Gy () + FFipq (1)

A standard way to approach the second order system is to define a new variable 9; (t) =

Z; (t). we can thus rewrite this as

Ui (1) + (G + H) 0 (t) + Fi; (t) = Gl (1) + FEia (¢)
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Let

L1 U1 L1 U1
_ JNIQ ~ 1~}2 B JNIQ . V2
Tr = , U = , U = X , U =

Ty Un Ty Un

We now have a linear system of 2N equations with

gels

For example, suppose N = 2. where M is some matrix that looks like'®

e
=

e
N

T 0 0 1 0 T
i | | 0 0 0 1 T
| | -F F —(G+H) G 0y
Uy F —-F G — (G + H) By

Thus we conjecture a particular solution to the system #; = A;e*

i’l Al GM
J~72 AQ@M
'171 B Al )\e)‘t
Dy As\eM

Therefore, we can plug the trial solution Z; = A;e* into equation (), which gives us the

16For N = 3, then A is given by

0 0 0 1 0 0
0 0 0 0 1 0
A | 0 0 0 0 0 1
| -F F 0 —(G+H) G 0
0 —-F F 0 —(G+H) G

F 0 -F G 0 —(G+H)
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following N equations
A (¥ +(G+H)A+F) = Ay (GA+F)
Ay (N + (G+H)A+F) = A;(GA+F)
Ay (P +(G+H)A+F) = A4 (GA+F)
Iteratively substituting for A; we have the following equation
M+ (G+H)A+F)" =G+ )N
Taking N-th roots of Equation (), we have the following
M+ (GHH)N+F=(G\+F)e?

where § = £27 for k=1,2,...,N 7
Now, by substituting
A =iw forweR"

into equation (),
—w? 4+ (G+ H)iw + F = (Giw + F) (cos § + isin 6)

or

~w?+ F+ (G+ H)iw = —Guwsinf + Fcos + (Gwcosd + Fsind)i

Separating the real and imaginary parts and eliminating w. The real parts imply

—w?+ F = —Gwsinf + Fcosf (24)
while the imaginary parts imply
(G+ H)w = Gwcosl + Fsind (25)
Solving (25) for w, we get that
Fsinf

w:G—i-H—GCOSQ

1Thecause note that € = cos@ + isin 6, so that 2™ = cos 27 + isin2r = 1
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Substituting this into (24) we get that

G+ H — Gcosb __G+H_GCOSQGSIHQ+FCOSH

_< Fsinf )2 7 Fsin6

Therefore, we have an expression only in terms of F, G, H, 0. Rearranging yields

G+ H —Gcosb

sin 6

F:(1—cos9)< )2+G(G+H—Gc039)

Let o = /2, and using some trigonometric identities, one may determine that stability

changes (Hopf bifurcations) occur for

1
F=3(2G+H) ((2G + H)tan’ o+ H)

where a = 0/2. Thusoz:%w fork=1,2,..., N.

The stability condition becomes
1

We now apply this general stability condition to the optimal velocity model. Here, the

acceleration policy function is given by
v; (1) = a(V (hi (1)) — v; (1))
Linearizing about the uniform flow equilibrium, we obtain equation () with

F = 0nf(h*,0,0") =aV’(h)
G = 0,f(h",0,0")=0
H = —0,f(h*,0,v") =«

Plugging these values into (26), the stability condition becomes
, 1

QED.
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Proof of 2 First, consider the mainland household. The mainland household maximizes

utility
~t - - ~
EoZ@ [U (Ge) — Xty — Ty
t=0
subject to its budget constraint.
Gr + ap = wyng + ilt + (1+7) a1y

Let 3'u, be the Lagrange multiplier on the budget constraint. The FOCs of this problem

with respect to ¢, n, l~zt, b, are

u(G) — e =

Xt pwr =

L 4p =

B+ B (L1 B gy =

o o o O

The consumer ¢’s problem is to maximize utility

max [ i Bru (i)

t=0

where ¢; = y? ;i subject to the household’s budget constraint.

Pic14Yim1e + Qe + @ip = (L +17) (Tipm1 + Gir—1)

Letting 3°);; be the Lagrange multiplier on the budget constraint of household i at time
t. The FOCs are given by

Uy (Cit) - /\itpifl,t =0
Uq (Cit) — >\it = 0
—B Ny +E (1478 Ny = 0

Proof of Lemma 1 The household budget constraint is given by

Zit + Qi = (]. -+ T) (05022‘-1-1,1&—1 + a'z't—l)
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definition of position
t

me=y (141 20

j=0

First, velocity is given by vy = x4 — (1 4+7) 241

Vg = (Ziﬂf + (1 + 7") Z (1 —+ T)j Zi+1,t1j) — (1 + T') Z (1 —+ T)j Zit—1—j
o o

J J
= Zit

)

The position of agent ¢ + 1 at time ¢ is given by

Tiv1p = Zig1t + (L +7) Z (L+7) zii11-y
§=0
Multiplying this by af we have that
Oéexi-l—l,t = 0402’7;_;,_17,5 + Z (1 + T‘)j (1 + ’I") a@zﬁu_l_j
j=0

Next, rearranging the budget constraint,

Zip—j+aip—j = (1+r)oalzip1— o1+ (1 +7) a1
we obtain the following

(I+7r)abziprp—1-j = zig—j + Gig—j — (L +7) Qi1

Plugging this into () we get that
Oé¢9$i+17t = 06921'+17t —+ Z (1 -+ T)j (Zijtfj + ai,t,j — (1 -+ 7") ai,t,j,l)
j=0
Now, if we write out the position of agent ¢ at time ¢, this is given by
t

Tip = Z (L) zi0y

Jj=0
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Substituting () and () into our definition of headway,
hiy = a9$i+1,t — Tt

we have that

o] t
hit = a92i+1,t + Z (1 + T')j (Zi,tfj + ai,t,j — (1 + 7') ai,t,j,l) — (1 + 7")] Zi,tfj
7=0 7=0

Thus,
hie = a0z + Y (L+7) (aipy — (L+7) a5 ;1)

=0

Expanding the terms in this summation, we have that headway satisfies

hit = Oé@Zi_H’t + (ai,t — (1 —+ T) ai,t_l)
+ (]_ + 7”) (ai7t_1 — (]. + 7‘) ai’t_g)
+ (]_ + 7")2 (ai,t—Q — (1 + 7”) am_g) —+ .

All of the a;;—; cancel out except for j = 0. Thus, we have that
hit = alzip14 + a;q
Rewriting this for h;;_; we have that
hit—1 = abziy101+ aip1
Therefore, headway is equal to wealth-on-hand at the beginning of the period. QED.
Proof of Lemma 2 Follows from the main text.

Proof of Lemma 3 Follows from the main text.

Proof of Proposition 3 Follows from the main text.
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Proof of Proposition 4 The proof of this follows closely that of Proposition 1. The

economic system is described by the following four equations

() = @ (t)

() = f(hi(t),z (1)

hi () = abiiq (t) — & (1)
A = —(1—ah)Z(t)

Suppose the vehicle policy function is given more generally by
50 = 1 (hi () s (), (1))

where z; (t) = i@; (t), hi (t) = @04y (£) — @5 (), and h; (£) = @by (1) — @5 (t).
The uniform flow equilibrium is defined as an allocation of headways and velocities for

each car in which both are time independent. [need to fix] That is,

To analyze the stability of the uniform flow equilibrium, we linearize () about the uniform

flow equilibrium. We then have

Zi (t) = Fhy (t) + Ghi (t) — HZ (t)

where

F =0uf (h*,0,0%),G = 0, f (h*,0,v%) , H = =8, f (h*,0,v")

are all assumed to be positive. ‘
Substituting in % (t) = ; (¢), hi (t) = abFq (t) — % (t), and h; (t) = b (1) — 23 (1)

we get that for every 1,
T (t) = F (afii1 (t) — 3 (1) + G (ab3i41 (t) — 7 (1)) — Hi; (t)

Bringing all ¢ terms to the left-hand side, and ¢ + 1 terms to the right-hand side, we get the

following second order system

Ti (1) + (G + H) 2 (t) + FZ; (t) = Gabyq (t) + FabFi (t)
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A standard way to approach the second order system is to define a new variable Z; (t) =

Z; (t). we can thus rewrite this as

Let
T Z T Z1
~ Ty ~ 29 . To . Zo
¥ = 2= T = Sl zE=
TN ZN TN ZN

SL

I3

1)1

For example, suppose N = 2. where M is some matrix that looks like'®

I 0 0 1 0 i
| | 0 0 0 1 Ty
Z | | =F Fal —(G+H) Gab %
% Fof —F Gab —(G+ H) %y

Thus we conjecture a particular solution to the system z; = A;e™

JN,’l A1 6)\t
Iig . AQ@M
7| | AeM
172 AQ}\G)\t

Therefore, we can plug the trial solution #; = As;e’ into equation (), which gives us the

18For N = 3, then A is given by

0 0 0 1 0 0
0 0 0 0 1 0
a_|l 0 0 o0 0 0 1
“|-F F 0 —(G+H) G 0
0 -F F 0 —(G+H) G

F 0 -F G 0 —(G+H)

o1



following N equations

AL (N + (G+H)A+F) = Al (GA+F)

Ay (N + (G+H)A+F) = Azaf (GA+F)

Ay (P +(G+H)A+F) = ;41046(G)\—|—F)
Iteratively substituting for A; we have the following equation

(V2 +(G+H)A+F)" = (af (Gr+ F)N
Taking N-th roots of Equation (), we have the following
M (GHH)N+F =af (GA+ F) e

where ¢ = £271 for k=1,2,...,N 'Y

Now, by substituting
A=iw forweRT

into equation (),
—w? + (G + H)iw + F = af (Giw + F) (cos ¢ + isin @)
or
~w? + F+ (G + H)iw = —afGwsin ¢ + afF cos ¢ + (afGw cos ¢ + af F sin ¢) i
Separating the real and imaginary parts and eliminating w. The real parts imply
—w?+ F = —afGwsin ¢ + o F cos ¢ (27)
while the imaginary parts imply

(G+ H)w = afGw cos ¢ + afF sin ¢ (28)

Yhecause note that €? = cos@ + isin 6, so that 2™ = cos 27 + isin2r = 1
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Solving () for w, we get that
af F sin ¢

Y= G+ H — afGcos ¢
Substituting this into () we get that

afF sin ¢ 2 afF sin ¢ .

N F=- 0G OF 29

(G+H—a9Gcos¢> * G+H—Oz9Gcos¢a sin ¢ + abF cos ¢ (29)
Therefore, we have an expression only in terms of F, G, H, a, 6, ¢. Rearranging yields

G+ H — afG cos ¢
afsin ¢

2
F:(l—&ecos@( ) + G (G+ H — afG cos ¢)

Let 5 = 6/2, and using some trigonometric identities, one may determine that stability

changes (Hopf bifurcations) occur for

F=-(1+ad)G+H)((1+af) G+ H)tan* 8+ H)

N | —

where 3 = 0/2. Thusﬁz%w for k=1,2,...,N.

The stability condition becomes

F <

1+a0((1+0¢0)G+H)H

Now, let’s apply this to the economic model. Here, the expenditure policy function is
given by
i (t) = a(V (ki (1) — v (1))

Linearizing about the uniform flow equilibrium, we obtain equation () with

F = 8hf (h*,O,v*) = Gh
G = 0,f(h*,0,0") =0
H = _avf (h*,O,v*) = Gz

Plugging these values into (), the stability condition becomes

1

Gh < 1+ ab

G2

QED.
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Proof of Proposition 5 budget constraints

Zit + (Iiﬂg = (1 + T) (04921'4_17,5_1 -+ ait_l)
Zigr1 + aippr = (L471) (abzip14 + air)
imply
1
it = T (& i —(1—-a)bz
Qit 1+T(Zt+1+a,t+1) ( a)Ozit1,

Iterating the budget constraint forward, we get that..

1
Zio + Zi1 T+ 212 + - = (1 + ’I“) [a@zi+17_1 + (Li7_1] + 04921'4_13 + 1—_Hﬂa02i+171

(1+ : r) <1+1 |
i<1+r) i = (1+T)h0+§;(1ir>3(1_@)92i+1,j

7“

7=0
therefore
1 1
—% = ———alZ, + (1 +7)hi_
- T -1

Zi = obzZi +rhi

Z; = a62i+1 + 7'0592’141,71 +ra;_q
Z; = (1 + 7’) 060921'+1 + ra;;_q

Follows from the main text. QED.

Proof of Proposition 6 The the budget constraint is given by
Z Z ¢y (s') 2t (8°) = @ (s') (L +7) hia + Z Z ¢ (5') (1 +7) abzi1-1 +wir)
t=0 st =1 st

let v,, denote income every period. Then

Yio = (1+7) hi—1
Yo = (L47)ab0zi410-1 + wi

)

Thus, we can write this as

i Z o (St) Zzt Z Z ¢t ’th

t=0 st t=0 st
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or, written in terms of ¢

(o) 1 o
DD () T (5) = Do) ol () v
t=0 st t=0 st
The foc from this problem is
1
Blug (ci (s')) me (") = it} (') 7—5 =0

this implies that

ug (i (s1) _ uq(c; (s))

M Hj

for all pairs (7, j). This implies that consumption only depends on the aggregate

Z%‘t = Z (L+7)abzip10-1 +wip) = (L +71) b Z,

i

Then z; is constant over time and across histories for all ¢. Thus the equilibrium satisfies
Zit = Z;. Then
Bug (&) m (s') = w0} (") 10
this implies
Blug () m (s")
d)g (St) = ! 1
HiT=g

Therefore we take the budget constraint

i Z Cb? (St) (Zz't (St) — Vit (st)) =0

t=0 gt
plug in for ¢ (s),
>3 ZlBR ) o ) -, () =0
t=0 st 11-60
thus -
> D B (s) (5= (sh) =0
=0 st
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thus

iZﬁtﬂt (s') zi ZZB e (") vie (')

t=0 st t=0 st
Zﬁt»@' = (1+47)h 1+Z@t (147) 04921+1+225tﬂ Wit
t=0 t=1 gt
Z 5t2i = (1 + T’) hi,fl + Z Bt (1 + T) 04921-“
t=0 t=1
L . (147r)h,, +B(1+)9
Z, = r) h; —_— r)abz;
1-3 1t 3 +1
As before, let’s assume that
B1+r)=1

hence
A (1 — 5) (1 + 7“) hi,fl + &HZZ-H

therefore we get the same thing. QED.
Proof of Proposition 7 Then
Zit + ;¢ = (1 -+ 7’) (OéQZiJrl’tfl + ait,l)

and
1

1+r
Iterating the budget constraint forward, we get that..

Qi = (Zit41 + Gigg1) — 002414

1 1 1

Zit + mzitﬂ + (1"‘—7“)22it+2 +o = (L47) b1 + Byabzip, + maeEitziH,tﬂ + -

o0 1 J o0 1 7

Z <1—~|—r> Zitrj = (L4+r)hi1+ Z (1 n 7“) a2 41,44

Jj=0 7=0
thus

1 1
T Zit = OB 2014 + (L +7) hizq
= 1 = 1

or

Zip = 0Bz +1hiq
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But this is equal to

1
Zig = 00By 2z + 1 (04921+1,t1 + a1+ —Wit>
1+r

my best expectation of tomorrow’s income is

Ez‘tzz’+1,t = Zit1t—1

therefore

,
zip=(14+7r)abzi414-1 + T (T+7) a1+ wi)

Proof of Transforming state space Follows from the Main Text.

1
e = (1 hig—1— a1 — ——w; 1 it— i
Zit ( —i—?”)( 41— Qi1 1+th)+1+r(( —i—r)at 1+wt)
1
= (1 hit —(1 it —w;
(I4+7r)hipa+(r—(1+7)) (at 1+1+th)
(1+7r)h + !
= ) Rit—1 — | Git— T Wi
=1 t—1 T+ r ¢
note that
Zitm1 + @ip—1 = (L4+7) hiy_o
thus
1
Rit = (1+T)hz’,t—1_ <1+T)hi,t—2_zit—1+mwit
1
o= (1 hig—1 — hig— it—1 — T Wi
Zit (1+7) (hig—1 t2) + Zit—1 1+th
Therefore
1
Zit = (147 zigmr = (L+7) (hz',tq - hi,t72) — TZit—1 — 1—_Hwit
1
:hz_—]_ hi— hi—_i—_—i
i1 — (L+7r)higo+rhit1 —rzi— 1~|—7“wt

Proof of Proposition Stability Permanent Income Follows from the main text.
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—rhi1 = (o1 — (L47) hi—2)

Therefore,
Ht— <1+T) Htfl = —(1—069) Zt
—rH; 1, = —(1—ab)Z,
—rhi_1 = —(1—ab) z
therefore
_ T h
2y =2z = _
t a0t

intractability of general problem not markov.

The household’s general problem is thus given by

Vit (Ziy1;wiy) = max (1 — af) log z; + 0B, ,V; 111 (2i1; W5)

¢ial
subject to
zita;, = (L+7)(abzip1p-1+ a1 + w;)
a; > —¢
where
Ziy1 = Zip1 Uz
Zivlt = (0 (Zz‘+2; az’,t)

This is a very general formulation of the household’s problem. From here it is easy to see
how this problem becomes intractable. The main problem here is that agents must keep
track of entire state.

tractability of log utility With log utility

u(c) =log (y!_1,4q; °) = 0logyi_1, + (1 — 0)log gy

o8



but in equilibrium we have that

(l—a ¥ e
Yi—14t = Y 1 — HQz,t

thus

u(c) = Ologyi—1:++ (1 —6)log g
= 0(1—a)logg:+ (1 —0)log gy + const
= (0(1—a)+(1—0))logqg+ const

where again in equilibrium ¢; = (1 — ) z;, thus

u(c) = (0(1—a)+ (1—0))logzy + const
= (1 —ab)logzy + const
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