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No News is News: Volatility Speculation and

Multidimensional Heterogeneous Beliefs

Abstract

This paper develops a theoretical model to explore the asset pricing implica-
tions of investors’ multi-dimensional belief heterogeneity, specifically distinguishing
between disagreements over the frequency of news arrival and the content of news.
Besides directional trades, investors could use derivatives to bet against each other
and speculate on volatility: greater disagreement of this kind could give rise to more
extreme derivative positions. When disagreement about news arrival frequency is
low, volatility exhibits mean reversion because extreme optimists and pessimists
incur substantial wealth losses amid intense market swings. In contrast, high dis-
agreement about the news arrival rate leads to volatility persistence. If news is
absent in such environments, volatility sellers dominate, and extreme payoffs are
underweighted in the formation of market expectations, resulting in lower implied

volatility—“no news” effectively becomes good news for risky asset valuations.

Key words: News arrival, heterogeneous beliefs, derivatives, volatility

JEL codes: G11, G12, D83, D8}



1 Introduction

News is a central force in financial markets, acting as both an information update and a
catalyst for trading, volatility, and price dynamics. Yet not all news is equal in its market
impact—what matters is not only what the news says, but also how often it arrives.
While much of the literature has focused on disagreement over content—capturing the
classic divide between optimists and pessimists—Iess attention has been paid to how
investors form beliefs about the frequency of information arrival. The frequency of news
is often connected to market volatility, which is watched closely by both policy makers and
practitioners. Most of the time those two move together with occasional divergence, as
shown in Figure 1. During the ‘dot-com’ period between 1995 and 2001, the uncertainty
index (based on news frequency) stays at a relatively low level while volatility index shifted
up and stayed lifted; contrasting to that are the recent two episodes of ‘US trade war’ in
2017-18 and 2024-25 when the opposite occurred: the background uncertainty, in terms of
news arrival intensity, is high while market volatility stayed at a rather calm level despite
some brief spikes.

Motivated by those observations, we develop a theoretical model to investigate the
asset pricing implications of investors’ belief heterogeneity about news process. We work
in a discrete-time setting where the world evolves along a trinomial tree, with each pe-

o«

riod yielding “good news,” “no news,” or “bad news” on risky asset’s terminal payoffs.
News arrival is random in each period: even scheduled events may convey “no news” if
uninformative. There is a continuum of agents with logarithm utility of their terminal
wealth who would agree to disagree about the probability distribution of the trinomial
tree and trade stocks, derivatives and bonds against each other to express their market
views about the frequency and content of fundamental news.! Agents’ heterogeneous
beliefs are parameterized by (u,v) € (0,1) x (0,1), where v is news arrival probability

(volatility expectation) and w is the conditional good-news probability (optimism).

When investors disagree on frequency of news, those expecting frequent arrivals could

! Andersen (1996) provided empirical evidence of how financial markets process information and
showed it is consistent with theoretical models where agents agree to disagree.



long straddle—an option strategy that longs one unit of at-the-money call and one unit
of at-the-money put options simultaneously—and those anticipating a calm market will
go short straddle. When investors disagree on news content, i.e. whether good or bad
news will occur given there would be news. This captures the classic optimist and pes-
simist divide: bullish agents could buy stock and call options while bearish agents could
purchase put options for protection or short stocks. As agents trade, wealth shifts to-
ward those with beliefs aligning with news outcomes. Those proven correct in hindsight
(either by luck or skill) would accumulate wealth and their beliefs about asset prices
will dominate. Prices reflect this evolving wealth-weighted belief distribution: the un-
derlying price is a harmonic average of terminal payoffs over future trajectories, while
risk-neutral return variance captures belief dispersion. Frequent news shapes wealth dif-
ferently by disagreement source. Content disagreement concentrates wealth on accurate
assessors, curbing implied volatility. Frequency disagreement broadens dispersion, boost-
ing it. Since frequent news raises realized volatility, this implies mean reversion under
content disagreement but persistence under frequency disagreement.

As the model will demonstrate, speculations about the frequency (and content) of
news are closely related to agents’ derivative trading behavior and the pricing of market
volatility.” Those two types of disagreements exert opposite effects on market volatil-
ity persistence. Under content disagreement, frequent news induces mean reversion in
volatility: high realized volatility concentrates wealth among accurate believers, reducing
implied volatility and supporting higher prices. In contrast, frequency disagreement fos-
ters persistence: frequent news sustains wealth dispersion, amplifying implied volatility
and dampening prices. This dynamic explains why implied volatility often undershoots
realized volatility during news droughts, as short-volatility investors dominate, making
“no news” good news for risky assets. These insights extend beyond derivatives; through
wealth reallocation, disagreement reshapes market risk perceptions, thereby affecting un-

derlying prices and returns.

2Stein (1989) showed the pricing of implied volatility is irrational. More recently, Bryzgalova, Pavlova
and Sikorskaya (2023) document a rapid increase in retail trading in options in the United States.
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Figure 1: News frequency based uncertainty index v.s. volatility index

The figure plots standardized history of VIX of US stock market against the US economic
uncertainty index. Uncertainty index is constructed by method from Baker, Bloom and
Davis (2016). Both series are retrieved from FRED, Federal Reserve Bank of St. Louis’
website.

In further analysis, we relate derivative positioning across investors to their return
expectations: extreme optimists and pessimists take large volatility bets, anticipating fre-
quent news arrivals, while moderates serve as their counterparties. Closed-form solutions
confirm the U-shaped pattern, underscoring how heterogeneous beliefs drive speculative
behavior. By taking continuous-time limits, we show that volatility speculation is driven
more from discrete news arrivals than continuous diffusion—fundamental information
may arrive gradually, as a Brownian motion, or in discrete jumps, captured by a Poisson
process. In the Brownian limit, disagreement over diffusion volatility dissipates quickly:
short-maturity bets rapidly reallocate wealth toward agents with more accurate beliefs,
making residual disagreements irrelevant for prices. In the Poisson limit, disagreement
over news frequency can persist because jumps occur sporadically and agents with incor-
rect beliefs lose wealth only gradually.

This framework is well-suited for periods during which the data-generating process is



stable, with regime shifts occurring outside these periods potentially giving rise to het-
erogeneous beliefs among investors. The heterogeneous agent model’s pricing outcome
is equivalent to that of a representative log-utility agent whose prior reflects the ini-
tial wealth-weighted distribution of heterogeneous beliefs, updating over time via Bayes’
rule—capturing how collective learning emerges from wealth redistribution in the market.
Moreover, the framework can also be interpreted through the lens of investor speculation
on return autocorrelation: realized momentum or reversal dynamics redistribute wealth
among investors with heterogeneous beliefs about return autocorrelation, giving rise to

divergent volatility perceptions path-dependent pricing outcomes.

Relevant literature. Heterogeneous beliefs shape financial markets and diverse ex-
pectations drive speculative trading and volatility (Harrison and Kreps (1978), Scheinkman
and Xiong (2003)). Our work builds on the vast literature on heterogeneous beliefs, en-
riching the analysis by modeling belief heterogeneity in both news content (optimistic vs.
pessimistic views) and news arrival frequency—a dimension offering new insights into asset
pricing, volatility, and portfolio dynamics. Another possible dimension of heterogeneity
is agents’ preferences, and it has been studied by Dumas (1989), Chan and Kogan (2002),
although agents’ belief heterogeneity is not taken into account (Shiller (1987), Ben-David,
Graham and Harvey (2013)). Martin and Papadimitriou (2022) highlight how sentiment-
driven trading amid belief heterogeneity amplifies both volatility and trading volume,
resonating with our content dimension. By modeling news frequency with a trinomial
tree and gamma derivative, we enhance those works by revealing how news frequency
disagreement alongside news content disagreement drives volatility and pricing dynamics.

The question of whether investors use options to trade on directional information has
been examined in details by Stephan and Whaley (1990); Easley, O’hara and Srinivas
(1998); Chan, Chung and Fong (2002); Chakravarty, Gulen and Mayhew (2004); Pan and
Poteshman (2006). But the literature on volatility information trading is relatively thin.
Ni, Pan and Poteshman (2008) investigated informed trading on stock volatility in the
option market. Atmaz and Buffa (2023) connect volatility disagreement to variance risk

premia and time-varying leverage effect. Our framework considers the above two motives
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of trading derivatives jointly.

Earlier works in asset pricing also studied the role of disagreement in market efficiency
(Figlewski (1978)), in the evolution (Zapatero (1998), Jouini and Napp (2007), Bhamra
and Uppal (2014)), in volatility and trading volume (Basak (2005), Banerjee and Kremer
(2010), Atmaz and Basak (2018)), in the amplification of important but rare states (Kogan
et al. (2006)), in the pricing of derivatives (Buraschi and Jiltsov (2006)), and in the
reactions of prices to public information (Ottaviani and Sgrensen (2015)). Our model
extends these by incorporating news frequency and our gamma-exposed derivative isolates
frequency beliefs, enhancing the understanding of derivative pricing. Cao and Ou-Yang
(2008) model options trading driven by differences in signal precision. We extend that by
incorporating wealth effects and analyzing how changes in wealth influence the dynamics
of derivatives trading. We also show frequency disagreement spurs derivative speculation,
notably among extreme optimists/pessimists.

Most prior literature is restricted to the diffusion setting. Within the papers mentioned
above, one exception is Chen, Joslin and Tran (2012), where a model with heterogeneous
beliefs about disaster risk is considered. The model is tractable, which allows us to study
many issues analytically. The tractability partially benefits from the assumption of log-
utility, which we view as a reasonable benchmark given the results of Martin (2017),
Kremens and Martin (2019), Martin and Wagner (2019), Gao and Martin (2021) and
Martin and Papadimitriou (2022)—representative investor’s perceived risk premium is
equivalent to the risk-neutral variance. It also reflects the fact that we work with a
continuum of beliefs, as in Geanakoplos (2010), Atmaz and Basak (2018), Martin and
Papadimitriou (2022) but unlike the two-agent models of Harrison and Kreps (1978),
Scheinkman and Xiong (2003), Basak (2005), Buraschi and Jiltsov (2006), Kogan et al.
(2006), Dumas, Kurshev and Uppal (2009), Banerjee and Kremer (2010), Simsek (2013),
Bhamra and Uppal (2014), Borovicka (2020), Chabakauri and Han (2020), and Atmaz
and Buffa (2023). The continuum of beliefs structure allows us to separately identify
the effects of wealth-weighted disagreement and the average belief, which are non-linearly

related in two-agent models.



The paper proceeds as follows. Section 2 derives equilibrium prices and portfolio
holdings. Section 3 examines how news frequency and belief heterogeneity shape prices,
volatility, and allocations through expectations and wealth dynamics. Section 4 presents

the continuous-time limits. Section 5 concludes. Proofs are provided in Appendix A.

2 Model

We consider a finite-horizon discrete-time economy with dates ¢ ranging from 0 to 7.
The state of the world evolves along a trinomial tree, where each node branches into
three potential outcomes for the subsequent period: ‘good news’, ‘no news’, or ‘bad
news’ regarding the terminal payoff of the underlying asset. From any single investor’s
perspective, the probability distribution over these outcomes is identical and independent
across periods.

Asset payoffs are structured to ensure dynamic market completeness. Agents trade
three non-redundant assets: (1) a risk-free asset with one-period maturity, zero net supply,
and constant gross return normalized to one; (2) a long-lived underlying asset representing
the market, in unit supply; and (3) a derivative on the underlying, in zero net supply. All
agents exhibit logarithmic preferences over terminal wealth.

The trinomial tree accommodates information arrival flexibly, capturing both antici-
pated and unanticipated events. Even scheduled announcements, such as FOMC policy
statements, are classified by their informational content. A fully anticipated event con-
veying no deviation from prior communications qualifies as ‘no news’. This emphasis
highlights the model’s focus on informational innovations rather than event occurrences

per se.

2.1 Agents’ beliefs

Agents hold heterogeneous, dogmatic beliefs about state evolution and agree to disagree.
Each agent’s belief is parameterized by a vector (u,v) € (0,1) x (0,1), where v is the

probability of news arrival (good or bad), and w is the conditional probability that ar-



riving news is good. Thus, v captures perceived news frequency, while u reflects relative

optimism. These yield probabilities for good news (g), no news (m), and bad news (b):

g=w, m=1—v, b= (1—u)v, orconversely u= v=g+0b. (1)

PE

One could embed this trinomial setup in a recombining binary tree with heterogeneous
beliefs (as in Martin and Papadimitriou (2022)) by mapping two binary periods to one
trinomial period. However, this restricts beliefs to a one-dimensional subset of (u,v) €
0,1] x [0,1], with v > 0.5.%

Throughout this paper, we use (u, v) to index agents according to their beliefs. Because
of trading, the wealth distribution of agents across different beliefs is time varying. We
use f;(u,v) to represent the wealth distribution at time t.

We index agents by (u,v). Trading induces time-varying wealth distributions f;(u,v)
across beliefs. Our framework features two belief heterogeneity dimensions. The first
concerns fundamental volatility, via differing news arrival rates (v): some agents expect
stability (high m), others volatility (high g + b). The second involves news content dis-

agreement, via bullishness (u), the conditional good-news probability upon arrival.

2.2 Asset payoffs

Let p; denote the time-t price of the underlying market asset, and ¢; the price of the one-
period derivative with payoff x;,; at t+1. At the subsequent nodes, underlying prices are
(Pt+1,g5 Dt+1,m, Pe+1,5) and derivative payofs (z411 4, Tt41,m, Te+1,). Dynamic completeness
implies derivative payoffs do not alter wealth allocations across states. For convenience,

we assume payoffs uncorrelated with the underlying under the risk-neutral measure:

Covy[Ti41,pe41]) = 0. (2)

3For an agent with binary up-move probability h € [0, 1], good news corresponds to up-up (g = h?),
bad news to down-down (b = (1 — h)?), and no news to up-down or down-up (m = 2h(1 — h)). Then,
u = h?/[1 — 2h + 2h?] and v = h%? + (1 — h)? > 1/2 imply a functional relation between u and v. We
discuss this case further in Section 3.3, contrasting it with settings featuring only v-disagreement.
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Figure 2: State variable (n;, ;) along sample paths between ¢t =0 and ¢t = 4

This focus is without loss of generality: any derivative can be transformed into a zero-
delta version by delta-hedging with the underlying asset. The hedged payoff satisfies the
above condition while preserving the span of attainable payoffs. Investors hold the same
quantity of the derivative before and after this transformation.

Let ngt, nme, nir count good, no, and bad news from 0 to ¢t. Since ¢ = ng + Nyt + Ny,

two variables suffice: fundamental level n, = ng — ny and news count v, = ng + Ny

Ny = Ngg — Nipt Vi = Ngt + Nipt - (3)

The underlying’s terminal payoff is pr(nr). The news count v, proxies realized funda-
mental volatility, as each news event shifts n, by £1. Figure 2 illustrates (n,v;) along
some sample paths. At t = 4, red and black paths share ny = 0 but black has higher vy;
blue and red share ny = 0 but blue has higher vy.



2.3 Equilibrium

Log utility implies myopic optimization: an agent with belief (u,v) allocates wealth to

9,5“’”) units of underlying, ¢§u’v) of derivative, and the rest in risk-free bond, solving
E(u’v) 1 (urv) e(uvv) _ (u’v) — 4
Iertl%i( ¢ log w0 (P — o) + 0 (T — @) | (4)

where w; represents the time ¢ wealth of the individual agent with beliefs (u,v).
Dynamic completeness allows Arrow-Debreu representations. In equilibrium, sub-
jective probability-weighted stochastic discount factors equal Arrow-Debreu prices, i.e.,

risk-neutral probabilities (given unit risk-free rate):

gu,v) wlgu,v) gu,v)
g: =9 (u) m: =m: (uv) b: =b- uw) (5>
t+1,9 Wit1m Wiy

where (g;, mjf, b}) are risk-neutral probabilities; wiu’v) is the wealth of the agent with beliefs
(u,v) at time t; wgif)h, wgif)m, and wiif)l denote this agent’s wealth at the respective nodes
at time ¢ + 1.

Optimal allocations align Arrow-Debreu weights with subjective beliefs (g, m, b). One-
period wealth growth is belief over risk-neutral measure: in the good state, wealth grows

by g/g;; in the medium state, by m/m;; and in the bad state, by b/b;. Aggregate wealth

growth equals market portfolio change, so one-period state dependent returns satisfy

Dt g mi op b

Piv19 Gt Drim _ % Py By (6)

Here, (Gy, M,, B;) are wealth weighted average beliefs." Equation (6) also implies p; ' is

a sentiment-weighted harmonic mean of next-period prices

pt_l = tht_—i—ll,g + Mtpt_-i-ll,m + Btp';llzb ’ (7)

4If the distribution of (u,v) are uncorrelated, i.e. f(u,v) = f(u)f(v), we have Gy = U; V;, M; =
1= Vi,By = Vi(1 = U).



Thus, sentiment—wealth-weighted (g, m, b)—drives pricing.
We call investors allocating fully to the underlying Mr. Market; their identity shifts

with sentiment. Imposing initial beliefs as a separable 2D beta distribution

uauO_l(l _ u)ﬂuo_l rUa'UO_l(l _ /0)181)0_1
B(O{uo, BuO) B(Oévo, ﬂvﬂ) ’

Jo(u,v) = fo(u) fo(v) =

yields tractable Mr. Market beliefs:

Vg + Qoo
M) = Gt o

Ngt + o

) = et

Note that ny, = %(nt + 1). Uy reflects the proportion of good news among all the arrived
news, implying less bullishness for fixed ¢, n, on volatile paths. V; depends solely on v;/t:
higher realized frequency elevates wealth-weighted v.

Example.—Figure 3 illustrates a T = 3 case with uniformly distributed w,v. At
t = 1, good or bad news raises V from 0.5 to 0.67, as high-v agents outperform low-v
ones; good news also shifts wealth to high-u agents, raising U, while bad news lowers it.
No news preserves U (no content update) but depresses V, elevating prices—“no news is
good news’. At t = 2, both the black path and red path’s no news further depresses V/,
as volatility sellers gain more. The blue path’s good news offsets ¢ = 1 bad news (ny = 0,
like red), but higher v, on blue path yields V5 = 0.75 (vs. red’s 0.25), depressing prices

relative to red despite the positive shock from its own history from t = 1.

2.4 Asset positions

Although the choice of derivative payoff structure does not impact the equilibrium port-
folio allocation or wealth distribution, specifying it could simplify the interpretation of
asset holdings. We show in internet appendix [.A.1 that any derivative security payoff

satisfying the zero-delta assumption (2) must be spanned by the risk-free payoff (1,1, 1)

10
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Figure 3: A numerical example with 7T'= 3

In this example agents’ beliefs © and v are both uniformly distributed. p is price of
market, p is price in homogeneous economy where everyone agrees with the median agent
(u,v) = (1/2,1/2). (U, V) represents Mr. Market’s beliefs and (u*,v*) is the risk-neutral
measure. There are three nodes at 7' = 3 omitted from the figure to make it compact:
top node p = 4.95 and the bottom two p = 0.09 and p = 0.04.

and the vector (b; — By,0,Gy — g7)

(It+1,g; Tt41,m; l‘t+1,b) € span {(17 L, 1)7 (b: — By,0,Gy — gf)} . (1())

Since the risk-free asset is tradable, any component of the derivative payoff propor-
tional to (1,1, 1) can be replicated independently and thus does not affect the demand for

the derivative itself. Consequently, without loss of generality, we may restrict attention

11



to the remaining component and represent the derivative as

Tit1,9 = pt(b: - Bt) v Tpim =0, Ty = pt(Gt - Qf) . (11)

The return of this derivative is uncorrelated with the market under the risk-neutral mea-
sure: in the context of options trading, the delta of the derivative is equal to zero. There-
fore, the derivative can be interpreted as a delta-neutral combination of call and put
options on the market portfolio, with a strike price at the “no news” realization piy1 .
Since (b} — B;,0,Gy—g;) = (1,0,1) (b; — B)+ (0,0, 1) (v} — V}), trading of @, at ¢ reflects
agents’ two motives in trading options: speculations of news frequency and news content.

Because of market completeness, agents’ holdings in Arrow-Debreu securities maps into
positions in the underlying asset and the derivative security. For an agent with beliefs
(u,v), the optimal positions in stock (delta exposure) and derivative (gamma exposure)
are given by:

(u,) et(u’v)Pt Egu’v) [Pt+1/Pt] -1 (u,0) Cbgu’v)(h ]Eiuﬂ}) [$t+1/Qt] —1
S Z 0p_ W = P e

e Wgu’v) EgUt’Vt)[ptH/Pt] -1’ e wt(“’”) Vary [z,41/q]

Investors with beliefs equal to the risk-neutral measure (u;, v;) would not hold any risky
asset at all, and Mr. Market would stay out of bond and derivative markets.

Since the derivative is delta-neutral by construction, investors’ positions in the under-
lying asset are purely driven by their bullishness (or lack thereof) in our model.” Agents’
portfolio weight of gamma exposure could also be expressed in terms of their beliefs of

news intensity and delta exposure

* *
(o) _ V=V U= Vi)
T, - 1 — o* 1 — o* ALt
Uy Uy

(13)

The first component of the gamma portfolio weight comes from agent’s speculation about

5 Agents with Gamma-neutral position would have belief that satisfy
(gv m, b) = ’%(Gtv Mta Bt) + (1 - “)(va mzv b:) )

where k is a scalar. It could be verified by taking the subjective beliefs back to (12).

12
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Figure 4: Mapping investor beliefs to portfolio allocations

The left panel is a graphic illustration about the positions of agents with different beliefs
on the plane of (g, m,b). The right panel is a numerical example with 7' = 6 and terminal
payoff set as e®%"7 Agents initial beliefs are assumed to be uniformly distributed on the
domain u,v € [0,1]. The portfolio allocation is at ¢ = 4 after the blue sample path in
Figure 2.

news frequency and the second component reflects agent’s speculation of news content

through option trading. Agent (u,v) has cash position

U,V u,v I—w 1- ‘/;f U,V
1- w(A,t) - wlg,t : = 1 — U;fk - 1 — 'U* w(A,t ) : (14)
t

Figure 4a demonstrates agents’ portfolio allocations in the (g, m,b) space. Mr. Mar-
ket’s belief is marked with red cross and the risk-neutral measure is marked with blue
cross. For other investors, according to (12), their holdings in the underlying asset are
determined by their relative bullishness to Mr. Market. Investors with beliefs located
on the right side of the solid line are long in market and those go short are on the left
side. All agents on the ‘zero A’ line would stay out of stock market, including the agent
whose belief is identical to risk-neutral measure. Around the intersect of ‘zero A’ line

and bottom line of the triangular are agents who holds almost 100% wealth in Gamma

13



exposure with very little cash or stock positions.

Investors who speculate the fundamental is going to be more volatile than sentiment
thinks could take a positive position in the derivative against those who think otherwise
and go short. The dashed red ‘zero I line separates these two groups and it passes
through both Mr. Market’s belief (Gy, M;, B;) and the risk-neutral belief (g;, m;, b;) —all
agents on this line are out of the derivative market. Investors taking a long position in
the derivative, i.e. those who believe relatively lower m, are located below this line while
those with short gamma exposures are above.

Figure 4b shows a numerical example at ¢ = 4 with 7' = 6 and uniformly distributed
beliefs in (u,v). The news history overlaps the blue path in figure 2. Because the net
news is v, = 0, Mr.Market’s belief U, stayed at 0.5 while the volatile history depressed
the value My =1 — Vj, from 0.5.

2.5 Asset prices

Although aggregate beliefs are path-dependent, (7) yields tractable pricing: time-¢ market
value is the wealth-weighted harmonic mean of pr(nr). The same weights allows us to
compute the risk-neutral variance of returns.

Given current fundamentals n; and the prevailing wealth distribution f;, the probabil-
ity Pr(nr|ng, fi) encapsulates the collective expectation—weighted by investor wealth—regarding
the likelihood of reaching a terminal state with fundamental value ny. It is computed by
aggregating over all feasible news trajectories between t and T that lead to a change of
ny — ny for the fundamental. Ultimately, the market price and risk-neutral variance re-
flect this distribution, capturing the wealth-weighted consensus over all possible terminal

outcomes.

Result 1 (Market price and risk-neutral variance). Assuming the trinomial tree has T

periods and the payoffs are pr(nry) with np € [=T,T], the value of the market at time t

14



15 given by

p;' =B [pr'(nr)] | (15)

and the risk-neutral variance of the return from time t to T is given by:

Var;[pr/pe — 1] = B¢ [pr(ng)] B¢ [p7' (nr)] — 1, (16)

where the expectation is taken under the wealth-weighted belief distribution over terminal

states nr, given by:

T—t “tn n
Pr(orln, f) = 3 (n ) nb) [T o ) dudv, - (17)
vV ng—np=np-nt, 9>

ng‘i“n/m'i“nb:T_t

conditional on the current fundamental n, and the wealth distribution f;.

In limits with no u- or v-disagreement, markets ignore news content (ng4,n;) or ar-
rivals (n,,), reducing f(u,v) to a marginal. Result 1 holds generally; for tractability, we

specialize to 2D beta (8).° Then, comparing (5)-(6), time-t wealth distribution is

uautfl(]_ — u)ﬁutfl Uavtfl(l — /U)/thfl

B(O{ut, ﬁut) B(avta B’Ut) 7

fe(u, v) = (18)

where ¢ = ng + Nype + e and (e, But, Qut, Pot) evolve according to

ng + 14 Vg — 1y
) ut = Puo T )
o Bu=Pu+ =

Oyt = Qlyp + Oyt = Qo + Uy, ﬁvt :6UO+t_Vt' (19)

The derivations of (18) and (19) are provided in Appendix A. The 2D beta specification

6This nests the Dirichlet distribution on (g,m,b) when .0 = uo + Buo, yielding parameters
(w0, Buos Buo). Dirichlet distribution’s rotational symmetry implies weak linkage between content and
arrival disagreement; our framework relaxes this.
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in (18) would give explicit expression (17) and make the model tractable

T—t \ Blay s Pu B(ay +T —t — np, Bo .
Pr(nr|n, fi) = Z < ) (Qut + ng, But + 1) Blow + T,y Bt + 1 )

nga Nm, My B(aubﬁut) B(avthUt)

Vng—ny=nr—nt,
Ng +nm+ny=T-1

(20)

Individual Bayesian Learning.—The model can be extended to allow heterogeneous
individuals to update their beliefs over time according to Bayes’ rule. In this setting, (u,v)
serve merely as indices of agents, while the actual news content and arrival probabilities
are characterized by (@, 7). The initial wealth distribution is given by (8), and agent (u, v)
holds prior beliefs @ ~ Beta(Cu, (1 —u)) and v ~ Beta(Cv, {(1 —v)), where ¢ determines
the degree of uncertainty perceived by the individual. The value of the market at time 0

is given by (15), where the expectation is taken under the distribution

Pr(ny) Z ( T )B(Cu+ng,((1—u)~l—nb) B<CU+T_nm’C(l_v)+nm)fo(u,v)dudv.

g T Tl Tl B(Cu,((1—u)) B(Cv, C(1—v))
ng+nm+ny=T

(21)

In the limit as ( — oo, agents hold dogmatic beliefs, the terminal states distribution
converges to (20), and the value of the market converges accordingly. We focus on this

limiting case for the remainder of the paper.

The 2D beta specification in (20) equates heterogeneous agents pricing to a repre-
sentative log agent with initial (8) prior, updating his belief about (u,v) via Bayes rule.
While such a model would not be consistent with our model since heterogeneous beliefs
are absent, hence no trade is happening, the comparison between those two highlights
a feature of our model: markets’ collective learning via wealth redistribution—hindsight

winners amplify their beliefs in pricing.

Result 2 (Wisdom of the crowd). Pricing in the heterogeneous-agent economy is identical
to pricing in an economy with a representative agent with log utility whose prior belief at

time 0 about probability of future news process has the same distribution as in (8), and
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the agent updates his or her beliefs over time following Bayes’ rule.

The crowd’s wisdom (9) never surpasses its most informed members. If beliefs include
the true (u,v), prolonged data would enable Mr. Market converge to truth. In contrast,

uniform bias in u or v precludes learning.”

3 Analysis of equilibrium

3.1 Derivative positioning across return expectations

In this section, we examine the relationship between investors’ positions in the derivative
security and their subjective return expectations for the underlying asset. As shown in
(12), investors’ positions in the underlying asset are linear with respect to these subjec-
tive expectations. Consequently, this relationship also reveals the connection between
investors’ holdings in the derivative and those in the underlying asset. This observation
motivates our decision to group investors according to their subjective expectations of
the underlying asset’s returns, thereby offering an interpretable perspective on derivative

positioning.

Result 3 (Wealth share across beliefs in expected returns). Define the variable z(r), k

and 7,
A(r) = (1+7)g;m; — gf M, b Gym; — g M, Y= grmy; (22)
Gemi — g My g M, — %gém;@‘ ’ Gimy — gy Mf

the wealth share of agents who believe expected return of underlying is v satisfies
f (T) 7’Yk18“tzavt_1(1 — Z)ﬁut“’ﬂvt_lB(IBut’ ﬁvt)
t (k + 1)P Bt But) B (0ot Bur)

"The above result has been established in Martin and Papadimitriou (2022) in a binary tree setting
with only disagreement on news content.

k(l—=z
F <But;avt +B1)t — 1, 1-— aut;ﬁut +th§ 1- 2, (1+k')> ’
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for z >0, and

Yk(—kz)*t (1 + k2)* B(cut, Bot)

ft(r) = (1 + k)autfgvt*lB(Oéut, /But)B(a’Utu ﬁvt)

1+ kz
Fl <aUt;avt + /B'Ut - ]'? ]' - But;aut + th; 1 + kz, ]__’_k> y

forz < 0. The function Fy(...) represents the Appell hypergeometric function, and (cuut, But, Cut, Bot)

follows the same definition as in (19).

Figure 5 illustrates the wealth distribution across investor cohorts under conditions
of low and high disagreement regarding the news arrival rate. The three colored lines
correspond to the sample paths depicted in Figure 2. In the left panel (5a), under high
disagreement, wealth is more dispersed along the blue path (v4 = 4), which features more
frequent news arrivals, than along the red path (v4 = 2). Conversely, in the right panel
(5b), under low disagreement, the blue path yields a more concentrated wealth distribution
relative to the red path. Overall, greater disagreement about the news arrival rate leads
to a more dispersed distribution of return beliefs, as illustrated by comparing the same-
colored bell-shaped curves in the left and right panels of Figure 5.

Since investors’ positions reflect their beliefs regarding the underlying asset, optimists
who expect positive returns adopt long positions, whereas pessimists who anticipate neg-
ative returns take short positions. Extending this reasoning, investors with extremely
bullish views will have portfolio allocations that resemble long call options, benefiting
disproportionately from significant upward price movements. Conversely, those with ex-
tremely bearish sentiments will hold portfolios akin to long put options, profiting most
from substantial price declines.

More broadly, investors’ market outlooks correlate with their derivative positions. The
following result examines the average derivative position for investor groups segmented

according to their subjective expectations of market returns.

Result 4 (Aggregated gamma positioning across same beliefs of return). For cohort of

investors with same subjective expectation v for the market return, the wealth-weighted
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Figure 5: Wealth distribution across investor cohorts by expected return r

The figure illustrates the wealth distribution across investor cohorts as a function of the
expected return r. The left panel (5a) assumes a uniform initial wealth distribution across
agents, with (awo, Buo, Qwo, Bvo) = (1,1,1,1). In contrast, the right panel (5b) corresponds
to low disagreement regarding the news arrival rate, with parameters (0, Su0, ®0, Boo) =
(1,1,100,100). The terminal payoff at T' = 6 is given by the exponential function e®%n"r.
See Figure 2 for an illustration of the possible sample paths leading to the corresponding
wealth distributions and gamma positions at ¢t = 4.

‘average portfolio weight’ in the deriwative satisfies

T] _ ! (E[v\r] —vg+Mr) , (23)

T EGY[r]

ngu’U)Qt

wt(u,v)

E

where E[v|r] denotes the wealth-weighted average news arrival rate v among investors with

expectation r with the following close form expression: when z > 0,

But Fl <But + 1; ot + thv 1- Ayt But + ﬁvt + 1; 1- 2, k(ll_,__]:)>

Elv|r] =24+ 2(1 — 2) - .
But + Bt Fy (Buﬁ ayt + Bt — 1,1 — awt; But + But; 1 — 2, k(ll_;,__kZ)>

and when z < 0, we have

ut Fy (aut + L awt + Bty 1 — But; ot + Bor + 1; 1 + kz, 11J_r|_kkz)

E[v|r] = —kz + (—kz)(1 + kz) -

Qut + Bty (Oéut; ot + Bot — 1,1 = But; vt + Buts 1 + k2, 111’“;)
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The variable z(r) and k follow the same definition in (22) and Fi(...) represents the

Appell hypergeometric function.

Utilizing this closed-form solution, we examine how investors’ varying outlooks on
market performance translate into their derivative positions.

The wealth-weighted average news arrival rate, E[v|r], exhibits a U-shaped relation-
ship with the subjective expected return r. Investors with highly optimistic or pessimistic
expectations also tend to hold extreme views about the news arrival rate, resulting in
E[v|r] = 1 at the boundaries of possible returns, r = G;/g; — 1 and r = B,/bf — 1.
In contrast, those with more moderate expectations typically assign lower average news
arrival rates. Figures 6a and 6b illustrate this relationship under high and low disagree-
ment in news arrival rates, using («, 5,) = (1,1) and (100, 100), respectively. While both
exhibit the U-shape, the low-disagreement case produces a noticeably flatter curve near
the center, reflecting stronger consensus among investors. Differences in news arrival rate
expectations naturally lead to variation in derivative positions. Figures 6¢ and 6d show
the derivative holdings of investor cohorts, expressed as fractions of total wealth in the
economy. These holdings are obtained by multiplying the wealth distribution in Result 3
with the corresponding portfolio weights from (23).

Since every derivative contract has both a buyer and a seller, aggregate net positions
must sum to zero. Market clearing thus requires that the extreme positions of highly
optimistic or pessimistic investors be offset by counterparties. This role is primarily filled
by investors with more moderate beliefs, who act as derivative sellers. These participants,
with less extreme views on market returns, provide essential liquidity and facilitate trade
execution. The equilibrium in the derivatives market emerges from the interaction be-
tween investors expressing strong views on the news arrival rate and those accommodating
these trades through more tempered expectations. ®
Derivative positions offer an empirically observable metric to distinguish between cases

of high and low disagreement about the news arrival rate, as we discuss in Section 3.2.

8In the online appendix I.A.3, we plot the time variation of all figures at t = 1,2, 3,4 to demonstrate
how different sample paths affect the wealth distribution and gamma positioning across agents’ market
return expectations.
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Figure 6: Beliefs of news intensity, market return and gamma positioning

The figure reports wealth-weighted average news arrival rate v and Gamma exposures
for the cohort of investors with expected return r. The left panels (6a and 6¢) assume a
uniform initial wealth distribution across agents, with (g, Buo, Qwo, Buo) = (1,1,1,1). In
contrast, in the right panels (6b and 6d), the initial wealth distribution corresponds to low
disagreement in the news arrival rate dimension, characterized by (a0, Buo, o, Bvo) =
(1,1,100,100). Terminal payoff at 7' = 6 is chosen to follow exponential function e%%n"r.
See Figure 2 for an illustration for the possible sample paths that leads to the correspond-
ing wealth distribution and gamma position at t = 4.
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When disagreement about the news arrival rate is high, investors take significantly larger
derivative positions, as shown in Figure 6¢. These sizable derivative investments, together
with the resulting wealth redistribution, are the central drivers of volatility persistence
in Result 5. In contrast, when disagreement is low, E[v|r] remains close to the market
average V; across most investor cohorts. Derivative portfolio weights are therefore small,

leading to limited activity in derivative markets, as illustrated in Figure 6d.

3.2 Volatility Dynamics: Persistence vs. Mean Reversion

Asset prices are influenced by both the occurrence and absence of news events. The
content of news is salient: positive news signals an improvement in fundamentals and
shifts the wealth distribution in favor of optimistic investors. The frequency of news
arrival also plays a crucial role. Frequent news redistributes wealth among investors with
varying degrees of optimism and additionally empowers those who anticipate high news
arrival rate. Consequently, the number of news events v, shapes market disagreement and
aggregate beliefs, which in turn determine volatility expectations and asset prices.

News arrival exerts two distinct effects on the market. First, a high historical count
of news increases the market’s average belief about future news arrival rate, V;. This
upward shift in expectations places downward pressure on asset prices. Second, frequent
news arrivals lead to a concentration of wealth among agents whose beliefs are correct
ex-post, and reduce disagreement over news content. The level of “agreement” among
investors, o + But = Quo + Puo + V4, increases with ;. As demonstrated in Section 2.5,
this reduction in disagreement over news content raises asset prices.

The overall impact depends on the relative strength of these two channels, which is,
in turn, determined by the degree of disagreement among investors regarding news arrival

rate. We consider a specification in which each piece of news has a multiplicative effect:

pr(nr) =", (24)
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so that the terminal payoff is exponential in the fundamental. °

When disagreement about news arrival rate is strong, the first channel dominates. A
comparison between disagreement in news arrival rate and disagreement in news content
can be made by comparing «a, with the degree of “agreement” in news content o, + .
If, in the initial wealth distribution, a,g is lower than ayg + B0, this inequality persists

over time. Specifically, for any ¢:

Oyp = Qo + 4 < Q0 + /BuO + v =y + But (25)

Disagreement about news arrival rate remains persistently high at any point in time. The
following result shows that a higher frequency of news arrival raises implied volatility and

lowers asset prices.

Result 5 (News count and asset prices, prominent news arrival rate disagreement). Sup-
pose Qo < Qo + Buo in the initial wealth distribution. Holding constant the average
expectation of the fundamental growth, Gy — By, a higher number of news events vy in-
creases the risk-neutral variance Vary[pr/p; — 1] and lowers the ratio of the current asset

price to the current fundamental, p;/e™.

Frequent news events, even when neutral on average, can lead to significant fluctu-
ations in investor beliefs and substantial wealth redistribution. Derivative sellers are
particularly vulnerable, as their positions are exposed to sharp market movements. These
shifts often transfer wealth to investors with extreme views on the underlying market’s
returns.

This mechanism is illustrated in our 7" = 6 period example with an initial wealth
distribution in which both u and v are uniformly distributed. At ¢t = 4, the wealth-
weighted distribution of return under the blue path becomes more dispersed than under

the red path, as shown in Figure 5a. Consistent with Result 5, when disagreement is high,

9This specification lends itself naturally to a continuous-time limit, where the interval between trading
opportunities shrinks to zero. Unlike an arithmetic payoff, the exponential (or geometric) form guarantees
that the payoff remains strictly positive and cannot fall below zero.
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the frequent news arrivals along the blue path (v, = 4) increases the wealth of agents with
strong beliefs in v, resulting in a more dispersed distribution.

As a result, the likelihood of extreme outcomes in the wealth-weighted distribution of
beliefs rises, increasing implied volatility and depressing current asset prices.Consequently,
markets fare worse during periods of volatile but offsetting fundamental swings than
during periods of relative informational silence or “no news.”

Result 5 highlights a critical link between volatility dynamics and the disagreement in
news arrival rate. When investors disagree about the frequency of news arrivals, volatil-
ity becomes more persistent. These disagreements fuel sustained derivative trading, as
opposing beliefs generate ongoing speculative demand. A history of volatile price move-
ments signals elevated future option prices, as market participants anticipating continued
turbulence gains more influence. In essence, high realized volatility today translates into
high implied volatility going forward, making derivatives more expensive and reflecting

the market’s expectation of continued instability.

In contrast to Result 5, when there is no disagreement over news arrival rate, the
second channel dominates. To isolate the effects of belief heterogeneity along specific
dimensions, we examine a benchmark and limit scenario in which all investors share a
common view about the frequency of news arrivals. In this setting, belief heterogeneity
arises solely from differences in investors’ assessments of the likelihood of receiving “good
news” versus “bad news”. The following result shows that frequent news arrivals lower

expected volatility and increase asset prices.

Result 6 (News count and asset prices, no news arrival rate disagreement). Suppose
all agents share a common belief about news arrival rate. Holding constant the average
expectation of the fundamental growth, Gy — By, a higher number of news events v, reduces
the risk-neutral variance Var; [pr/p: — 1] and increases the ratio of the current asset price

to the current fundamental, p;/e”™.

When investors hold similar expectations about the frequency of news arrivals, deriva-

tive trading becomes insignificant, as one key source of speculative demand—heterogeneous
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views on news arrival rate—is absent. In this environment, frequent occurrence of news
events spur more active trading of the underlying asset, concentrating wealth among
agents whose beliefs are more closely aligned with realized fundamentals.

For instance, frequent but offsetting fundamental shocks, neutral on average, benefits
moderate investors, while those with more extreme views are more likely to incur losses.
Consider the initial wealth distribution where both u is uniformly distributed but the
cross-section of beliefs of v tightly centered near 1/2. The blue path in Figure 2 features
more frequent news arrivals than the red path. By time ¢ = 4, the wealth-weighted
distribution along the blue path becomes more concentrated around ‘the center’ relative
to the red path. This contrast is visualized in Figure 5b, which is in line with the analysis
underlying Result 6—under low disagreement, wealth is more concentrated along the
blue path (v4 = 4), which features more frequent news arrivals, than along the red path
(vy = 2). The convergence of the wealth-weighted distribution lowers implied volatility
and raises asset prices.

Notably, the lack of disagreement in news arrival rate results in mean reversion of
volatility. Frequent news arrivals lead to high realized volatility in both fundamentals and
asset prices, reflecting the market’s continuous adjustment to new information. However,
news also sustains active trading of the underlying asset, which diminishes disagreement

and consequently lowers implied volatility.

3.3 Speculation on return autocorrelation

Our trinomial tree model could be related to a periodic recombining binary tree model,
where agents’ beliefs about the binary distribution of news (being good or bad) switch
periodically. To be precise, we consider the following parametrization of subjective beliefs

on the trinomial tree (g, m, b) using (h, €):

g=h(h+e), m=2h(1—h)—e, b=(1—h)(1—h+e), (26)
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O Although equivalent to some

where h € (0,1) and e is small number around zero.'
of the trinomial tree settings, the recombining binary tree model has a rather different
interpretation: h captures agents’ overall bullishness about market going up; £ captures
agents belief about inter-temporal correlation of news between two sub-periods (¢t — t+0.5
and t +0.5 -t +1).

The expression of m from (26) indicates two channels that could drive volatility dis-
agreement. The first channel is through disagreement in e: agents who believe a positive
correlation between sub-periods would perceives a higher volatility of fundamental be-
tween t and t + 1. Figure 3 shows a numerical example with three periods where h = 0.5
across all agents and ¢ € [—1/2,1/2] follows a uniform distribution.!’ The red path’s
sub-period history on the binary tree is (up, down, up, down) and the blue path history
is (down, down, up, up). The disagreement of ¢ breaks the permutation symmetry of the
binary tree model and results different pricing and sentiment about volatility. On the red
path, those who beliefs negative £ would become hindsight winners and Mr. Market’s
belief of € is negative at ¢ = 2. On the contrary, the blue path results a positive sentiment
& because the positive correlations of news between 0 — 0.5 and 0.5 — 1 and between
1 — 1.5 and 1.5 — 2. The lower & (recall that £ =V — 0.5) means a lower sentiment of
news intensity which would push price higher: ‘no news is good news’.

The second channel is through disagreement in h, agents with extreme bullishness (in
terms of h) or bearishness (in terms of 1 — h) would think market is more volatile across

multiple sub-periods. In the internet appendix (Figure [.A.5), we show another numerical

0The technical condition for (g, m,b) to be probability measure is when € has to satisfy
max(—h,h — 1, —h* — (1 — h)?) < e < min(h, 1 — h, 2h(1 — h)).

The more extreme h is, the narrower the range of ¢ is around 0.
HUnder this setting, individual agents beliefs in (26) become

g=1/A+1/2¢, m=1/2—¢, b=1/4+1/2¢.

Let g =1/2v, m =1 —wv, and b = 1/2v by replacing v = 1/2 + ¢, this is equivalent to a trinomial tree
model when disagreement about news content is absent and v = 0.5 for all agents.
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Figure 7: A numerical example of e-disagreement

Agents’ beliefs € are uniformly distributed and they agree on h = 1/2. We only report
pricing at t = 0,1, 2, 3.

example with e = 0 and h varies across agent with uniform distribution.'* In this setting,
the permutation symmetry of the binary tree would be preserved and pricing would not

be different after experience the red or blue news sample paths.

4 Continuous time limits

We investigate two continuous time limits motivated by that fact that information about
fundamental may either arrives continuously in small increments or comes discretely in
lumps. The former can be formally modeled as a Brownian motion, while the latter is
represented by a Poisson process. The trinomial tree model has closed form formulas on
price and volatility in continuous-time limits which enable us to make comparative studies

conveniently.

12Under this setting, (26) becomes
g=h* m=2h(1-h), b=(1-h)>,

and this is essentially a recombining binary tree where agents disagree about the probability A of an
up-move. As we pointed out in section 2.1, the pricing of market asset in this case is equivalent to the
model in Martin and Papadimitriou (2022) if we recombine the odd and even periods into one.
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4.1 Brownian limit

To consider a Brownian limit, the interval [0, 7] is partitioned into N = T'/§ periods,
each with length §. The terminal payoff is defined as pr(nr) = e"\/%"T, reflecting that
each piece of news has a smaller effect on the fundamental, which is scaled as \/T/_N nr.
This is the same setting as in Cox, Ross and Rubinstein (1979). As the number of steps
increases, the wealth distribution parameters (g, Buo, Qwo, Buo) may also be adjusted to
ensure meaningful limiting behavior.

As an illustration, we set the parameters as following
1 1 1 1 _1
a0 = 5/\0]\7 —+ 57]\/N, ﬁuO = 5)\9]\] — En\/ﬁ, Qo = )\th, 61)0 = Oévo()\ — ].) 5

where a0 + fuo = auo always hold and the 2D-Beta distribution in (8) would reduce
to Dirichlet distribution B(awg, Buo0)B(awo, Buo) = B(awo, Buos Buo). The cross-sectional

average of (u,v) would be

1 T])\ 1
Eu==+-N"2 Eov=
u=gtogh e Bu=hi

where 6 captures the disagreement of news content and the model reduce to homogeneous
belief case when # — oo. Note that the disagreement of news arrival rate does not
affect Ev and those with inaccurate beliefs of v would become irrelevant in the diffusion
limit—parameter 6 only effectively capture the disagreement of news content.

Applying results 1 and equation (16) in the large-N limit, we obtain closed-form

expressions for the prices of the market and risk-neutral variances.

Result 7 (Brownian limit). In the Brownian limit, the market price at time t is

— — 0
Py = exp [; n znaﬁ—l— (1 + ﬁ) no/ T — %ﬁ(l — P)AT| . (27)

where ¢ =t/T and n, = ny/+/ON.
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Figure 8: Implied volatility trajectories

The figure plots the implied volatility under from ¢ to 7" under high disagreement (oo = 2)
and low disagreement (a0 = 1000) about news arrival rate, following a “good news” event
at t = 6 and a “bad news” event at ¢ = 12. The parameters are o, = S, = 1, and
the terminal payoff at T' = 20 is €%%5"7. Blue lines correspond to a higher expected news
arrival rate A = 0.1, while red lines correspond to a lower rate A = 0.05. We ‘annualized’

by computing / Var*[pr/p, — 1)/(T — t).

The risk-neutral variance of the return from t to T is given by:

Var*[pr/p: — 1] = exp <Z+L;(1 - gb))\UQT) —1. (28)

The above Brownian limit corresponds to that of a binary tree model with only hetero-
geneous beliefs about news content: everyone agrees that news always come with a fixed
probability A and everyone knows it’s the truth. '* The risk-neutral variance between ¢

and T is deterministic and unaffected by news realizations.
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4.2 Poisson limit

In the Poisson limit, we partition the interval [0, 7] into N = T'/d periods. Each piece of
news is assumed to have a substantial impact on fundamentals, and the terminal payoff
remains identical to the discrete-time case: pr = e"7. With ayg, Buo, and a,o held
constant and independent of N, and [,y defined as

N
Buo = Qo ()\_1 T 1) ;

the cross-sectional averages of (u,v) are given by Eu = ayo/ (o + Buo) and Ev = AJ. In
the limit as N — oo and 0 — 0, the counts of “good news” and “bad news” events follow
Poisson distributions.

Taking the limit N — oo, we obtain market price and risk-neutral variance.

Result 8 (Poisson limit). In the Poisson limit, the market price at time t is given by

o —0 -1
ot e —e
Dt :eant [1 - At(ea - 1)] 2F1 Qs Qyty Ol + But; —1 ) (29)
60 - ]. - At

where Ay = (T —1)/(ao A"t +1), o Fi(...) denotes the Gauss hypergeometric function, and
the expressions for auy, e, and By are provided in (19).

The risk-neutral variance of the return from t to T is:

—a 60’ _ 6—0'
Var* — 1 =p; ™ [14+ A(1 — e )| ™ S | qwr, Qut; vt + Buss - 1.
[pr/pe | =np [ £( )} 211 b5 Qut; Oyt + But 1 "’A;l o

(30)

We consider an example with T' = 20, with a,o = B.0 = 1, and a terminal payoff given

by %057 Figure 8 presents trajectories for the implied volatility v/ Var*[pr/p: — 1)/ (T — t)
following a “good news” event at ¢ = 6 and a “bad news” event at ¢ = 12, under high

and low disagreement about the news arrival rate v. It also represents the volatility strike

13The case when A = 1 has been studied extensively in Martin and Papadimitriou (2022). At time
t = 0, equation (27) has a simple expression pg = exp [gaﬁ - %)\JZT .
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of the simple variance swap, which is introduced by Martin (2011). '* In the left panel,
implied volatility rises after news arrivals, following result 5. In contrast, the right panel

shows implied volatility falling after news events, reflecting result 6.

4.3 Survival of agents with inaccurate beliefs

Since the market reflects wealth-weighted beliefs, as shown in result 2, a natural question
arises regarding the long-run survival of agents with incorrect beliefs. Examining survival
behavior as N grows large, when the trading interval shortens and agents trade more fre-
quently, yields important insights. It turns out the Kullback-Leibler divergence—defined
as KL(a,b) = alog(a/b) + (1 — a)log(l — a)/(1 — b) for Bernoulli distributions with pa-
rameters a and b—between any agent’s belief and the truth governs the rate at which an
agent with incorrect beliefs becomes irrelevant in the long run. This fundamental insight
is a key theme in the literature on belief selection and wealth dynamics (e.g., Blume and

Easley (2006)).

Result 9 (Survival Index). Assume there is truth (e, Viue) that guarantees the data
generating process of fundamental news, the wealth share of agent with beliefs (u,v) will

decay exponentially at the rate of KL(Viyye, V) + Vye KL(Ugrue, ) per trading period.

Result 9 indicates the true news arrival rate affects survival negatively—the rarer the
news is, the longer it takes for agents with wrong beliefs to be extinct. Moreover, when the
true news arrival rate is low, having an accurate understanding of the flow of information
is more crucial than knowing whether the news will be positive or negative.

A dichotomy about existence of volatility disagreement emerges. In a Brownian limit,
persistent disagreement about the frequency of news arrivals cannot be sustained. By

Result 9, agents with beliefs v # v, lose wealth each period at a strictly positive rate.

14 A well-known derivative related to the VIX index is the variance swap. In this contract, one party
pays the other the difference between the actual variance of an asset’s returns and a preset strike vari-
ance. Martin (2011) noted that the usual log-normal assumption may not hold during crises times, and
introduced a jump-robust version called the simple variance swap. In our model, the contract payoff is
Vi /p? where Vy; is (pip1 — pt)2 + (Pry2 — pt+1)2 + -+ (pr pr_l)Q. The time ¢ price of this payoff is
equal to the risk-neutral variance Var*[pr/p; — 1].
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As the number of trading periods grows, their repeated mistakes drive their wealth share
to zero. Short-maturity volatility derivatives allow investors to make repeated bets on
continuous variance, quickly reallocating wealth toward those with more accurate beliefs
and rendering residual disagreements largely irrelevant for prices.

In contrast, because jump events arise only occasionally, the Poisson limit supports en-
during disagreement over news arrival frequency, which can materially affect asset prices.

The impact of such disagreement on expected wealth growth is captured by:

rue 1— rue
KL(“truea U) = Vtrue log (Ut ) + (1 - Utrue) IOg (%) . (31)
v — v

As N — oo, both v and v approach zero. The second term, representing the expected
effect during no news periods, remains bounded. Moreover, since news arrives infrequently,
the cumulative impact of news events—captured by the first term, vie 10g(Virue/v)—is
also limited. These bounds ensure that agents with incorrect beliefs survive. Overall, this
contrast indicates that volatility speculation tends to reflect disagreements over discrete

news arrivals rather than over continuous diffusion risk.

5 Conclusion

Our study underscores the critical role of multidimensional belief heterogeneity in shaping
financial market dynamics, revealing how disagreements over news content and arrival
frequency drive asset pricing, volatility, and portfolio decisions. By introducing a trinomial
tree framework that incorporates a gamma-exposed derivative, our model isolates the
distinct effects of those two belief dimensions, demonstrating that frequent news can both
mitigate content disagreement by redistributing wealth to accurate believers and amplify
volatility when news frequency expectations diverge. The model is tractable and produces
an U-shaped pattern of Gamma exposure among optimists and pessimists of market
return, which highlights the speculative nature of trading driven by these heterogeneous

beliefs.
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These findings deepen our understanding of how complex belief structures influence
behaviors of underlying and derivative markets, providing new insights on volatility per-
sistence and asset valuation. Future research could explore empirical validations of these
dynamics or extend the model to incorporate additional belief dimensions, further enrich-

ing the analysis of financial markets under heterogeneous expectations.
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A Mathematical Appendix

Proof for equations (18) and (19). Comparing the individual wealth growth and ag-
gregate wealth growth equations in (5) and (6), we could derive the following equation

for change of wealth distribution

i’ ¢ d I 1
ft+1(g7m,b) B { i good news’ at t +

‘no news’ at t + 1
ft(gama b) B ‘bad news’ at t + 1

Solving this recursively back from t to 0, the wealth distribution f;(g, m,b) should satisfy
fe(g,m,b) = X fo(g, m,b) g"stm”m b
where the constant )\; is path-dependent. Take integrals of both sides, we have
1= / At fo(g, m,b) g"otm 0™ dg dm db,

and it implies

B(au()) ﬁuO)B<04v07 51}0)
B(O‘/Ut> ﬁut)B(avta 51)15) 7

)\t:

where o = o + nge, But = Buo + Mty Qo = Qo + Nge + Ny, and By = Buo + Nt
Converting the notation of (ng, e, nee) into (ng, ), we obtain result in equations (18)
and (19).

]

Proof for Result 1. Due to (7), we could solve from T" backwards to ¢ the value 1/p;. It
is merely the linear combination of wealth-weighted aggregate beliefs of all possible future
sample paths between ¢ and T multiplying with the one over terminal payoff 1/pr(s;). To

formally prove this is statement, let (a, b, c¢) be the number of moves that correspond to

37



(high, middle, low) of a sample path from ¢ to 7. They must satisfy
a—c=n;, a+b+c=T-—1t.
The above could be solved in terms of b as
1 1
azi(T—t—l—n—b), c= Q(T—t—n—b).

and (a, c¢) are integers only when b and T'—t — n are both odd or even numbers (T'—t+n
is always the same as T'— ¢t — n). Since the arguments for two cases when n is positive
and negative are symmetric, we focus on n > 0. If 7' — ¢ — n is odd number, b starts

from t+1, otherwise it starts from t. The size of b can not exceeds T'—t — n for ¢ stays
(T—t)

aldblc!

non-negative. Once b is fixed, the value of a and ¢ are chosen. There are ! possible
paths that satisfies this characteristic, i.e. a times high, b times middle and ¢ times low.

We now prove that those paths could be merged since they make equal contribution
to the coefficient ¢,. To show this, it suffices to show the three basic cases: 1) two trips
of ‘middle-low’ and ‘low-middle’ would give the same risk-neutral probability given the
same initial condition; 2) two trips of ‘middle-high’ and ‘high-middle’ are equivalent; 3)
two trips of ‘low-high’ and ‘high-low’ are equivalent.

The risk-neutral variance of the return from ¢ to T', pr/p; — 1, is given by:

pi%E: (5 — 1] = Eulpr(nr)]fpr — 1 (A1)

Substituting in (15), we obtain (16).

Proof for Result 2. Let fy(u,v) denote the prior distribution of (u,v) at time 0. Given

Ngt, Nme, and ny realizations of good, no, and bad news up to time ¢, the posterior is

(uv)ngt (1- v)nmt ((1— u)v)nbtfo(u, v)

- A2
fol fol (uv>ngt (1 - U)nmt ((1 — U)U)nbtfo(u, v) dudv (A2)

fi(u,v)
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When the prior distribution takes the 2D Beta form in (8), the corresponding time-t
posterior distribution simplifies to (18).
In general, the representative agent’s belief distribution over terminal states ny follows

(17). With log utility, the inverse price is a martingale,

prt = Pr(nrlng, fi)pr' (nr) | (A3)

nr

consistent with (15).

]

Proof for Results 3 and 4. Consider the group of agents whose subjective expectation

of the market return equals r:
B pr /pe— 1] =7 (Ad)

We can express u as a function of v and r:

m— 14+7r)ps — m
w = P+, DPt+1p 4 ( )pt Pi+1, (A5)
DPt+1,9 — Pt+1b (pt+1,g - pt+1,b)v

When 7 < pyr1.m/pe— 1, wstays in [0, 1] if and only if v € [(pig1.m — (14+7)pt)/ (Pes1m —
Pr41p), 1. When 7 > pii1m/pe — 1, w stays in [0,1] if and only if v € [((1 + r)p: —

Prrim)/(Pes1g = Pevim)s 1]
Substituting (A5) into (8), the conditional distribution of v given r satisfies

ft<U|T) x (U + kz>()éut_1 (U . z)ﬁut—l Uamfautfﬂut(l o ,U)thfl ’ (A6)

where z as a function of r represents the scaled return and k is a constant

L (14 7)pt = Pes1m _ 1+7;—Mt/m:* 7 (A7)
Pt+1,g — Pt+1m Gi/g; — Myi/m;
= Pit1,9 — Pt+1m Gt/gik - Mt/mf (A8)

Pt+1,m — Pt+1b B Mt/mf - Bt/bf .
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Integrating the joint distribution f;(v, z) over v yields the marginal distribution of z:

_ k Put B(ﬁutv th) Qyr— But+Put—
ft(Z) a (l’f“’l) B(O‘utaﬁut)B(avtaﬁvt)Z 1<1 _2) ) 1
k(1 — z))

F uts Ay v_lal_ uty Mu v;1_7
1(575@754‘51& Qs But + Pot z T

for z > 0 and
k B(auta ﬁvt)
(k + 1)aut B(aub But)B<04vt7 6vt>

1+ k2
Fl (aut;avt—i_ﬁvt_171_5ut;aut+ﬁvt;1+kza 1+k3>

ft(z) = (—]{jz)o‘vt_l(l + kz)aut+ﬂvt—1

for z < 0. Substituting into fi(r) = pt/(Pe+1,9 — Pr+1,m) ft(2), we obtain the two equations
in Result 3.

From the distribution f;(v|r), the conditional expectation E[v|r] can be expressed in
terms of ratios of Appell hypergeometric functions. This expression allows us to compute
the wealth-weighted average derivative position for this group of agents. Specifically, when

z > 0, we obtain:

ﬁut Fl <But + ]-a Ot + /thv 1- Aoyt s /But + 6Ut + ]—u 1- <, k(llJr_kZ)>

Qut + th Fl (51115; Qi + 51)7& - 1; 1— Qyt; But + th; 1 - Z, k(ll_;]:))

Elvlr] =2+ 2(1 — 2) -

When z < 0, we obtain:

Fy (o + 1500+ But, 1= Buss e + Bu + 151+ kz, 2
Elv|r] = =kz + (=k2)(1 + kz) - Qut 1 (o t + Bot But; ot + But 1Jrk)

But + Bor Fi (Oéut; ot + Bot — 1,1 = Buss s + Bur; 1 + k2, 1;;%)

For agent with belief (u,v), the expected excess payoff of the derivative is given by:

Egu’v) [Te41 — @] = pe(bf — Br)uv + pe(Gr — g7 ) (1 — w)v — p(b; Gy — g{ By)

__ Varj[pi] o i =V N Varple — g D)
= — v + v’ = " V= + AT R
Di+1,g — Di+1p E™"r my gt E™ " r

(A9)
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Substituting this expression into (12), we obtain (23). O

Proof for Result 5. Suppose news arrival rate disagreement is stronger than the Dirich-
let benchmark a,o < au0 + Buo. Holding the average expectation of the fundamental

growth G — B; constant, a higher historical news count v; > v; suggests that
1. g + b = v first-order stochastically dominates ¢’ + b = v’
2. g — b= (2u — 1)v second-order stochastically dominates ¢’ — 0’ = (2u’ — 1)’

Thus, ny — n; is a mean-preserving spread of n/. — nj. As a result,

p;l = Z PI‘(HT — nt|nt, ft) eig(nTint) e 7

nr—mnt

> 3" Pr(ny — njfnj, f]) e o0 emone = (pr)temolmnd) (A10)

/ /
TLT—T’Lt

confirming p;/e”™ < p}/e’". Similarly,

IE:t [pT’nta ft] = Z Pr(nT — nt’nt, ft) eU(nT—nt) ot

nr—nt
> ) Pr(ng — njln, f]) e?"rT ¢ = B [plplng, £ €70 (A1)

/ /
annt

Multiplying the above two inequalities, we obtain

Var; [pr/pc — 1] = E, [py|n}, f1] /v, — 1 = Var; [p/p, — 1] (A12)

Proof for Result 6. The risk-neutral variance of the market return satisfies

Var; [pr/p — 1] = Ef [p%/p?] —1=E;[pr|ng, fi] /pe — 1

Holding news arrival rate v and the average expectation of the fundamental growth G, — B,

constant, a higher historical news count v; > v reduces disagreement in bullishness u and
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resulting in a more concentrated distribution of fundamental growth ny — n;, such that
n/» — n} is a mean-preserving spread of ny — n;.

The rest follows from the proof for Result 5. O

Proof for Result 7. By construction, from Mr. Market’s point of view at time 0,
the variables (ngr,nmr, npr) follows a Dirichlet distribution B(a, 8,7) = B(360AN +
%n\/ﬁ, ON(1—N), 30 N — —77\/_) It is then straight forward to compute the reciprocal of
initial price using result 1. To get a close form formula, we use Paul and Plackett (1978).

In the limit when N — oo, the variable ny = ngr — nyr follows normal distribution with

the mean Eny = N <#;L/) = 2y/N and the variance var[ns] = N ()\ 77 “N-— > 140

)\1—”]\7 . Thus the following random variable ny/v/N follows a normal distribution in

large N 11m1t ~ N (77 A 1+9)>' Consequently, the reciprocal of price is given by
= Eexp (—0‘\/_\7}—;%> and it implies py = exp ( oVT — 1+6 2T>.

For market price at time t, we need to adjust the wealth distribution and also the
number of periods. The number of periods left is N(1 —¢/T) = N(1—¢), where ¢ =t/T.
The random variables (ngr — ngt, Ny — N, e — Npe) follows a Dirichlet distribution
at time t B,(c/, 8,7) = Bi(3A(0 + ¢)N + Inv/'N + L /ON, (0 + ¢)N(1 — N), 20M(1 +
¢)N — %n\/ﬁ — %m V®N). The parameter 7; captures the wealth transfer between 0 and
t among agents because of heterogeneous beliefs about news content 7, = % The price
at time t can then be written as p; ' = E, p;' = e VT [, (eXp ov/T/N(n; — nT)>

The large N limits for mean and variance of ny — n; (which would be Gaussian dis-

tributed), according to Paul and Plackett (1978), shall be Ey[ny—n,] = (1—¢)N 22—

a +B’+’y -

m(n—l—nt\/_)\/ﬁ and var;[np—ny] = (1—¢) N <)\ — (M%Y]\/—l) ((1 — @)+ m) —

A 1( — ¢)N. We can then compute p; as
B 1—¢ 1—¢ A0+ 1)
Pt = €Xp (6 ¢ﬁ0ﬁ+ (1+m) mo ¢T-m(1—¢)0’2T>

The risk-neutral variance. Similar argument gives us

Epr(nr) = lim Eexp <a\/T\/”—TN) :exp< VT + (126) 2T) .
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Thus, we have Vy_,7 = exp (%cﬁT). O

Proof for Result 8. Let £ = v/0 denote the continuous-time Poisson arrival rate of
news. As 6 — 0, the distribution of £ at time ¢ converges to a Gamma distribution
&~ T, oAt + ).

For an agent with belief (u,&6), the arrival rate of “good news” is {u and bad news
£(1—u). The counts of “good news” and “bad news” for the time interval [t, T'| respectively
follow Poisson distributions n,r — ng ~ Poisson(&u(T —t) ), nyr — npe ~ Poisson( (1 —
W)(T ~1)).

Using the moment generating functions for ngr — ng, nyr — nye and &, we find that

Pyt = e Elemor—m)| f] = ¢ / ¢monar ) molrn) £ (u, €)dédu

= / exp (§u(T = 1)(e™” = 1) + £(1 = u)(T = )(e” = 1)) fulu, §)dédu

—Qut

w(T —t)(e — 1) + (1 — u)(T — t)(e” — 1) 11— )i
_ om / - du
05110)\71 +t B(autvﬁut)
. (T —£)(e” — 1)\ ™ o
— oNng 1 _ F . . __ .
€ ( avO/\il +t 21 | Qlyty Olyg; Qi + Butv (av0>\71 + t)/(T _ t) _ (eo _ 1)

The final step uses Euler’s integral representation for the hypergeometric function oF.

Similarly,

E[p ] — oM ]E[eﬂ(annt)‘ft]

—Qiyt

. X w(T —t)(e” —1)+ (1 —u)(T—t)(e?—1) uou=1(1 — u),é’uﬁld
- / a 05110)‘_1 +t B(auty But) !
(T—t)(1—e)\ ™ e’ —e?
= (1 F vty Oyt Oy uts .
¢ < A T 1 281 { Qs Quti @t Bt S T (1 )

Substituting the above expression into (16), we obtain (30). O

Proof for Result 9. For the discussion in this section, we assume there is true proba-

bility measure (tqye, Virue) that guarantees the data generating process of fundamental
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news. We also assume there is no learning, so agents would stick to their dogmatic beliefs.

We define the wealth share of agent (u,v) at time 7" with sample history (nr,vr) as

u%nTJr%uT(l _ u)%l/T*%nT,UVT(l — U)N—nyO(u, U)

Q(u,v;ng, vy) =
( 7-v7) fu%”TJr%”T(l —w)2vr s yvr (1 — ) N=vr fo (u, v) du do

We want to compute the asymptotic decay rate (exponentially) of the above quantity,

which is the following limit

1i log Q(u, v;ny, vr) _
Nl—r>rc1>o N o N—oo N

BT (1 — ) 35T (1 — )N fy (u, v)

i wznTrar (1 — o) 2vr et yrr (1 — )N-vr fo(u, v) dudo

Note that in large N limit, we could write

vp = Nvtruea nr = nNgr — yr = N(utruevtrue - (1 - utrue)vtrue) = N<2utruevtrue - Utrue)

and this means we can write

— %log (u%”T+%”T(1 — u)%”T*%"Tv”T(l — U)N*”T>

= —Utrue logv — (1 — vgrye) 10g(1 — ©) — Vgrye (Ugrue log u 4 (1 — Ugpye) log(1 — w))

-~

—h(utrue, Vtrue; U, ’U)

and also compute

1
lim — log / u%”TJ“%”T(l — u)%”T_%”TU”T(l — )N o (u,v) du do
N—oco N

1
= lim —log/exp(Nh(utme,vtme;u,v) + log fo(u,v)) dudv
N—oo N

= Supu,v{h(utruea Utrues U, U)}
Note that the maximum of h(tye, Virue; U, v) is achieved at (Uge, Viue) because the fol-

lowing quantity is always positive when (u, v) # (Utrue, Vtrue) (this is the so called Gibbs’s

inequality in information theory, which guarantees the relative entropy is always positive
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between two probability measures)

h(utruey Utrue; utrue; Utrue) - h(“trueu Utrue; 'LL, U)

rue 1 - rue
— Utrue (utrue 10g Utu + (1 - utrue) log %)

]- — Ugrye

1—w

Vtrue

= Vtrue log + (1 - Utrue) lOg

>0

Thus we could conclude

lim —
t—o0 t
Vtrue 1 — Utrue Ugrye 1 — Utrue
= Vtrue IOg + (1 - Utrue) lOg —_— + Virue | Utrue log + (1 - utrue) IOg -
1—w U 1—u

= KL(Utruea /U) + UtrueKL(utruea U)
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Internet Appendix to

No News is News: Volatility Speculation

and Multidimensional Heterogeneous Beliefs

(not for publication)

Abstract

This Internet Appendix presents supplementary material and results not included

in the main body of the paper.



I.A.1 Individual’s optimal portfolio choices

ILA.1.1 Agent’s optimal position

Recall that we stated for an agent with beliefs (u, v), the optimal positions are given by

(same as (12) in the paper)

pY) — ) B [prer — pi] ) — g0 B[t — g

Var; [pi1 — pi o Var} [z — ¢

Derivation for Equation (12). The subjective expectation of the price change py1—py,
for an agent characterized by belief parameters (u,v) and represented by probabilities

(g,m,b), is given by:
B pis — pid = 9(Prerg — p1) + mPriim — p1) + b(Drsis — pi) - (LA-1)

Using equation (5),

(U,U) (’LL,U) (uvv)
w w w
g=gi -~y m=mp e b=0) (LA.2)
wy wy wy

Substituting into (I.A.1) and simplifying,

Egu’v) [Di+1 — D]

1 *  (u,v * . (U,V *, (U0
D) {gt w§+17)g(pt+1,g —pi) +my wt(—i—l,)m(pt+1,m —pe) + b wt(+1,)b(pt+1,b — pt)}
Wy

1 * u,v * u,v * u,v
:W [Qt 9§ ’ )(pt+1,g - Pt)2 + m, 9,:( )(pt+1,m - pt>2 + by 9,:( )(pt+1,b - pt)2:|
t
1 u,v *
= 0" )Vart [pe1 — i), (LA.3)

(uv) 7t
t

where the second equality follows from the fact that the risk-neutral covariance between
the derivative payoff and the market price is zero.

This concludes the proof for the market demand Qt(u’v). The proof for the derivative
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demand ¢§“’”) follows analogously. O

I.LA.1.2 Zero-delta derivative payoff

Any derivative security payoff satisfying the zero-delta assumption (2) must be spanned

by the risk-free payoff (1,1,1) and the vector (b — B, 0, Gy — g)
(41,9, Tit1,m, Ter1,) € SPan {(1, 1,1), (b} — B,0,Gy — gt*)} ) (ILA4)
Derivation for Equation (10). Assumption (2) is mathematically equivalent to
G i1+ MiTei1m + Ui Tii1p = Gt g + MeTop1m + Bty - (I.A.5)
which can be rewritten as can be rewritten as
(9f — Gi)Tes1,9 + (M) — My)xpi1m + (b — B)api1p = 0. (ILA.6)

Noting that (g —G})+(m;—M,;)+(b;—B;) = 0, this implies that any vector (z¢1+1,4, Tt+1,m: Te41)
satisfying the zero-delta condition must lie in the span of the risk-free vector (1,1, 1), and a

second vector that is linearly independent it, which we may take as (bf — By, 0, Gy —g;). O

I.LA.1.3 Gamma exposure for individual agent

Dt (th;:k - Q?Bt) Gy — M, M, — B,

fe(u,v) (LA.7)

Recall the variables (g, m,b) in (I.A.7) can be expressed in terms of (u,v) using (1).

Derivation for (I.A.7). The expression is derived by constructing a Lagrange interpolat-

ing polynomial w(p) that expresses the agent’s wealth as a function of price, based on the

LA -2



o o o . (u,v) (u,v) (U,’U)
wealth—price pairs from three scenarios: (pry1,g, Wyi1g)s (Pes1.ms Wit ), a0 (Peg1, Wiy )-

w (p — Prs1m) (P — Dr+1p) uw (D — Dis1,9) (P — Des1p)
w(p) =wity S, — -
(Pes1.9 = Pr+1m) (Per1g — Pet1p) (Pestm = Prrg) (Pesrm = Prerp)
) (P = Pr1g) (P = Prsam) (LA.8)

(pt+1,b - pt+1,g)(Pt+1,b - Pt+1,m)

The gamma exposure corresponds to the second derivative of wealth w(p) with respect to

the price. Since w(p) is quadratic, ") is equal to twice the quadratic coefficient. We

compute the following

[, () (u,v) (wp) _  (uv)
(o) 2 Witlg ~ Wiptm  Wepim — Winp
Pt+1,g — Pt+1p | Pi+1,9 — Pt+1,m DPt+1,m — Pt+1,b

r , ; (u,v) (u,v)

wipny wi™  wi, w™ wl, w el w)
2 wgu,v) Dt w§u,'u) Dt wgu,v) Dt wgu,v) Dt
= _ Pt+l,g _ Pttlm - Pt+l,m __ Pt+1,b
Pt+1,9 = Pt+1b Pt Pt Dt Dt

__2fwy) [g-m  m—b }
Pt+1,9 — Pt+1b Gy — M, M; — B,
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I.A.2 Examples with T'=3

u* =0.17

p = 0.66
p=0.73
U=05
V =0.67
v =0.74
p2027///p20%
p=028 p=0.33
U=0.5 U=0.5
uwt =017
V=05 V =0.33
v* = 0.42

v* = 0.62 \

p=0.15
U=05
w = 0.17
V = 0.67
vt = 0.74

u*=0.17

p =222
—086//////
= 0.86
U=05
w = 0.17 -
V=05
v* = 0.57
p=041,0.35
7=0.38
U=05
u* = 0.17 p =045
V =0.25,0.75
v* =0.31,0.8

p=0.13 /

Figure I.A.1: v-disagreement

In this example agents’ beliefs v are uniformly distributed and they agree on u = 1/2.
p is price of market, p is price in homogeneous economy where everyone agrees with the

median agent (u,v) = (1/2,1/2).
the risk-neutral measure.

(U, V) represents Mr. Market’s beliefs and (u*

v*) is



p=2.22

p=0.92 098//////
p=0.73 —086
U=0.67 U=0.67
w=025  w=02
V=05 V=05
v* =0.53 v* =0.51
p&%////pam p =038
7 =0.28 p=0.33 p=0.38
U=0.5 U=0.5 U=0.5
u* =0.11 wr=014  w*=0.17 =045
V=05 V=05 V=05
v* = 0.6 v* = 0.59 v* = 0.57
pOH////
p=0.15
U =0.33
u* = 0.08
V=05
v* = 0.63

Figure [.A.2: u-disagreement, neutral initial sentiment

In this example agents’ beliefs u are uniformly distributed and they agree on v = 1/2

p is price of market, p is price in homogeneous economy where everyone agrees with the

median agent (u,v) = (1/2,1/2). (U,V) represents Mr. Market’s beliefs and (u*,v*) is
the risk-neutral measure.
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p=1.08 pl%//////
7p=0.73 p=0.86

U=0.75 U=0.75

wt =0.34 u* = 0.38 p=1
V=05 V=05
vt = 0.49 vt = 0.47
pOW////pOM p=0.44,0.42
P =028 7= 0.33 7= 0.38
U = 0.67 U =0.67 —0.67,0.6 > os
w =021 ut = 0.25 ut = 0.29,0.23 '
V=05 V=05 V=05
v* = 0.55 vt = 0.53 v* = 0.51,0.54
\\\\pOM////
7=015
U=05
w = 0.15 p=02
V=05
vt = 0.58

Figure [.A.3: u-disagreement, bullish initial sentiment

In this example agents’ beliefs u follow Beta (2, 1) distribution with mean 2/3, and they
agree on v = 1/2. p is price of market, P is price in homogeneous economy where everyone
agrees with the agent (u,v) = (1/2,1/2). (U,V) represents Mr. Market’s beliefs and
(u*,v*) is the risk-neutral measure.
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p=0.71 pl%//////
7p=0.73 p=0.86

U=0.5 U=0.75

w =0.15 w* = 0.38 p=1
V=05 V=05
vt = 0.58 vt = 0.47
pum////po% p=0.34,0.36
P =028 7= 0.33 7= 0.38
U =0.33 U =0.33 —0.33,0.4 > 0s
w = 0.12 ut = 0.08 wt = 0.09,0.12 '
V=05 V=05 V=05
vt = 0.41 vt = 0.63 vt = 0.62,0.6
\\\\le////
5=015
U =025
w* = 0.06 p=02
V=05
vt = 0.65

Figure [.A.4: u-disagreement, bearish initial sentiment

In this example agents’ beliefs u follow Beta (1,2) distribution with mean 2/3, and they
agree on v = 1/2. p is price of market, P is price in homogeneous economy where everyone
agrees with the agent (u,v) = (1/2,1/2). (U,V) represents Mr. Market’s beliefs and
(u*,v*) is the risk-neutral measure.
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p=2.22

p =139 plw/////
7= 0.73 — 0.86
U =086 U =077
wr=04  uw*=04
V=07 V = 0.62
vt = 0.62 vt = 0.58
pOM////pO% p =038
7 =028 7= 0.33 = 0.38
U=05 U=05 U=05
W =005 wt=011  w=017 =0
V —0.67 V =06 V =057
v =081 v = 0.7 vt = 0.64
pOW//// \\\\\\
p=0.15
U =0.14
wt = 0.02
V=07
vt = 0.85

Figure [.A.5: Recombining binary tree: h-disagreement

This example uses the binary tree from Martin and Papadimitriou (2022) where h is
uniformly distributed. We only report pricing at t = 0, 1,2, 3 (while binary tree also have
nodes at t = 0.5,1.5,2.5). pis price of market, p is price in homogeneous economy where

everyone agrees with the median agent h = 1/2. (U, V) represents Mr. Market’s beliefs
and (u*,v*) is the risk-neutral measure.
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I.A.3 Figure 5 and 6 at different periods

I.A.3.1 High disagreement on v

n=0,1=0

50.01 ~T no=11m=1
n=11m=1 no=0,1np=2
n=-11m=1 ": 40.0 no=0,1np=2
30.0
20.0

10.0

0.0

0.10
50.0{ ng =2 v3=2 5001 ng=2 vy="2
_TL37041/3:2 _TL4:04V4:2
10.0 ng=—lvs=3 Jool —— m=0v=4
30.0 30.0
20.0 20.0
10.0 10.0
0.0 0.0
0.10 -0.10 -0.05
(c)t=3

0.10

Figure I.A.6: Wealth distribution across r

The initial wealth across agents are assumed to be uniformly distributed,
(w0, Buos o, Buo) = (1,1,1,1). The three colored lines corresponds to the three sam-

ie.
ple paths in Figure 2. Terminal payoff at 7" = 6 is chosen to follow exponential function
0051’1/1"
e .
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1.01

0.8

1.0
0.6

0.8

0.4

0.6
ny = 0, vy = 0 |

, 0.4
— =1y =1 \" '/'
02) — =1y =1y 0.2
010 2005 0.00 0.05 0.10 010 2005 0.00 0.05 0.10
1.0 1.0
08 08
0.6 0.6
0.4 0.4 )
""" =2 =2 |
_ Ny = 0 vy = 2 g
0.2 027 —— ni=0,v=4 |
2010 2005 0.00 0.05 0.10 2010 2005 0.00 0.05
(c)t=3

0.10
(d) t =4

Figure I.A.7: Wealth weighted beliefs of v across r
60'05nT.

The initial wealth across agents are assumed to be uniformly distributed,

i.e.
(w0, Buos w0, Buo) = (1,1,1,1). The three colored lines corresponds to the three sam-

ple paths in Figure 2. Terminal payoff at T" = 6 is chosen to follow exponential function
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1.0 e

ny :0 v = 0

—— 7'L1:1,I/1:1

— n1:—1$1/1:1

______________

0.5
0.0 \\/\ e
-0.5 -0.5
-0.10 -0.05 0.00 0.05 0.10 -0.10 -0.05 0.00 0.05 0.10
(b) t =2
‘\\ """ ny = 2, vy = 2
L5 \\\ _ Ny = 0 vy = 2
\‘\‘ _ Ny = 0 vy = 4
1.0
0.5
e v 17 7 damm
-0.5 -0.5
-0.10 -0.05 0.00 0.05 0.10 -0.10 -0.05 0.00 0.05 0.10
(c)t=3 (d)t=4

The initial wealth across agents are assumed to be uniformly distributed,

Figure I.A.8: Portfolio weights in ‘straddle’ across r

1.e.

(w0, Buos o, Buo) = (1,1,1,1). The three colored lines corresponds to the three sam-
ple paths in Figure 2. Terminal payoff at T" = 6 is chosen to follow exponential function

60.05nT )
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0.0

-10.0
""" ny = 0, v = 0
- n; = 1, v = 1
-15.0) —— ny = —17 v = 1
-0.10 -0.05 0.00 0.05 0.10
(a)t=1
0.0 >
-5.0
-10.0
------ ng=2,v3=
- n3= 0, V3 =
A50) —— py=—1,15=3
-0.10 -0.05 0.00 0.05 0.10
(c)t=3

Figure I.A.9: Gamma exposure across r

The initial wealth across agents are assumed to be uniformly distributed,

0.0

-10.0
------ no |
— np=0,1n=
15.0{ — p, |
-0.10 0.0 0.00 0.05 0.10
(b)t=2
0.0 m "II \‘
-5.0 )
-10.0
""" ny = 2, vy = 2
_ Ny = U vy = 2
1501 —— =0, =14
-0.10 0.00 0.05 0.10
(d)t=4

1.e.

(w0, Buos w0, Buo) = (1,1,1,1). The three colored lines corresponds to the three sam-
ple paths in Figure 2. Terminal payoff at T" = 6 is chosen to follow exponential function

60.05nT )
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I.A.3.2 Low disagreement on v
50.01 7T n=0,v=0 50.01 n=11m=1
77,1:1,1/1:1 71,-2:(]71/-2:2
10.0 m=-1r=1 10.0 no =0, vy =2
30.0 30.0
20.0 20.0
10.0 § 10.0
0.0 0.0
0710 20,05 0.00 0.05 0.10 0.10
(a)t=1
50.01 T ng=2, 1= 50.01 — ng=2 v =2
— m3=0,13=2 — my=0,1=2 |
40.0 m=-Luw=3i 4 Jool —— m=01=4
30.0 30.0
20.0 O\ 20.0
10.0 g 10.0
0.0 ' 0.0 S
010 20,05 0.00 0.05 0.10 010 005 0.00 0.05 0.10
(c)t=3 (d)t=4

Figure I.A.10: Wealth distribution across r

The initial wealth across agents are assumed to be uniformly distributed, i.e.
(w0, Buos Ao, Buo) = (1,1,100,100). The three colored lines corresponds to the three
sample paths in Figure 2. Terminal payoff at T = 6 is chosen to follow exponential

function e

0.05n
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1.01

0.8

0.6

0.4

0.2

1.0

0.8

0.6

0.4

0.2

The initial wealth across agents are assumed to be uniformly distributed,

0.8

0.6

0.4
""" ny = 0, vy = 0
_— n; = 1, vy = 1
— n1=—1.1/1=1 0.2
-0.10 -0.05 ().E)O 0.05 0.10
1.0
0.8
0.6
0.4
""" ny=213=
— n3=0,13=
—ngf—l.m:B i 0.2
-0.10 -0.05 0.00 0.05 0.10
(c)t=3

1.0

""" ng:]..lf-gz].
ng=(],1/-3=2

— n2=071/-_):2

-0.10 -0.05 0.00 0.05

0.10

""" TL_1=271/_1=2
— TL_1=071/_1=2

— =0,y =4

-0.10 -0.05

(d) t =4

Figure 1.A.11: Wealth weighted beliefs of v across r

0.10

1.e.

(w0, Buos w0, Buo) = (1,1,100,100). The three colored lines corresponds to the three
sample paths in Figure 2. Terminal payoff at T = 6 is chosen to follow exponential

function e

0.05n1
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""" 711:0,111:0
—— n1:1,1/1:1

- n) = -1, vy = 1
1.0 e
0.5
Y >
-0.5 -0.5
-0.10 -0.05 0.00 0.05 0.10 -0.10 -0.05 0.00 0.05 0.10
(b) t =2
v T ny = 2, vy = 2
L5 “\‘ _ Ny = 0 vy = 2
“\‘ _ ny= 0 vy = 4
1.0 . "SH——
0.5
—————————— 0.0
-0.5 -0.5
-0.10 -0.05 0.00 0.05 0.10 -0.10 -0.05 0.00 0.05 0.10
() t=3 (d)t=4

Figure .A.12: Portfolio weights in ‘straddle’ across r

The initial wealth across agents are assumed to be uniformly distributed, i.e.
(w0, Buos w0, Buo) = (1,1,100,100). The three colored lines corresponds to the three
sample paths in Figure 2. Terminal payoff at T = 6 is chosen to follow exponential
function €907,
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2.0 2.0

1.0 1.0 3
0.0 fommeepe 0.0 e
-1.0 -1.0 \
20 2.0
3.0 3.0
301 n=0,v=0 30 no=11m=1
4.0 — n; = 1, v = 1 4.0 ng = 0, Vy = 2

—n1=—1.1/1=1 —n3=01/_=2
5.0 5.0

010 -0.05 0.00 0.05 0.10 010 -0.05 0.00 0.05 0.10
(a)t=1 (b)t=2
2.0 2.0
o y \

0.0 Lt : 0.0 S S T
-1.0 C -1.0 ol
2.0 2.0
ik p— ng = 2, V3 = "”l: el [ — ny = 2, vy = 2 I'.l ::
40 T m=0,1m= k 40 T m=0m=2 |}

- ’I’L;;:—l.l/;;:3 — ’I’Ll:O.V[:'-’l K
5.0 5.0

010 0.0 0.00 0.05 0.10 010 005 0.00 0.05 0.10
(c)t=3 (d)t=4

Figure [.A.13: Gamma exposure across r
The initial wealth across agents are assumed to be uniformly distributed, i.e.
(w0, Buos Ao, Buo) = (1,1,100,100). The three colored lines corresponds to the three
sample paths in Figure 2. Terminal payoff at 7' = 6 is chosen to follow exponential
function %057,
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